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Preface

Contemporary communication systems and computer networks usually have a
rather complex structure and therefore require creating more complicated mathemat-
ical models of queues and developing new approaches for modeling and asymptotic
investigation. The main features of these systems are the stochasticity of the processes
describing the behavior in time, influence of various internal and external events which
may change (switch) the behavior of the system, the presence of different time scales
for different subsystems (very fast internal computer time and user interaction time,
etc), and the hierarchic structure. Wide classes of such systems can be adequately
described with the help of so-called “switching” stochastic processes.

Switching processes (SP) have been developed by the author for describing the
operation of stochastic systems with the property that their development in time varies
spontaneously (switches) at some random points of time which may depend on the
previous system trajectory. According to Kolmogorov, these processes can be called
random processes with discrete interference of chance or with discrete components.
Processes of this type often appear in the theory of queueing and communication sys-
tems and networks, branching, population and migration processes, in the analysis
of stochastic dynamical systems with random perturbations, random movements and
various other applications.

SP can be represented as a two-component process (x(t), ζ(t)), t ≥ 0, with the
property that there exists a sequence of Markov points of time t1 < t2 < · · · such that
in each interval [tk, tk+1), x(t) = x(tk), and the behavior of the process ζ(t) in this
interval depends only on the value (x(tk), ζ(tk)). x(t) is a discrete switching compo-
nent and the points of time {tk} are called switching times. SP can be described in
terms of constructive characteristics and is very suitable in analyzing and asymptotic
investigating of stochastic systems with “rare” and “fast” switching.

The class of SPs is the natural generalization of well-known classes of random
processes such as Markov processes that are homogenous in the 2nd component, pro-
cesses with independent increments and Markov or semi-Markov switches, piecewise

13
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Markov aggregates, and Markov processes with Markov and semi-Markov switching
(random evolutions). Wide classes of queueing models can be described in terms of
SPs. The class of switching queueing models includes, as examples, various types of
state-dependent queueing systems and networks in a Markov or semi-Markov envi-
ronment, queueing models under the influence of flows of external events or inter-
nal perturbations, unreliable systems, retrial queues, hierarchic queueing systems, etc.
Therefore, the asymptotic theory of SPs can be effectively applied to the investigation
of wide classes of queueing systems and networks.

In the book several large directions of asymptotic results for SP are investigated
and successfully applied to various classes of switching queueing models.

The first direction is devoted to the limit theorems of averaging principle (AP)
and diffusion approximation (DA) type in the case of fast switching. Theorems on the
convergence of the trajectory of an SP to a solution of a differential equation (AP) and
the convergence of the normalized difference to a diffusion process (DA) are proved
for different subclasses of SP: recurrent processes of a semi-Markov type (RPSMs),
processes with semi-Markov switching and general SP with feedback between both
components. The results are based on the investigation of the asymptotic properties of
a special subclass of SP – RPSMs theorems on the convergence of recurrent sequences
with Markov switching to the solutions of stochastic differential equations and the
convergence of superpositions of random functions.

This class of theorems is the basis of a new approach to the investigation of tran-
sient phenomena for service processes in overloading queueing systems and Markov
and semi-Markov type networks, retrial queues, etc. Numerous examples for the illus-
tration AP and DA for queueing models are considered.

The second direction is devoted to the limit theorems for SP with slow switching.
Models of this type appear at the investigation of hierarchic systems in different scales
of time (slow and fast). The conditions, when an SP of a rather complicated struc-
ture can be approximated by an SP of a simpler structure, in particular, by a Markov
or semi-Markov process, are established and various applications to processes with
Markov and semi-Markov switching are considered. The method of investigation uses
the results on the convergence of the accumulating type processes constructed on the
trajectory of Markov or semi-Markov process satisfying some form of the asymp-
totic mixing condition in triangular scheme to processes with independent increments
(homogenous or non-homogenous in time). A special class of non-homogenous in
time Markov processes with transition probabilities slowly varying in the expanding
time scale is introduced. These processes have quasi-ergodic properties and are called
quasi-ergodic Markov processes. Under rather general conditions it is proved a Pois-
son approximation of the flows of rare events governed by a Markov process satisfying
an asymptotic mixing condition, in particular with the state space forming a so-called
S-set (asymptotically connected set), and the exponential approximation of the exit
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time from S-set. Special attention is paid to the analysis of the flow of rare events
defined on stochastic systems satisfying asymptotic mixing conditions, in particular,
with state space forming an S-set. These models naturally appear at study queueing
models with asymptotically “fast” service (or low traffic). Applications of a method
of S-sets are considered for different classes of queueing systems.

Using these results and the results on the convergence of SP with slow switching,
the models of the asymptotic aggregation of the state space of Markov and semi-
Markov processes (homogenous and non-homogenous in time) are investigated.
These results create the basis for a theory of the asymptotic decreasing dimension and
aggregation (consolidation) of the state space of stochastic systems. Special attention
is paid to the hierarchic Markov and semi-Markov systems operating in different
time scales. These systems under rather general conditions can be approximated by
a simpler Markov system with averaged transition characteristics. The applications
to the asymptotic aggregation of a state space and approximation by Markov models
with averaged characteristics are considered for different classes of Markov and
non-Markov queueing models in a random environment.

The asymptotic aggregation of SP in different time scales is the next natural level
of development. The conditions of the convergence of SP to solutions of differen-
tial and stochastic differential equations with coefficients depending on a limiting
aggregated Markov or semi-Markov process are obtained. Various applications to the
asymptotic aggregation of overloaded queueing systems and networks under the influ-
ence of hierarchic random environment in different time scales are considered.

The results of the book were obtained while the author was working at Kiev
University as Head and Professor of Applied Statistics Department at the Faculty of
Cybernetics (1978–2002) and also as Visiting Professor at Bilkent University, Ankara
(1997–2002). Some results were reflected in different courses on stochastic processes
and queueing models that the author taught at Kiev University and Bilkent University
for graduate and post-graduate students.

The book contains many practical examples of asymptotic results for queueing
models and is directed to applied mathematicians and researchers, post-graduate stu-
dents and engineers working in the field of stochastic systems, queueing models and
applications to computer sciences, biology, ecology, physical and social sciences.
Some theoretical results are illustrated by examples of simulation in R.

The author is sincerely grateful to professors Vladimir Korolyuk, Anatoli Sko-
rokhod, Igor Kovalenko and Nikolaos Limnios for a fruitful long-term collaboration
and useful discussions.

Vladimir V. Anisimov
March 2008
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Definitions

Throughout the book we use the following abbreviations:

P(A) probability of event A
Eξ expectation of a random variable ξ
Varξ variance of a random variable ξ
MP Markov process
SMP semi-Markov process
RPSM recurrent process of semi-Markov type
PSMS process with semi-Markov switching
SP switching process

w=⇒ the weak convergence of random variables in the sense
of weak convergence of probability distributions

P−−→ the convergence in probability

DT
the space of right-continuous functions defined on [0, T ]
with finite left limits (Skorokhod space)

CT the space of continuous functions defined on [0, T ]
[a] usually means the integer part of a
ā vector in space Rr

ā′ transposed vector

We say that the sequence of random processes ζn(·) J-converges to the process
ζ0(·) in an interval [0, T ] as n → ∞, if the sequence of measures generated by ζn(·)
in Skorokhod space DT weakly converges to the corresponding measure generated by
ζ0(·).

J-convergence in [0, T ] means a weak convergence of finite dimensional distribu-
tions in all points in [0, T ] except possibly a countable set and a relative compactness
of corresponding measures in [0, T ] (see [BIL 68]).

17
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Readers are refered to [SKO 56, BIL 68, ETH 86] for the definition of Skorokhod
space and J-convergence.
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Chapter 1

Switching Stochastic Models

This chapter is devoted to the description of the main types of switching stochastic
models.

1.1. Random processes with discrete component

The operation of a wide range of stochastic systems can be described in terms of
random processes such that the character of their operation over time varies sponta-
neously (switches) at random times.

Models of this type appear at the investigation of systems operating in a random
environment, systems with different stochastic perturbations and also systems of a
complex hierarchic structure. Switching may be determined by external factors (for
example, when a system operates in an environment and does not influence the envi-
ronment itself), and also by internal and interconnected factors (switching is deter-
mined by some events depending on the trajectory of the system). The latter situation
corresponds to the case of feedback. Thus, in the general case, the switching times
may be random functionals of the previous trajectory of the system.

Switching models appear in the theory of queueing systems and networks, branch-
ing processes, in the analysis of stochastic dynamic systems with random perturba-
tions, in recurrent algorithms with random calculation times and other various appli-
cations.

According to Kolmogorov, these processes are called random processes with dis-
crete interference of chance or with a discrete component. A wide range of different
modifications of processes with discrete interference of chance have been studied:
Markov processes that are homogenous in the second component [EZO 69], processes
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with independent increments and semi-Markov switching [ANI 73], piecewise
Markov aggregates [BUS 73], Markov processes with semi-Markov interference
of chance [GIK 75] and Markov and semi-Markov evolutions [KAC 74, GRI 69,
HER 74, HER 03, KER 78a, KER 78b, KUR 73, PAP 72, PIN 75, KOR 94, KOR 05].
SPs were introduced by the author [ANI 75, ANI 77, ANI 78, ANI 88b].

Different classes of asymptotic results for processes with a discrete component
were investigated by many authors. The Law of Large Numbers and the Central
Limit Theorem for random evolutions have been proved by different authors
[GRI 69, PAP 72, KUR 73, KER 78a, KER 78b, PIN 75, ANI 73, ANI 88b, KOR 93,
KOR 94, WAT 84, KOR 90]. The next natural stage is the investigation of the
asymptotic behavior of random evolution in transient conditions.

There are two major directions of asymptotic results for processes with a discrete
component. The first direction is devoted to the limit theorems of averaging principle
(AP) and diffusion approximation (DA) in the case of fast switches. Various AP and
DA results for dynamic systems and stochastic differential equations with fast Markov
switching were proved by [KHA 68, SKO 89, TSA 93a, TSA 93b].

The author investigated AP and DA for special subclasses of SP [ANI 90,
ANI 92a, ANI 93, ANI 94, ANI 95] and these results were applied to branching
processes [ANI 96], stochastic differential equations [ANI 86, ANI 89] and to
different classes of queueing systems [ANI 99a, ANI 99c, ANI 02b, ANI 92b,
ANI 99b, ANI 01, ANI 04]. Another approach based on the asymptotic results for
semi-groups of perturbed operators associated with corresponding Markov processes
was developed by V.S. Korolyuk et al. and various applications to dynamic systems
and queueing models [KOR 94, KOR 99, KOR 04] are studied.

The second direction is related to the aggregation (merging) of the states of
stochastic systems. These situations appear when we consider two-level (hierarchic)
systems with “fast” transitions on the first level and “slow” transitions on the second
level. For example, a stochastic system with fast transitions operates in an external
environment with slow transitions. The approach based on the asymptotic results
for semi-groups of perturbed operators was also successfully applied to this class of
problems [KOR 93, KOR 99, KOR 00, KOR 04, KOR 05].

The author developed a different approach based on the limit theorems for SP in
the case of slow switches [ANI 73, ANI 78, ANI 88b, ANI 88a] and investigated the
conditions when an SP of a rather complicated structure can be approximated by an
SP of a simpler structure, in particular, by a Markov or a semi-Markov process. These
results created the basis for a new approach to problems of asymptotic decreasing
dimension and aggregation of state space of stochastic systems. Different applications
to reliability and queueing models and dynamic systems are considered in [ANI 88b,
ANI 00a, ANI 02a, ANI 04, ANI 87, ANI 99b, ANI 00b].
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In the following sections we consider some special models of processes with a
discrete component such as Markov or semi-Markov processes, processes with inde-
pendent increments and Markov or semi-Markov switching.

1.1.1. Markov and semi-Markov processes

First let us consider a well-known constructive definition of homogenous
Markov process (MP) in continuous time. Let {τ (k)(x), x ∈ X}, k ≥ 0, be jointly
independent at different k families of random variables such that the variable
τ (k)(x) at each x, k has an exponential distribution with parameter λ(x) where the
values λ(x), x ∈ X , are given. Here X is a metric space with Borel σ-algebra
BX (we call it a measurable space (X,BX)). The family of transition probabilities
{p(x,A), x ∈ X, A ∈ BX} is also given. Suppose that x0 is the initial value.
We construct a Markov sequence xk, k ≥ 0, using transition probabilities in the
following recurrent way: t0 = 0, tk+1 = tk + τ (k)(xk), and

P
{
xk+1 ∈ A | xk = x

}
= p(x,A), x ∈ X, A ∈ BX , k ≥ 0.

Then the process

x(t) = xk as tk ≤ t < tk+1, t ≥ 0,

is a homogenous MP in continuous time. The transition rates from state x to the region
A (x �∈ A) are calculated using the formula: λ(x,A) = p(x,A)λ(x).

If the variables {τ (k)(x), x ∈ X}, k ≥ 0, have arbitrary distributions, then the
process x(t) is a semi-Markov process (SMP). In both cases the times tk can be con-
sidered as switching times for the trajectory of the process.

Note that the process x(t) is correctly defined only in the interval [0, t∞), where

t∞ = limk→∞ tk. If tk
P−−→ ∞ as k → ∞, then this process is defined in the interval

[0,∞) and we call it regular. Here a symbol
P−−→ means the convergence in probability.

In the following we will say that the process x(·) is regular if in any finite interval
with probability one it has a finite number of jumps.

1.1.2. Processes with independent increments and Markov switching

Let x(t), t ≥ 0, be a regular homogenous MP with values in a measurable space
(X,BX) and let the following families that are independent of x(·) be given: the fam-
ily of jointly independent at different k homogenous processes with independent incre-
ments {ξ(k)(t, x), t ≥ 0, x ∈ X}, k ≥ 0, (Lévy processes) and the family of jointly
independent at different k random variables {γ(k)(x), x ∈ X}, k ≥ 1, with values
in R. Suppose also that the distributions of processes ξ(k)(t, x) and variables γ(k)(x)
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do not depend on index k. It is known that a characteristic function of the Lévy process
can be represented in the form

E exp
{
iθξ(1)(t, x)

}
= exp

{
tψ(θ, x)

}
,

where the cumulant function ψ(θ, x) has a well-known Lévy-Khintchine representa-
tion. Denote

E exp
{
iθγ(1)(x)

}
= ϕ(θ, x), x ∈ X, θ ∈ (−∞,∞).

Suppose that the functions ψ(θ, x), ϕ(θ, x) at each fixed θ as functions in x are
measurable with respect to σ-algebra BX .

We define a two-component MP (x(t), ζ(t)), t ≥ 0, with values in (X,R) using
the families introduced above. Let (x0, ζ0) be an initial value, x(t) a right-continuous
homogenous MP and x(0) = x0. Denote by 0 = t0 < t1 < t2 < · · · the times of
successive jumps of x(t) and let xk = x(tk), k ≥ 0, be the values of the embedded
MP. We put ζ(0) = ζ0 and set

ζ(t) = ζ
(
tk
)

+ ξ(k)
(
t, xk

)− ξ(k)
(
tk, xk

)
, as t ∈ [tk, tk+1

)
,

ζ
(
tk
)

= ζ
(
tk − 0

)
+ γ(k)

(
xk

)
, k > 0.

(1.1)

This means that in the interval [tk, tk+1) the process ζ(t) takes the increments of
the process ξ(k)(t, xk) and at time tk it has a jump of the size γ(k)(xk). Thus, by
the construction, at the fixed trajectory of x(t) the process ζ(t) develops as a non-
homogenous process with independent increments and momentary value of the cumu-
lant function ψ(θ, x(t)) and it takes additional jumps at the times tk, k > 0, of the
size γ(k)(xk). Let, for simplicity, ζ0 = 0. Thus, the characteristic function of the
one-dimensional distribution of the process ζ(t) is given by the expression:

E exp
{
iθζ(t)

}
= E exp

{∫ t

0

ψ
(
θ, x(u)

)
du+

∑
0<tk≤t

lnϕ
(
θ, xk

)}
. (1.2)

Here the expectation is taken with respect to all possible trajectories of x(u),
0 ≤ u ≤ t. If the intervals [aj , bj ], j = 1, r, are not overlapping, then

E exp

{
i

r∑
j=1

θj

(
ψ
(
bj
)− ψ

(
aj

))}

= E
r∏

j=1

exp

{∫ bj

aj

ψ
(
θj , x(u)

)
du+

∑
aj<tk≤bj

lnϕ
(
θj , xk

)}
.
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This construction can be easily extended to the case where the processes ξ(k)(t, x)
are non-homogenous in time and the distributions of variables γ(k)(x, t) also depen-
dent on t. In this case the process (x(t), ζ(t)), t ≥ 0, is non-homogenous in time. Note
that as x(·) is regular, the process (x(t), ζ(t)), t ≥ 0, is defined in the interval [0,∞).

By definition the two-component process (x(t), ζ(t)), t ≥ 0 is an MP which is
homogenous in the 2nd component. This means that

P
{
x(t+ s) ∈ A, ζ(t+ s) < z | x(t) = x, ζ(t) = y

}
= P

{
x(t+ s) ∈ A, ζ(t+ s) < z − y | x(t) = x, ζ(t) = 0

}
,

t ≥ 0, s ≥ 0, x ∈ X, y, z ∈ (−∞,∞).

Note that Markov processes that were homogenous in the 2nd component were
defined in [EZO 69].

1.1.3. Processes with independent increments and semi-Markov switching

Let x(t), t ≥ 0, be an SMP with the state space X and let the family of homoge-
nous processes with independent increments ξ(k)(t, x), t ≥ 0, x ∈ X , and the family
of random variables γ(k)(x), x ∈ X , satisfying the conditions above, section 1.1.2,
be given. Relations (1.1) thus define the two-component process (x(t), ζ(t)), t ≥ 0,
which is the process with independent increments and semi-Markov switching (PII
SMS) [ANI 73].

Let us consider a three-component process (x(t), γ(t), ζ(t)), t ≥ 0, where γ(t) =
t − maxtk≤t tk. This process is a homogenous MP that is homogenous in the second
component (see previous section 1.1.2). The one-dimensional distributions for ζ(t)
are also defined by formula (1.2).

Now let us consider as an example a Poisson process with a random rate. Let
λ(t), t ≥ 0, be the non-negative random process which represents the instantaneous
rate for a Poisson process Πλ(t)(t). This means that at given trajectory of λ(t, ω)
the process Πλ(t,ω)(t) is developing as a non-homogenous Poisson process with the
instantaneous rate λ(t, ω). A Poisson process of this type is called a double stochastic
Poisson process or Cox process [COX 80].

The joint distributions in non-overlapping intervals [aj , bj ], j = 1, r, are calculated
as follows

P
{
Πλ(bi)

(
bi
)− Πλ(ai)

(
ai

)
= ni, i = 1, r

}
= E

r∏
i=1

exp
{− Λ

(
ai, bi

)}Λ
(
ai, bi

)ni

ni!
,

where Λ(a, b) is a random cumulative rate in the interval [a, b]: Λ(a, b) =
∫ b

a
λ(u)du.
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Consider a special case. Let the family of non-negative functions a(x), x ∈ X ,
and the random process x(t) with values in X be given. Suppose that the random
rate λ(t) has the form λ(t) = a(x(t)), t ≥ 0. In this case the process Πλ(t)(t) is
a Poisson process with a rate which is switching by the process x(t). In particular,
if x(t) is a homogenous MP, then the two-component process (x(t),Πλ(t)(t)) is a
homogenous PII MS (see section 1.1.2). If the process x(t) is an SMP, then the process
(x(t),Πλ(t)(t)) is a homogenous PII SMS.

1.2. Switching processes

1.2.1. Definition of switching processes

In this section we introduce a general definition of the class of switching processes
(SPs). Let

Fk =
{(
ζk(t, x, α), τk(x, α), βk(x, α)

)
, t ≥ 0, x ∈ X, α ∈ Rr

}
, k ≥ 0,

be jointly independent in index k parametric families, where (X,BX) is a measurable
space, ζk(t, x, α) for each fixed k, x, α is a random process with trajectories belonging
to the Skorokhod space D∞r (the space of right-continuous functions having left-side
limits which are also called cadlag functions), and τk(x, α), βk(x, α), are possibly
dependent on ζk(·, x, a) random variables, τk(·) ≥ 0, βk(·) ∈ X . We assume that the
vectors from Rr are column vectors and the variables introduced are measurable in
the ordinary way in the pair (x, a) concerning σ-algebra BX ×BRr . Let (x0, S0) also
be the initial vector in X ×Rr independent of Fk, k ≥ 0. We introduce the following
recurrent sequences:

t0 = 0, tk+1 = tk + τk
(
xk, Sk

)
,

Sk+1 = Sk + ξk
(
xk, Sk

)
, xk+1 = βk

(
xk, Sk

)
, k ≥ 0,

(1.3)

where ξk(x, α) = ζk(τk(x, α), x, α), and set

ζ(t) = Sk + ζk
(
t− tk, xk, Sk

)
,

x(t) = xk, as tk ≤ t < tk+1, t ≥ 0.
(1.4)

A two-component process (x(t), ζ(t)), t ≥ 0, is thus called an SP [ANI 75,
ANI 77]. We also introduce a process

S(t) = Sk as tk ≤ t < tk+1, t ≥ 0, (1.5)

and call it a semi-Markov recurrent process (RPSM) [ANI 90]. Note that by definition
RPSM S(t) is an embedded process for ζ(t).
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It is worth noting that the general definition of an SP allows feedback between
the discrete component x(·) and the switched component ζ(·) (case of feedback). Dif-
ferent classes of random evolutions studied earlier by other authors allow only the
dependence of the component ζ(·) on the process x(·). This corresponds to the case
when we have an external environment corresponding to the process x(·) and its oper-
ation does not depend on the process ζ(·), but operation of ζ(·) may depend on the
state of x(·). The case of feedback was not considered by other authors.

Consider a particular case when there is no switching component x(·) and the
process ζ(·) is switching at some random times tk. Let

Fk =
{(
ζk(t, α), τk(α)

)
, t ≥ 0, α ∈ Rr

}
, k ≥ 0,

be jointly independent in index k families of random processes ζk(t, α) with trajecto-
ries belonging to the Skorokhod space Dr

∞ and random variables τk(α) measurable in
the natural way. We introduce the following recurrent sequences:

t0 = 0, tk+1 = tk + τk
(
Sk

)
, Sk+1 = Sk + ξk

(
Sk

)
, k ≥ 0, (1.6)

where ξk(α) = ζk(τk(α), α), and set

ζ(t) = Sk + ζk
(
t− tk, Sk

)
as tk ≤ t < tk+1, t ≥ 0. (1.7)

Process ζ(t), t ≥ 0, is thus a special case of an SP which is switched by its own
values at the switching times tk constructed recurrently using the values of ζ(·) at the
switching times. This definition will be used later to describe some classes of queueing
models.

In what follows we assume that the SP is regular, i.e. the component x(·) with
probability one has a finite number of jumps in each finite interval. Now as an illus-
tration we consider the special subclasses of SPs.

Assume that the characteristics of the families Fk, k ≥ 0, do not depend on param-
eters a and k. Then xk, k ≥ 0, is a homogenous Markov process (MP) and x(t),
t ≥ 0, is a semi-Markov process (SMP). Assume also that the variables τk(x) at each
x ∈ X are independent of the processes ζk(t, x), t ≥ 0. In that case, if the variables
τk(x) have the exponential distribution, then x(t), t ≥ 0, is an MP, and if in addition
ζk(t, x), t ≥ 0, is at each x ∈ X , the process with independent increments, thus the
two-component process (x(t), ζ(t)), t ≥ 0, forms an MP which is homogenous in the
second component [EZO 69].

If the variables τk(x) have arbitrary distributions, process ζ(t) is a process with
independent increments and semi-Markov switching introduced in [ANI 73], see sec-
tion 1.1.3.
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Suppose now that the process ζk(t, x) at each x ∈ X is an MP. Then the process
ζ(t), t ≥ 0, in [BUS 73] is called a piecewise Markov aggregate and in the book by
Gikhman and Skorokhod it is called an MP with semi-Markov interference of chance
[GIK 75]. If the processes ζk(t, x) are realized in a Banach space and described by a
semigroup of operators, then the process ζ(t) in [GRI 69, HER 74] is called a random
evolution.

Now we consider separately a class of recurrent processes of semi-Markov type
(RPSM) which is a special subclass of SP introduced above. It is defined as the embed-
ded process for an SP (see equation (1.5)). This process is a stepwise process and has
a simpler structure than a general SP. Below we consider some special RPSM models
which will be used later in the description of stochastic queues and the problems of
asymptotic analysis.

1.2.2. Recurrent processes of semi-Markov type (simple case)

Let

Fk =
{(
ξk(α), τk(α)

)
, a ∈ Rr

}
, k ≥ 0,

be jointly independent families of random variables with values in the space Rr ×
[0,∞), and S0 be an independent of Fk, k ≥ 0 random variable in Rr. Note that the
variables ξk(α) and τk(α) can be dependent. We introduce the following recurrent
sequences:

t0 = 0, tk+1 = tk + τk
(
Sk

)
, Sk+1 = Sk + ξk

(
Sk

)
, k ≥ 0 (1.8)

and set

S(t) = Sk as tk ≤ t < tk+1, t ≥ 0. (1.9)

Process S(t) thus forms an RPSM (in this case a discrete switching component
x(t) is absent).

If the distributions of the families Fk do not depend on parameter k, process S(t)
is a homogenous SMP. If the distributions of the families Fk do not depend on both
parameters α and k, then the times t0 ≤ t1 ≤ · · · ≤ tk · · · , form a recurrent flow and
S(t) can be interpreted as a reward renewal process.

1.2.3. RPSM with Markov switching

Let

Fk =
{(
ξk(x, α), τk(x, α)

)
, x ∈ X, α ∈ Rr

}
, k ≥ 0
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be jointly independent families of random variables taking values in Rr × [0,∞), and
let xl, l ≥ 0, be an MP independent of Fk, k ≥ 0, with values in a space X and
(x0, S0) be the initial value. We put

t0 = 0, tk+1 = tk + τk
(
xk, Sk

)
, Sk+1 = Sk + ξk

(
xk, Sk

)
, k ≥ 0, (1.10)

and set

S(t) = Sk, x(t) = xk, tk ≤ t < tk+1, t ≥ 0. (1.11)

The two-component process (x(t), S(t)) then forms an RPSM with additional
Markov switching. If the distributions of variables τk(x, α) do not depend on the
parameters α and k, then x(t) is an SMP.

1.2.4. General case of RPSM

Let

Fk =
{(
ξk(x, α), τk(x, α), βk(x, α)

)
, x ∈ X, α ∈ Rr

}
, k ≥ 0,

be jointly independent families of random variables with values in the space Rr ×
[0,∞) ×X , (x0, S0) be the initial value. We put

t0 = 0, tk+1 = tk + τk
(
xk, Sk

)
,

Sk+1 = Sk + ξk
(
xk, Sk

)
, xk+1 = βk

(
xk, Sk

)
, k ≥ 0,

(1.12)

and set

S(t) = Sk, x(t) = xk as tk ≤ t < tk+1, t ≥ 0. (1.13)

The two-component process (x(t), S(t)), t ≥ 0 then forms a general RPSM with
feedback between both components. In particular, when the distributions of the vari-
ables βk(x, α) do not depend on parameter α, sequence xk is an MP with values in X
and this case corresponds to the previous case (RPSM with additional Markov switch-
ing). In the general case, we have feedback between components x(t) and S(t) at the
switching times (case of feedback).

1.2.5. Processes with Markov or semi-Markov switching

Consider the case when a random process operates in the external Markov or semi-
Markov environment. Let

Fk =
{
ζk(t, x, α), t ≥ 0, x ∈ X, α ∈ Rr

}
, k ≥ 0,
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be the jointly independent parametric families of random processes with trajectories
in Skorokhod space D∞r, where (X,BX) is a measurable space. Let x(t), t ≥ 0,
also be the independent of Fk, k ≥ 0, right-continuous SMP with values in X and
S0 be the initial value. We suppose that the variables introduced are measurable in the
ordinary way in the pair (x, a) with respect to σ-algebra BX × BRr .

Denote by 0 = t0 < t1 < · · · the times of consecutive jumps of x(·) and put
xk = x(tk), k ≥ 0. We construct a process with Markov (or semi-Markov) switching
in the following way. Put

Sk+1 = Sk + ξk,

where

ξk = ζk
(
τk, xk, Sk

)
, τk = tk+1 − tk,

and set

ζ(t) = Sk + ζk
(
t− tk, xk, Sk

)
as tk ≤ t < tk+1, t ≥ 0. (1.14)

Then the two-component process (x(t), ζ(t)), t ≥ 0, is a process with Markov
switching (PMS) if x(t) is a Markov process, or a process with semi-Markov switch-
ing (PSMS), if x(t) is a semi-Markov process.

The component x(t) itself is a switching environment. Let us also introduce the
embedded process

S(t) = Sk as tk ≤ t < tk+1. (1.15)

We can easily see that the process (x(t), S(t)) is an RPSM with independent
Markov switching (section 1.2.3).

Consider a special case where {ζ(t, x), t ≥ 0} is the family of Markov pro-
cesses and denote by ζ(t, x, α) the process ζ(t, x) with the initial value α. Process
(x(t), ζ(t)) thus forms a Markov random evolution (when x(t) is a Markov process),
or a semi-Markov random evolution (when x(t) is a semi-Markov process).

1.3. Switching stochastic models

In this section we consider different examples of switching stochastic models
which can be described in terms of an SP.
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1.3.1. Sums of random variables

Let {ξk(x), x ∈ X}, k ≥ 0, be the jointly independent families of random vari-
ables in Rr, and let xk, k ≥ 0, be an MP in X that is independent of these families.
Denote

ζm =
m∑

k=0

ξk
(
xk

)
, m ≥ 0. (1.16)

The two-component process (xm, ζm), m ≥ 0, is a process with independent
increments and Markov switching in discrete time (see section 1.1.2).

Furthermore, let p(x,A, α), x ∈ X , A ∈ Bx, be at each a ∈ Rr the family of
transition probabilities and the natural conditions of measurability are satisfied. Let
x0 be some initial state and we define the sequence xk, k ≥ 1, in the following way:

P
{
xk+1 ∈ A | xi, ζi, i ≤ k

}
= p

(
xk, A, ζk

)
, k ≥ 0,

where ζk is given by expression (1.16). Then the two-component process (xm, ζm),
m ≥ 0, is an SP with feedback between both components. In this case (xm, ζm) is an
MP, but component xm itself in general is not an MP.

1.3.2. Random movements

In this section we describe a random movement switched by a Markov or semi-
Markov environment. This means that the speed vector depends on the current state of
the environment.

Let v1, v2, . . . , vm be deterministic vectors in Rr, x(t), t ≥ 0, be an MP or
SMP with a finite number of states {1, 2, . . . ,m}. We put ζk(t, i) = tvi, t ≥ 0,
i = 1,m, (the movement when the state of the environment is i) and denote by
0 = t0 < t1 < · · · the times of successive jumps of x(t). Then an SP constructed
by the family of processes ζk(t, i), t ≥ 0, i = 1,m, by switching component x(t)
and times tk generates a random movement in Rr with Markov or correspondingly
semi-Markov switching.

Let us represent the position of movement ζ(t) at any time t. Denote

ν(t) = max
{
k : k ≥ 0, tk < t

}
.

If ζ0 is the initial position, then setting
∑−1

0 = 0 we obtain:

ζ(t) = ζ0 +
ν(t)−1∑

k=0

(
tk+1 − tk

)
vxk

+
(
t− tν(t)

)
vxν(t) . (1.17)
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1.3.3. Dynamic systems in a random environment

Let {f(x, α), x ∈ X, α ∈ Rr} be the family of functions with values in the
space Rr, {γk(x, α), x ∈ X, α ∈ Rr}, k ≥ 0, be the jointly independent families of
random variables with values in Rr and x(t), t ≥ 0, be a stepwise random process in
X which is independent of introduced families. In addition, let t1 < t2 < · · · be the
sequential times of jumps of process x(t). We introduce process ζ(t) in the following
way: at each interval (tk, tk+1),

ζ(0) = ζ0, dζ(t) = f
(
xk, ζ(t)

)
dt, (1.18)

where xk = x(tk + 0), and at times tk,

ζ
(
tk+1 + 0

)
= ζ

(
tk+1 − 0

)
+ γk

(
xk, ζ

(
tk+1 − 0

))
, k > 0, (1.19)

which means process ζ(t) has a jump of size γk(xk, ζ(tk+1−0)) at time tk+1 depend-
ing on the value of the switching component and the value of the trajectory of ζ(t) at
this time. Note that when x(t) is an MP or SMP, ζ(t) is a dynamic system with Markov
or semi-Markov switching.

To represent process ζ(t) as an SP we introduce the family of functions v(t, x, a)
in the following way:

v(0, x, α) = α, dv(t, x, α) = f
(
x, v(t, x, α)

)
dt, (1.20)

and suppose that a unique solution of (1.20) exists on each interval [0, t] for any x, α.
For each k ≥ 0, we put τk = tk+1 − tk, xk = x(tk + 0), and define the family of
processes {ζk(t, x, α)} in the following way:

ζk(t, x, α) = v(t, x, α) as t < τk, xk = x,

ζk
(
τk, x, α

)
= v

(
τk, x, α

)
+ γk

(
x, v

(
τk, x, α

))
.

Then the family of processes ζk(t, x, α), t ≤ τk, together with sequences tk and
xk, define SP (x(t), ζ(t)), t ≥ 0 according to formulae (1.3), (1.4).

1.3.4. Stochastic differential equations in a random environment

Let {c(x, α), b(x, α), x ∈ X, α ∈ R} be the family of vector and matrix-valued
functions of the dimension r and r× r, respectively, and let w(t), t ≥ 0, be a standard
Wiener process in Rr and x(t), t ≥ 0, be an MP or SMP, which is independent of
w(t). We introduce process ζ(t) as a solution to the following stochastic differential
equation:

ζ(0) = ζ0, dζ(t) = c
(
x(t), ζ(t)

)
dt+ b

(
x(t), ζ(t)

)
dw(t), (1.21)
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where at each x ∈ X coefficients c(x, a) and b(x, a) satisfy the conditions of the
theorem of the existence and uniqueness of the solution. The process ζ(t) is a diffu-
sion process with Markov of semi-Markov switching and then the pair (x(t), ζ(t)),
t ≥ 0, is an SP which is a Markov process with Markov (or semi-Markov) switch-
ing. In this case the distributions of processes ζk(t, x, α) do not depend on index
k and for each x, α, process ζ1(t, x, α) is defined as follows: ζ1(0, x, α) = α and
dζ1(t, x, α) = c(x, ζ1(t, x, α))dt+ b(x, ζ1(t, x, α))dw(t).

In this example the behavior of process x(t) does not depend on the values of
ζ(·) and the main process ζ(·) is switched by process x(·) (no feedback between
both components). Now we describe the case of feedback. Let {c(x, α), b(x, α),
x ∈ X, α ∈ Rr} be the family of vector and matrix-valued functions of the
dimension r and r × r, respectively, and let the parametric family of functions
{q(x,A, z), x ∈ X, A ∈ BX , α ∈ Rr}, measurable in the ordinary way, be given
such that at each fixed α, q(x,A, α) are the transition rates of some non-breaking
stepwise MP in X .

We construct an SP (x(t), ζ(t)), t ≥ 0, in the following way: ζ(t) satisfies equation
(1.21), where x(t) is constructed jointly with ζ(t) as a stepwise process inX such that
for all x �∈ A, α ∈ Rr,

P
{
x(t+ h) ∈ A | x(t) = x, ζ(t) = α

}
= q(x,A, α)h+ o(h).

In this case (x(t), ζ(t)) is an MP and we have an effect of mutual influence
between both components (case of feedback).

1.3.5. Branching processes

Let us consider the state-dependent branching process in continuous time which is
defined in the following way. The non-negative functions μ(m), ν(m), m = 0, 1, . . .
and the independent families of random variables {η(m), m = 0, 1, . . .} and {γ(m),
m = 0, 1, . . .}, with values in {0, 1, 2, . . .} and {0,±1,±2, . . .}, respectively, are
given. Let Q(t) be the total number of particles at time t. If Q(t) = m, then in a
small interval [t, t + h], each particle, independently of others, with probability
μ(m)h + o(h), can be transformed into η(m) particles, and also with probability
ν(m)h + o(h), the whole population of m particles can be transformed into
[m+ γ(m)]+ particles, where [k]+ = max(0, k).

In this case process Q(t) can be described as a simple RPSM. Let {τk(m),
m = 0, 1, . . .}, k ≥ 0, and {ξk(m), m = 0, 1, . . .}, k ≥ 0, be the independent
families of random variables, where τk(m) has an exponential distribution with
parameter λ(m) = mμ(m) + ν(m) and

P
{
ξk(m) ∈ A

}
= mμ(m)λ(m)−1P

{
η(m) − 1 ∈ A

}
+ ν(m)λ(m)−1P

{[
m+ γ(m)

]
+
−m ∈ A

}
.
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Thus, process Q(t) is equivalent to a simple RPSM which is defined by the family
{(ξk(m), τk(m)), m = 0, 1, . . .}, k ≥ 0, according to formulae (1.8), (1.9).

By analogy we can construct a branching process with Markov or semi-Markov
switching and with different types of interacting particles.

1.3.6. State-dependent flows

Consider a flow of random events which is constructed in the following way. Let
{τk(α), α ≥ 0}, k ≥ 0, be families of non-negative variables, which are jointly
independent of index k. We introduce the following recurrent sequence:

t0 = 0, tk+1 = tk + τk
(
tk
)
, k ≥ 0.

Then sequence {tk, k ≥ 0} represents a state-dependent flow of random events.
By definition,

P
{
tk+1 − tk < z | tk = α, ti = αi, i = 1, k − 1

}
= P

{
τk(α) < z

}
.

Note that by definition, a sequence tk, k ≥ 0, can be represented as an RPSM. If
the distributions of variables τk(α) do not depend on index k and parameter α, then
sequence {tk, k ≥ 0} represents a well-known recurrent flow.

By analogy we can construct a state-dependent flow in a random environment. Let
{(τk(x, α), βk(x, α)), α ≥ 0, x ∈ X, k ≥ 0} be parametric families of random
variables which are jointly independent of index k. Suppose that the initial value x0 is
given. Let us define the following recurrent sequences:

t0 = 0, tk+1 = tk + τk
(
xk, tk

)
, xk+1 = βk

(
xk, tk

)
, k ≥ 0.

The pair (xk, tk) represents a state-dependent flow in a random environment.

We can also construct a corresponding SP. Denote

ν(t) = max
{
k : k ≥ 0, tk < t

}
, x(t) = xν(t), S(t) = tν(t).

Then a two-component process (x(t), S(t)), t ≥ 0, is an SP.

1.3.7. Two-level Markov systems with feedback

Consider n interacting Markov systems which are operating in the following way.
Each system has a finite state space {1, 2, . . . , r}. Let the family of non-negative func-
tions λij(q), i, j = 1, r, i �= j, q = (q1, . . . , qr), qi ≥ 0,

∑r
i=1 qi = 1, be given.
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Denote by νn(i, t) the total number of systems in state i at time t and put

νn(t) =
(

1
n
νn(i, t), i = 1, r

)
.

If at time t, νn(t) = q, and a system is in state i, then this system in a small interval
[t, t+ h] independently of other systems can jump to state j with probability

n−1λij(q)h+ o(h), j �= i,

or, correspondingly, with probability

1 − n−1
∑
j �=i

λij(q)h+ o(h)

the system stays in state i. Then process νn(t) represents a two-level Markov system.

Denote by xk(t) the state of the kth system at time t. Then the process(
νn(t),

(
x1(t), . . . , xn(t)

))
, t ≥ 0,

can be represented as an SP and, by definition, at each interval [s, t] such that νn(u) =
q, s ≤ u ≤ t, the process xk(t) is an homogenous MP with transition rates λij(q),
i, j = 1, r, i �= j. In this case we have feedback between components νn(t) and
(x1(t), . . . , xn(t)).
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Chapter 2

Switching Queueing Models

2.1. Introduction

A class of switching processes is a convenient tool for the description and asymp-
totic investigation of wide classes of queueing systems. In this chapter we provide
various examples of switching queueing systems. Traditionally a queueing system is
defined by the input flow of calls (or customers), by the queue discipline (in which
order incoming calls are taken for service) and by the character of service. In what
follows we use a general classification of queueing systems introduced by Kendall.
According to this classification a standard queueing system is defined by a sequence
of 4 basic symbols. The first symbol defines the input flow, the second characterizes a
service time, the third defines the number of servers, the fourth defines the number of
waiting places.

For example, the letters M , D, E, GI for the first symbol mean that the durations
of the intervals between times when the calls (customers) enter the system are inde-
pendent, identically distributed, random variables and have exponential, degenerative,
Erlang or general distribution, respectively. The letters M , D, E, GI for the second
symbol in a similar way define the type of distribution of the service time.

Additional sub-indexes can mean different specifications of the system, e.g. index
B at the first symbol means that calls arrive in batches, e.g. MB , means that calls
arrive at the times of events of a Poisson process in batches. Index B at the second
symbol, e.g. MB , means that the service if provided in batches. Index Q means the
additional dependence of input flow (or service) on the value of the current queue
(state-dependent system). For example, notation MQ at the first place means that the
rate of a Poisson input process depends on the current value of the queue. Index M or
SM means the dependence of input flow (or service time) on the state of an external
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Markov or semi-Markov process. This case can be interpreted as a queueing system in
a Markov or semi-Markov environment, or a system governed by an external Markov
or semi-Markov process. If this is not specified, it is usually assumed that the calls
are taken for service in the order of their arrival at the system (the so-called FIFO
discipline, first-in-first-out).

For example, a traditional system M/M/m/s means that the calls arrive one at a
time according to a Poisson process (exponential interarrival times), there are m iden-
tical servers with exponential service times and s waiting places. The call upon arrival
at the system either takes one of available servers, if any, or joins the queue (occupies
one of the waiting places), if there are free places. If there are no available servers or
waiting places, this call leaves the system. If the call takes one of the available servers,
then after the exponential service time this call leaves the system. Immediately after
service completion the server is ready to take the next call from the queue, if any.
Otherwise, the server waits for the next call to arrive. If the call joins the queue, then
it will take the first available server only when all calls standing in the queue before
him have been taken for service.

By switching queueing model we mean that the queueing process can be repre-
sented as an SP. A large class of switching queueing models is the queues in a ran-
dom environment. Usually the environment is considered as an external process which
is not influenced by the behavior of the internal characteristics, for example, queue-
ing processes. The systematic investigation of queues in a Markov environment was
started by Neuts [NEU 81, NEU 89] who also introduced the notion of the Markov
arrival process also known as the compound Poisson arrival process with Markov
switching. Different classes of queueing models in a Markov environment and later in
a semi-Markov environment have been investigated by many authors. See for example
[PUR 74, O’C 86, SZT 87, FAL 88a, FAL 88b, GEL 90, ANI 92b, FIS 93, LUC 94b,
LUC 94a, HE 96, BOC 03, KIM 07b]. A good survey of papers on queueing models
in a Markov environment is provided in [KIM 07a].

In the cases when there is feedback between the environment and queueing pro-
cesses in the system, the environment itself is not a Markov or semi-Markov process
and in this case it is more natural to describe these models as switching models. In the
next sections we consider some classes of queueing systems and networks which can
be represented using switching processes.

2.2. Queueing systems

2.2.1. Markov queueing models

Let us illustrate the basic ideas of how to represent the queueing process in the sys-
tem as an SP with the example of a rather simple, state-dependent, Markov queueing
model.
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2.2.1.1. A state-dependent system MQ/MQ/1/∞
A system consists of one server with infinite buffer (an infinite number of waiting

places). The calls arrive one at a time and are served according to the FIFO discipline.
Let non-negative functions {λ(q), μ(q), q ≥ 0} be given. Denote by Q(t) the total
number of calls in the system at time t. The system operates as follows. If at time t,
Q(t) = q, then the local arrival rate is λ(q). This means that the probability that a new
call arrives in a small interval [t, t + h] is λ(q)h + o(h). Correspondingly, the local
service rate is μ(q) (the probability that a call in service completes service in a small
interval [t, t+h] is μ(q)h+o(h)). After service completion the call leaves the system.

It is well known that in this case processQ(t), t ≥ 0, is a Birth-and-Death process.

Let us represent this in a recurrent form. Denote by t1 < t2 < · · · the times of any
change in the system (arrival of a call or service completion), and putQk = Q(tk +0),
k ≥ 0. Suppose that t0 = 0, Q(0+) = Q0.

First, let us define the family of jointly independent random variables {τk(q),
ξk(q), q ≥ 0}, k ≥ 0, where τk(q) has an exponential distribution with parameter
Λ(q) = λ(q) + μ(q)χ(q > 0), ξk(q) is a variable that is independent of τk(q) such
that

ξk(q) =

{
+1, with prob. λ(q)Λ(q)−1,

−1, with prob. μ(q)χ(q > 0)Λ(q)−1,

and χ(A) is the indicator of set A. Define the following recurrent sequences:

Q̃0 = Q0, Q̃k+1 = Q̃k + ξk
(
Q̃k

)
,

t̃0 = 0, t̃k+1 = t̃k + τk
(
Q̃k

)
, k ≥ 0,

(2.1)

and put

Q̃(t) = Q̃k, as t̃k ≤ t < t̃k+1, t ≥ 0. (2.2)

As we can see, process Q̃(t) is a simple RPSM (see section 1.2.2) and by defini-
tion the finite dimensional distributions of process Q̃(t) coincide with corresponding
distributions of queueing process Q(t).

The advantage of the representation of the queueing process as an RPSM is that
Q̃(t) is a superposition of the two more simple recurrent processes in discrete time, t̃k
and Q̃k, k ≥ 0.

This representation also provides an idea for how to study the limiting behavior of
Q(t). If we can prove that the appropriately scaled two component process (t̃k, Q̃k)
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weakly converges to process (y(u), q(u)), u ≥ 0, where components y(u) and q(u)
are possibly dependent, then under some regular assumptions we can expect that the
appropriately scaled process Q̃(t) weakly converges to the superposition of y(u) and
q(u) in the form q(y−1(t)), where y−1(t) is the inverse function.

Similar representation is true for a system MQ/MQ/r/∞. In this case, given that
Q(t) = q, we assume that the local rate of incoming calls is λ(q) and the service
rate for each busy server is μ(q). Q(t) is thus a Birth-and-Death process with birth
and death rates λ(q) and min(q, r)μ(q), respectively, and in the expressions above,
Λ(q) = λ(q) + min(q, r)μ(q),

ξk(q) =

{
+1, with prob. λ(q)Λ(q)−1,

−1, with prob. min(q, r)μ(q)Λ(q)−1.

Representations (2.1), (2.2) have a similar form for Markov networks and also for
batch arrivals and service. In these cases variables ξk(q) may take vector values and
variables τk(q) again have the exponential distributions. By analogy, we can write
similar representations for more general systems with a non-Markov arrival process
and non-exponential service. For these cases we need to choose switching times t̃k in
an appropriate way and construct corresponding processes reflecting the behavior of
queueing processes in intervals [t̃k, t̃k+1).

For further exploration note that in fact the exponentiality of τk(q) is not essential
for the asymptotic analysis. This means, if we can prove quite general theorems on the
convergence of the recurrent processes, constructed according to relations (2.1), (2.2),
then these theorems can be used for the analysis of more general queueing models, for
which the queueing processes have representations similar to (2.1), (2.2).

In this way we can analyze rather general switching queueing models. For these
models the queueing processes can be represented in terms of SP in the form similar
to (2.1), (2.2). From the other side, rather general results on AP and DA for an SP
are proved in [ANI 90, ANI 92a, ANI 94, ANI 95] (see Chapter 4). These results pro-
vide us with the new methodology for asymptotic investigation of switching queueing
models.

2.2.1.2. Queueing system MM,Q/MM,Q/1/m

Consider, as a more complicated example, a state-dependent queueing system in a
Markov environment. Let z(t), t ≥ 0, be an homogenous MP with finite state space
I = {1, . . . , d} and transition rates a(i, l), i, l = 1, d, i �= l. z(t) stands for the
external Markov environment. In addition, let the family of non-negative functions
λ(i, j), μ(i, j), i = 1, d, j = 0,m+ 1, be given. The system consists of one server
with m waiting places. The calls enter the system one at a time. Denote by Q(t) the
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number of calls in the system at time t, 0 ≤ Q(t) ≤ m+ 1. If z(t) = i and Q(t) = j,
then the local input rate for incoming calls is λ(i, j) and the local service rate is μ(i, j)
(μ(i, 0) ≡ 0). The call, upon arrival at the empty system, is immediately taken for
service. When the server is busy, the call joins the queue. After completion of service
the call leaves the system and the next call from the queue, if any, is immediately taken
for service. If a call enters the system and at that time Q(t) = m+ 1, then this call is
lost.

To describe this system as a switching system consider a two-component MP
x(t) = (z(t), Q(t)), t ≥ 0, with state space I × {0, . . . ,m + 1} and transition rates
a((i, j), (l, q)), i, l = 1, d, j, q = 0,m+ 1, where

a
(
(i, j), (l, j)

)
= a(i, l), i, l = 1, d, j = 0,m+ 1;

a
(
(i, j), (i, j + 1)

)
= λ(i, j), i = 1, d, j = 0,m;

a
(
(i, j), (i, j − 1)

)
= μ(i, j), i = 1, d, j = 1,m+ 1,

(other rates are zeros). The two-component process x(t) stands for the switching com-
ponent (or environment). Note that process x(t) belongs to the class of so-called quasi-
Birth-and-Death processes introduced by [NEU 89].

In addition, let ζk(t, (i,m+ 1)) be a Poisson process with parameter λ(i,m+ 1),
i = 1, d, and ζk(t, (i, j)) ≡ 0 as j < m+ 1.

We construct an SP (x(t), ζ(t)), t ≥ 0, using the Markov component x(t) and
processes ζk(·) according to formula (1.14) (or (1.1)), where x(t) = (z(t), Q(t)) and
S0 = 0. This process is then a process with independent increments and Markov
switching, see section 1.1.2, component Q(t) is the value of the queue and ζ(t) is the
number of calls lost in interval [0, t].

Observing process (x(t), ζ(t)) we can also calculate other characteristics of the
system. Let ν+(t) (ν−(t)) be the number of jumps up (+1) (and down (−1) corre-
spondingly) of the process Q(t) in interval [0, t]. ν+(t) is thus the number of calls
which entered the system in interval [0, t] and ν−(t) is the number of calls served in
this time interval.

Note that if the rate of input process λ(i, j) ≡ λ(i) (depends only on the state of
Markov environment), then the input process is usually called a Markov modulated
input process [NEU 89] and in fact is a Poisson process with random rate λ(z(t)) or a
doubly-stochastic Poisson process [COX 80].

2.2.1.3. System MQ,B/MQ,B/1/∞
Consider a rather general Markov system which includes state-dependent systems

with batch arrivals and service, systems with different types of calls, impatient calls,
etc.
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Let the non-negative functions λ(q), μ(q), νi(q), i = 1,m, q ∈ Rm
+ , be given.

In addition, let α(q), γ(q), βi(q), i = 1,m, q ∈ Rm
+ , be the random variables with

values in Rm
+ . There is one server and an infinite number of waiting places. Assume

that there are different types of calls or calls of different priorities. Denote by Q(t)
the vector describing the number of calls of different types in the system at time t,
Q(t) ∈ Rm

+ .

The system operates in the following way: if Q(t) = Q, then the local arrival rate
is λ(Q) and a batch of α(Q) calls may enter the system. Correspondingly, the local
service rate is μ(Q) and a batch of min{γ(Q), Q} calls may complete service (in the
case of vector-valued variables the minimum is taken in each component). In addition,
each call of type i in the queue independently of the others may be transformed into
ei +βi(Q) calls with the local rate νi(Q), where ei is a vector with the ith component
which is equal to one and other components are equal to 0. Calls after service comple-
tion leave the system. If a vector βi(Q) can have negative components (for instance,
there are impatient calls), then after transformation we obtain max{0, Q + βi(Q)}
calls in the system.

2.2.2. Non-Markov systems

2.2.2.1. Semi-Markov system SM/MSM,Q/1

Consider a queueing system of the type SM/MSM,Q/1 which is described in the
following way. Let x(t), t ≥ 0, be a right continuous SMP with values in a measur-
able space (X,BX) and let the functions μ(x,m), x ∈ X , m = 0, 1, 2, . . . be given
(μ(x,m) are measurable relatively σ-algebra BX and stand for the local transition
rates). Let t1 < t2 < · · · be a sequence of the times of jumps of x(t). We say that the
input flow is semi-Markov if the calls enter the system one at a time at the times tk.
The system has one server and the service rate at time t is μ(x(t), Q(t)), where Q(t)
is the number of calls in the system at time t. After completion of service the calls
leave the system.

To describe process (x(t), Q(t)) as an SP, we introduce the jointly independent
families of stepwise decreasing MPs {ηk(t, x,m), t ≥ 0, x ∈ X, m = 1, 2, . . .},
k ≥ 0, with values in {0, 1, 2, . . .} such that ηk(0, x,m) = m for any x,m, k, the
transition from state j is possible only to state j − 1, and at small h,

P
{
ηk(t+ h, x,m) = j − 1 | ηk(t, x,m) = j

}
= μ(x, j)h+ o(h),

where we assume that μ(x, 0) ≡ 0. In addition, let {(τk(x), βk(x)), x ∈ X}, k ≥ 0,
be the jointly independent families of random variables, which are independent of the
introduced processes, defining the transitions of an SMP x(t) in the following way:
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τk(x) > 0, βk(x) ∈ X , and

P (t, x,A) = P
{
τk(x) < t, βk(x) ∈ A

}
= P

{
tk+1 − tk < t, x

(
tk+1

) ∈ A | x(tk) = x
}
,

t > 0, x ∈ X, A ∈ BX , k ≥ 0,

(2.3)

where P (t, x,A) is a transition probability for SMP x(t). Then we introduce the fam-
ilies of processes ζk(t, x,m) in the following way:

ζk(t, x,m) = η(t, x,m), t < τk(x),

ζk
(
τk(x), x,m

)
= ηk

(
τk(x), x,m

)
+ 1.

By definition process (x(t), Q(t)) is an SP which is defined by the families{(
ζk(t, x,m), τk(x), βk(x)

)
, t ≥ 0, x ∈ X, m = 0, 1, . . .

}
, k ≥ 0,

according to relations (1.3), (1.4). This process belongs to the class of Markov pro-
cesses with semi-Markov switching.

By analogy we can describe a more complicated queueing system of the type
SMQ/MSM,Q/1/∞ where the input process depends on the values of the queue
in the system and is constructed using independent families of random variables
{τk(x,m), x ∈ X, m ≥ 0}, k ≥ 0, and an MP xk, k ≥ 0, with values in X as
follows. The calls enter the system one at a time. If a call enters the system at time
tk and the total number of calls in the system becomes Q, then the next call enters at
time

tk+1 = tk + τk
(
xk, Q

)
.

The service in the system is provided in the same way as in the system SM/
MSM,Q/1/∞.

In this case the two-component process (x(t), Q(t)) is an SP, but the component
x(t) itself is not a semi-Markov process and there is feedback between the input flow
and the values of the queue.

Now we consider a queueing system where the input flow is a Poisson process
modulated by an external semi-Markov environment and the values of the queue in
the system.

2.2.2.2. System MSM,Q/MSM,Q/1/∞
Let x(t), t ≥ 0, be an SMP with values in a measurable space X and functions

λ(x,m), μ(x,m), x ∈ X , m = 0, 1, 2, . . . be given, where λ(·) and μ(·) stand for
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the input and service rates, respectively. The input flow is a Poisson flow switched
by process x(t) and the value of the queue and is constructed in the following way.
The calls enter the system one at a time and in the interval where x(t) = x and
Q(t) = m, the input rate is λ(x,m) and the service rate is μ(x,m). The call, after
service completion, leaves the system.

To describe process (x(t), Q(t)) as an SP we introduce the families of Birth-and-
Death processes {ηk(t, x,m), t ≥ 0, x ∈ X, m = 0, 1, 2, . . .}, k ≥ 0, such that
ηk(0, x,m) = m and in state j, the birth and death rates are λ(x, j) and μ(x, j),
respectively. Denote ζk(t, x,m) = ηk(t, x,m) − m, t ≥ 0, where we assume that
μ(x, 0) ≡ 0.

Then the processes ζk(t, x,m) together with a process x(t) according to relations
(1.14) determine a process with semi-Markov switching which is equivalent to process
(x(t), Q(t)).

2.2.2.3. System MSM,Q/MSM,Q/1/V

Consider a similar system as above with the input calls and service portions
of a random size depending on the current state of the system (queue size or total
volume of the information in the system, etc.). The system has a buffer of a restricted
capacity. Let x(t), t ≥ 0, be an SMP with state space X given by the embedded
Markov process xk, k ≥ 0, and the family of sojourn times {τ(x), x ∈ X}. Also
let the jointly independent parametric families of non-negative random variables
{η(x, α), x ∈ X, α ≥ 0} and {κ(x, α), x ∈ X, α ≥ 0}, and the families of
non-negative functions {λ(x, α), μ(x, α), r(x, α), x ∈ X, α ≥ 0} be given where
0 ≤ r(x, α) ≤ 1.

An input flow is a Poisson flow modulated by process x(t) and the current state
of the buffer. The calls have a random size which can be interpreted as a volume of
information, required amount of work, etc. The input flow is defined in the following
way. Denote by Q(t) the total volume of the information in the buffer at time t. If
x(t) = x and Q(t) = q, then the local input rate is λ(x, q) and the size of incoming
call is η(x, q). At the fixed state of the system the sizes of different incoming calls
are jointly independent. If a call of size η(x, q) enters the system, then either with
probability 1 − r(x, q) the total volume of information becomes min(q + η(x, q), V )
(this size is added to the total volume of the information in the system up to threshold
V ) or with probability r(x, q) the call is lost.

The system has one server with local service rate μ(x, q). Each time the
server completes the service, it takes a random portion of the information of size
min(Q(t), κ(x(t), Q(t))) and after completion of service this portion leaves the
system. If the buffer is empty, the servers waits until some portion of information
arrives at the buffer.
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To describe process (x(t), Q(t)), t ≥ 0, as a process with semi-Markov
switching we introduce jointly independent families of stepwise MPs {γk(t, x, α),
t ≥ 0, x ∈ X, α > 0}, k ≥ 0, with values in [0,∞) and distributions not
dependent on index k. Process γk(t, x, α) is constructed as follows. For each
x, α, k, γk(0, x, α) = α, and if at time t, γk(t, x, α) = s, then with the local rate
λ(x, s) + μ(x, s) the process can get a jump of the size β(x, s) where

β(x, s) =

⎧⎨⎩min
{
η(x, s), V − s

}
with probability λ(x, s)

(
λ(x, s) + μ(x, s)

)−1
,

−min
{
κ(x, s), s

}
with probability μ(x, s)

(
λ(x, s) + μ(x, s)

)−1
.

We introduce the families of processes ζk(t, x, α): ζk(t, x, α) = γk(t, x, α) − α,
t < τk(x). Then process (x(t), Q̃(t)) defined as an SP according to relations (1.3),
(1.4) using the introduced families ζk(·) and SMP x(·) is equivalent to process
(x(t), Q(t)). This process is an MP with semi-Markov switching.

2.2.3. Models with dependent arrival flows

Consider a system GQ/MQ/1/∞. There is one server and an infinite number of
waiting places. The non-negative function μ(α) ≥ 0, α ≥ 0, and the independent
families of non-negative random variables {τk(α), α ≥ 0}, k ≥ 0, with distributions
not depending on index k are given. The system operates as follows: the calls enter the
system one at a time and are served according to the FIFO discipline. Denote by Q(t)
the total number of calls in the system at time t. If a call enters the system at time tk
and Q(tk + 0) = q, then the next call enters the system at time tk+1 = tk + τk(q),
and the service rate in the interval (tk, tk+1) is μ(q).

In this case we do not have a switching component xk. Let us choose τk(q) as
switching intervals and construct processes ζk(t, q) in interval [0, τk(q)] as follows:

ζk(t, q) = −min
{
q,Πk

(
t, μ(q)

)}
as t < τk(q),

ζk
(
τk(q), q

)
= 1 − min

{
q,Πk

(
τk(q), μ(q)

)}
,

where Πk(t, μ) are jointly independent Poisson processes with parameter μ. Then we
can represent Q(t) as an SP where formulae (1.3), (1.4) are modified as follows:

t0 = 0, tk+1 = tk + τk
(
Qk

)
, Qk+1 = Qk + ζk

(
tk+1 − tk, Qk

)
, k ≥ 0,

Q(t) = Qk + ζk
(
t− tk, Qk

)
as tk ≤ t < tk+1, t ≥ 0.

(2.4)

In the same way we can describe models with the dependent batch arrival and
service and extend this description to queueing networks.
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2.2.4. Polling systems

Consider a system with r stations and a single moving server. An arrival flow at
station i is a Poisson flow with rate λi. Denote byQi(t) a number of calls at station i at
time t,Q(t) = (Q1(t), . . . , Qr(t)). Let κk(i) and κk(i, j) be the random variables that
are independent at different k ≥ 0, i, j = 1, . . . , r, with distributions not depending on
index k. If the server arrives at station i at time tk andQ(t) = Q = (Q1, . . . , Qr), then
it occupies the station for time κk(i) and the service rate in this period is μi(Qi). All
calls being served at the station during this period leave the system. After completing
time κk(i), the server with probability pij chooses station j, and it takes a random
time κk(i, j) to arrive at this station. During the travel time no service is provided.
When the server arrives at station j, the service immediately starts with rate μj(Qj),
where Qj is the number of calls at station j at the time of arrival, and so on.

Let us represent this system as a switching system. Denote by tk, k ≥ 0, the
sequential times of arrivals of the server at any station (t0 = 0). We construct process
x(t) in the following way: x(t) = i, tk ≤ t < tk+1, if at time tk the server arrived
at station i. Then x(t) is an SMP with the embedded Markov chain xk = x(tk + 0)
and occupation times constructed in the following way. Denote by κ̃k(i) the random
variables that are independent of κk(i) such that

P
(
κ̃k(i) ≤ z

)
=
∑

j

pijP
(
κk(i, j) ≤ z

)
.

Thus P(tk+1 − tk ≤ z | xk = i) = P(κk(i) + κ̃k(i) ≤ z), k ≥ 0. Let
yk(t, i, Q), t ≥ 0, be the Birth-and-Death processes that are independent at dif-
ferent k ≥ 0, i = 1, . . . , r, with initial value Q and constant birth rate λi and
death rate μi(Q), respectively. In addition, let Πk(t, i, λ), t ≥ 0, be the Poisson pro-
cesses that are independent at different k, i, with parameter λ. We introduce process
ζk(t, i, Q) = (ζ(j)

k (t, i, Qj), j = 1, r) in interval [0, κk(i) + κ̃k(i)] as follows:

ζ
(i)
k

(
t, i, Qi

)
= yk

(
t, i, Qi

)−Qi as 0 ≤ t ≤ κk(i);

ζ
(i)
k

(
t, i, Qi

)
= yk

(
κk(i), i, Qi

)−Qi + Πk

(
t− κk(i), i, λi

)
as κk(i) < t ≤ κk(i) + κ̃k(i);

ζ
(j)
k

(
t, i, Qj

)
= Πk

(
t, j, λj

)
as 0 ≤ t ≤ κk(i) + κ̃k(i), j = 1, r, j �= i.

Using the families {ζk(t, i, Q)} and an SMP x(t) we can construct an SP
(x(t), Q(t)), t ≥ 0, according to relations (1.14). This process belongs to the class of
Markov processes with semi-Markov switching and relations (1.14) in our case have
the form:

t0 = 0, Qk+1 = Qk + ζk

(
tk+1 − tk, xk, Qk

)
, k ≥ 0,

Q(t) = Qk + ζk

(
t− tk, xk, Qk

)
as tk ≤ t < tk+1, t ≥ 0.

(2.5)
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We can also consider a workload process Wi(t) at station i (the total time that a
call arriving at time t will spend in the system). If Qi(t) = Qi, then for any fixed
t, Wi(t) can be represented as the hitting time to level Qi of a Poisson type process
switched by an SMP x(t).

It is also possible to consider other types of service policy. For instance, under the
gated policy we suppose that if the server upon arrival at station i sees Qi calls in the
queue, it spends at the station the time which is necessary to complete the service of
all those Qi calls. Other calls, arriving during this time, go to the queue and wait until
the next arrival of the server.

In this case, the total time κ(i) = κ(i, Qi) spent by the server at station i depends
also onQi and is represented in the form: κ(i, Qi) =

∑
1≤l≤Qi

ηl(Qi), where ηl(Qi),
l ≥ 1, are jointly independent and exponentially distributed with parameter μ(Qi)
variables (we assume that

∑0
1 = 0). The family of processes ζk(t, i, Q) is constructed

in a similar way. Note that here x(t) is not an SMP.

Note that in terms of SPs it is also possible to describe different classes of Markov
and semi-Markov queueing systems and networks with unreliable servers and also
some classes of retrial queues [ANI 99a, ANI 99b, ANI 01].

2.2.5. Retrial queueing systems

In retrial systems the calls finding the server busy may join a special retrial queue
and repeat their attempts for service after a random time.

Consider as an example a system MQ/G/1/w.r with one server and an infinite
number of waiting places. Calls enter the system one at a time. If the server is free,
it immediately takes the call for service. If the server is busy, the call joins a spe-
cial retrial queue (orbit) and repeats its attempts for service according to a random
procedure described below.

Let λ(q), ν(q), q ≥ 0, be given non-negative functions. Denote byQ(t) the number
of calls in the orbit at time t. Let t1 < t2 < · · · be the sequential times of service
completion, t0 = 0. DenoteQk = Q(tk +0). We assume that in the interval [tk, tk+1)
the input flow is a Poisson flow with parameter λ(Qk) and each call in the queue
independently of other calls with local rate ν(Qk) may re-apply for service. If the
server is free, it takes the call for service. If the server is busy, the call remains in the
queue and repeats its attempts for service in the same way. A service time κ does not
depend on the type of call (if the call appears from the input flow or from the orbit)
and has a general distribution function B(x) = P(κ ≤ x). We denote this system
as MQ/G/1/w.r. This is a state-dependent retrial system. In particular, if λ(q) ≡ λ,
ν(q) ≡ ν, we obtain a classical retrial system M/G/1/w.r [FAL 90, FAL 97].
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Let us represent the process Q(t) as an SP. We choose times tk as the switching
times. Given that Qk = q, denote τk(q) = tk+1 − tk. By definition

P
(
τk(q) ≤ x

)
= P

(
η
(
Λ(q)

)
+ κ ≤ x

)
,

where η(a) is an exponentially distributed random variable that is independent of κ
with parameter a and Λ(q) = λ(q) + qν(q). Further, denote ξk(Qk) = Qk+1 − Qk.
We can then write a representation:

P
(
ξk(Qk) ≤ x | Qk = q, κ = z

)
=
(
λ(q) + qν(q)

)−1(
qν(q)P

(
Πλ(q)(z) − 1 ≤ x

)
+ λ(q)P

(
Πλ(q)(z) ≤ x

))
= P

(
Πλ(q)(z) − χ(q) ≤ x

)
,

where Πb(t) is a Poisson process with parameter b, and χ(q) is a Bernoulli random
variable, P(χ(q) = 1) = 1 − P(χ(q) = 0) = qν(q)/Λ(q).

Let us define the family of processes ζk(t, q), t ≥ 0, q ∈ {0, 1, 2, . . .}, k =
0, 1, 2, . . ., as follows: ζk(t, q) are jointly independent at different k processes with
distributions not depending on index k, and

ζ1(t, q) =

⎧⎪⎪⎨⎪⎪⎩
0, t < η(q)

Πλ(q)

(
t− η(q)

)
η(q) ≤ t < η(q) + κ,

Πλ(q)(κ) − χ(q) t = η(q) + κ,

(2.6)

Then this family of processes jointly with switching times tk define an SP Q̃(t)
according to relations (1.3), (1.4), where component xk and variables βk(·) are absent,
and the jump value at switching time is ξ1(x, q) = Πλ(q)(κ)+χ(q). The process Q̃(t)
is equivalent to retrial queue Q(t).

Note that for the system above the input and service rates in each switching interval
depend on the value of Q(tk + 0) just after the switching time. In a similar way we
can represent a retrial queueing model where the input and service rates at any time
depend on the current value of queue Q(t).

2.3. Queueing networks

A stochastic queueing network in a usual understanding consists of several nodes
each of which works as a queueing system. Calls arrive at different nodes according to
a multivariate process. Nodes might be of several types: the nodes taking the incoming
calls, the nodes responsible for service and the nodes directing the calls which are
completed service out of the network.
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Let the network consist of r nodes. Usually it is assumed that the call after service
completion at node i either with probability pij passes to node j, j = 1, . . . , r, or
with probability pi,0 leaves the network. Matrix P = ‖pij‖i=1,...,r; j=0,...,r is called a
routing matrix. Note that P is a stochastic matrix as in each node i,

∑r
j=0 pij = 1.

The network is defined if each node is described as a queueing system and the
routing matrix is given. For example, if each node is working as ·/M/m/s system and
the input process is a multidimensional Poisson process, then according to Kendall’s
classification we denote this network as (M/M/m/s)r. This means that the input at
node i is a Poisson input with rate λi, there are mi servers and si waiting places,
and after service completion the call either with probability pij is immediately sent to
node j, j = 1, . . . , r, or with probability pi0 leaves the network. The calls entering
node i (from the input process or from other nodes) are served according to the FIFO
discipline. If a new call enters node i and there are alreadymi+si calls (all servers and
waiting places are busy), then this call is lost. The networks of type (GI/G/m/s)r

can be defined in a similar way.

A network is called closed if for all i, pi0 = 0 and there are no input calls. Other-
wise, the network is called open. A standard Jackson network means that input flows
in all nodes are Poisson flows, calls are identical and service times are exponential.

In the following sections we consider a representation of queueing processes for
different classes of state-dependent Markov and non-Markov networks in terms of
SPs. This representation plays a key role in the forthcoming sections at the investi-
gation of limit theorems of averaging principle and diffusion approximation type for
normalized queueing processes.

2.3.1. Markov state-dependent networks

In this section we consider different sub-classes of Markov state-dependent net-
works.

2.3.1.1. Markov network (MQ/MQ/m/∞)r

Consider a queueing network (MQ/MQ/m/∞)r which consists of r nodes. There
aremi servers in each node and an infinite number of waiting places. Denote a number
of calls in the ith node at time t by Q(i, t) and let Q(t) = (Q(i, t), i = 1, r) be a
column vector. Let the family of functions {λi(q), μi(q)}, the family of stochastic
matrices ‖pij(q)‖i=1,r, j=0,r, q ∈ [0,∞)r and the initial vector Q(0) also be given.

The network operates as follows: ifQ(t) = q, then at time t a local input rate to the
ith node is λi(q) and the local service rate at each busy server is μi(q). After service
completion in node i a call either with probability pij(q) enters jth node, j = 1, r, or
with probability pi0(q) leaves the network.



50 Switching Processes in Queueing Models

In this case the process Q(t), t ≥ 0, is a multi-dimensional Markov process and it
can be described as a quasi-Birth-and-Death process where level j corresponds to the
total number of calls in the network [NEU 89].

2.3.1.2. Markov networks (MQ,B/MQ,B/m/∞)r with batches

Consider a queueing network (MQ,B/MQ,B/m/∞)r with batch state-dependent
Markov arrival process and service. It consists of r nodes with mi servers at node i
and an infinite number of waiting places. Denote by Q(i, t) a number of calls in node
i at time t and put Q(t) = (Q(i, t), i = 1, r). Let there be given:

1) a family of non-negative functions {λi(q), μi(q), νi(q)}, i = 1, r, where
q = (q1, . . . , qr);

2) the families of integer random variables {δi(q), γi(q)} with values in {0, 1, . . .}
and the variables {βi(q)} with values in {0,±1, . . .}, i = 1, r;

3) a family of stochastic matrices P (q) = ‖pij(q)‖i=1,r, j=1,r+1;

4) the initial vector Q(0).

The system operates as follows. If at time t, Q(t) = q, then:

1) with local arrival rate λi(q), δi(q) calls may enter node i, i = 1, r;

2) with local rate qiμi(q), min{γi(q), qi} calls may complete service at node i
and all of them either with probability pij(q) are passed to node j, j = 1, r, or with
probability pi,r+1(q) leave the network;

3) each call in the queue at node i independently of others with local rate νi(q),
may be transformed into max{βi(q), 1 − qi} calls, i = 1, r.

In this case process Q(t), t ≥ 0, is also a multidimensional MP. However if the
size of batches is more than one with positive probability, then this process is not a
quasi-Birth-and-Death process.

Markov models of the type (MM,Q/MM,Q/mi/si)r with local input and service
rates depending on the current state of the queueing processes in the nodes and on the
state of some external Markov environment can also be described as multidimensional
Markov processes that are a particular case of an MP with Markov switching.

In the next section we consider more general state-dependent queueing networks
with input and service batches of a random size switched by some semi-Markov envi-
ronment.

2.3.2. Non-Markov networks

2.3.2.1. State-dependent semi-Markov networks

Consider a network (MSM,Q/MSM,Q/1/∞)r switched by a semi-Markov envi-
ronment, which in some sense is a generalization of the models considered in section
2.3.1. Suppose that there are r nodes and one server at each node with infinite buffer.
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Let x(t), t ≥ 0, be an SMP with state space X = {1, 2, . . . , d} which stands for the
external environment. Let the families of non-negative functions {λ(x, q), μj(x, q),
j = 1, r, x ∈ X}, routing matrices P (x, q) = ‖pij(x, q)‖i=1,r, j=1,r+1, x ∈ X ,
and the independent families of random vectors {η(x, q), x ∈ X} with values in Rr

+

and non-negative random variables {κj(x, q), x ∈ X, j = 1, r} also be given (here
q ∈ Rr

+).

Denote by Qi(t) the total amount of work in the buffer at node i at time t and
put Q(t) = (Q1(t), . . . , Qr(t)). If at time t, (x(t), Q(t)) = (x, q), then with the
local arrival rate λ(x, q) a call of a random size η(x, q) may enter the system (the ith
component of vector η(x, q) enters node i). Correspondingly, with local service rate
μi(x, q) a random portion of work of size κ̃i(x, q) = min{κi(x, q), qi} may leave
node i. Immediately after this, either with probability pij(x, q) this portion goes to
node j, j = 1, r, or with probability pi,r+1(x, q) leaves the network. Here we may
assume for simplicity that μi(x, q) ≡ 0 if qi = 0, where q = (q1, . . . , qr).

To describe process (x(t), Q(t)), t ≥ 0, in the network as an SP, we introduce
the independent families of multi-dimensional MPs {γk(t, x, q), t ≥ 0, x ∈ X,
q ∈ Rr

+}, k ≥ 0, with distributions not depending on k and with values in Rr
+ in

the following way: γk(0, x, q) = q, and if at time t, γk(t, x, q) = s, then the pro-
cess γk(t, x, q) can make a jump of the size δ(x, s) with the local rate Λ(x, s) =
λ(x, s) +

∑r
i=1 μi(x, s), where

δ(x, s)=

⎧⎪⎪⎨⎪⎪⎩
η(x, s), with pr. λ(x, s)Λ(x, s)−1,(− ei+ej

)
κ̃i(x, s), with pr. μi(x, s)pij(x, s)Λ(x, s)−1,

−eiκ̃i(x, s), with pr. μi(x, s)pi,r+1(x, s)Λ(x, s)−1,

i, j=1, r.

(2.7)

Now we construct the family of processes ζk(t, x, q), t ≥ 0, in the following way.
Let at each x ∈ X , τk(x), k ≥ 0, be a sequence of iidrv having the same distribu-
tion as the sojourn time τ(x) in state x. Then ζk(t, x, q) is defined on the interval
[0, τk(x)], and ζk(t, x, q) = γk(t, x, q) − q, 0 ≤ t ≤ τk(x). We choose switch-

ing times tk as times of sequential jumps of x(t). Then process (x(t), Q̃(t)), t ≥ 0,
which is constructed using introduced processes ζk(·) and an SMP x(·) according to
section 1.2.5, is a process with semi-Markov switching. This process is equivalent
to process (x(t), Q(t)), t ≥ 0. For this case, an arrival process may be called a semi-
Markov modulated Poisson process by analogy to a Markov modulated arrival process
[NEU 89].

If we add an additional node r+ 1 and consider it as an accumulating node for the
output process Z(t), then in the same way we can describe the process (x(t), Q(t),
Z(t)) as PSMS. By analogy, we can consider different classes of calls, a priority
service, etc.
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2.3.2.2. Semi-Markov networks with random batches

Now consider a more complicated non-Markov network of the type (MSM,Q/
MSM,Q/1/∞)r which in some sense is a generalization of the system described in
section 2.3.1.2. The network consists of r nodes with one server in each node. Suppose
for simplicity that each node has an infinite capacity.

Let SMP x(t) with values in a space X , parametric families of non-negative func-
tions {λ(x, q̄), μi(x, q̄), pij(x, q̄), i = 1, r, j = 0, r, x ∈ X, q̄ ∈ Rr

+}, independent
parametric families of random vectors {γ̄(x, q̄), x ∈ X, q̄ ∈ Rr

+} and random vari-
ables {κi(x, q̄), i = 1, r, x ∈ X, q̄ ∈ Rr

+} with values in Rr
+ and R+ respectively

be given. Here
∑r

j=0 pij(x, q̄) = 1 for any i, x, q̄. Denote by Qi(t) the total vol-
ume of the information or total amount of work in the ith node at time t and put
Q̄(t) = (Q1(t), . . . , Qr(t)).

If at time t, (x(t), Q(t)) = (x, q), then with the local arrival rate λ(x, q) a call of
a random size γ(x, q) may enter the system (the ith component of the vector γ(x, q)
enters node i). Correspondingly, with the local service rate μi(x, q) a random portion
of work of a size κ̃i(x, q) = min{κi(x, q), qi} may leave node i. Immediately after
this, either with probability pij(x, q) this portion goes to node j, j = 1, r, or with
probability pi,r+1(x, q) it leaves the network. Here we may assume for simplicity that
μi(x, q) ≡ 0 if qi = 0, where q = (q1, . . . , qr).

To describe the process (x(t), Q̄(t)) in the network as an SP, we introduce the
independent families of multi-dimensional Markov processes {γ̄k(t, x, q̄), t ≥ 0,
x ∈ X, q̄ ∈ Rr

+}, k ≥ 0 with values in Rr
+ and distributions not depending on

k in the following way: γ̄k(0, x, q̄) = q̄ and if at time t, γ̄k(t, x, q̄) = s̄, then
the process γ̄k(t, x, q̄) can make a jump of the size β̄(x, s̄) with the local rate
Λ(x, s̄) = λ(x, s̄) +

∑r
i=1 μ

(i)(x, s̄), where:

β̄(x, s̄)

=

⎧⎪⎪⎨⎪⎪⎩
γ̄(x, s̄) with probability λ(x, s̄)Λ(x, s̄)−1,(− ei + ej

)
κ̃i(x, s̄) with probability μ(i)(x, s̄)pij(x, s̄)Λ(x, s̄)−1,

−eiκ̃i(x, s̄) with probability μ(i)(x, s̄)pi0(x, s̄)Λ(x, s̄)−1,

i = 1, r,

where we denote by ei a column-vector in Rr with the ith component equal to one
and the other components equal to zero.

Let us introduce now the family of processes {ζk(t, x, q), t ≥ 0} in the following
way. Let at each x ∈ X , τk(x), k ≥ 0, be a sequence of iidrv having the same
distribution as the sojourn time τ(x) in state x. Then ζk(t, x, q) is defined on interval
[0, τk(x)], and ζk(t, x, q) = γk(t, x, q) − q, 0 ≤ t ≤ τk(x). We choose switching

times tk as times of sequential jumps of x(t). Then process {(x(t), Q̃(t)); t ≥ 0},
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which is constructed using introduced processes ζk(·) and an SMP x(·) in section
1.2.5 according to (1.14), is a process with semi-Markov switching (PSMS). This
process is equivalent to process {(x(t), Q(t)); t ≥ 0} in the network.

For this case, an arrival process may be called a semi-Markov modulated Poisson
process by analogy with the Markov modulated arrival process [NEU 89].

If we add an additional node r+ 1 and consider it as an accumulating node for the
output process Z(t) (total number of calls that left the network in the interval [0, t]),
then in the same way the process (x(t), Q(t), Z(t)) can be described as a PSMS.

By analogy we can also describe the network (SM/MQ/1/∞)r with semi-
Markov input (calls enter the system at times of jumps of some SMP), consider
different classes of calls, priority service, etc.

These examples show that various classes of stochastic queueing networks operat-
ing in a random environment can be described in terms of SP.

2.3.2.3. Networks with state-dependent input

Consider a network (GQ/MQ/1/∞)r where the input flow may depend on the
current state of the network. Let there be r nodes with one server in each node and
an infinite number of waiting places. In addition, let Q(i, t) be the number of calls in
the ith node at time t and Q(t) = (Q(i, t), i = 1, r). Assume that functions μi(q),
probabilities qi(q) and pij(q), i = 1, r, j = 0, r, q ∈ R, and the jointly independent
family of non-negative variables {τk(q)}, k ≥ 0, with distributions not dependent on
index k are given, where for any i = 1, r, q ∈ Rr

+,
∑r

j=1 pij(q) =
∑r

j=1 qj(q) = 1.
The network operates in the following way: if a call enters the system at time tk and
Q(tk − 0) = Q, then this call with probability qj(Q) enters the jth node, the next call
enters the system at time tk+1 = tk + τk(Q), and the service rate in this period in the
ith node is μi(Q), i = 1, r. In addition, if a call in this interval completes its service
in the ith node, then this call with probability pij(Q) goes to the jth node, j = 1, r,
and with probability pi0(Q) leaves the network.

To describe process Q(t) as an SP, note that in this case there is no switching
component xk. We consider τk(Q) as switching intervals. Denote for any fixed vec-
tor μ = (μ1, . . . , μr) and stochastic matrix P = ‖pij‖i=1,...,r, j=0,...,r by (·/Mμ/
1/∞/P )r a queueing network without input flow, with service rate in ith node μi and
routing matrix P . This means that a call after completion of service in the ith node
with probability pij goes to the jth node, and with probability pi0 leaves the network.
Note that for any fixed μ and P , a network (·/Mμ/1/∞/P )r is a Markov network.

Assume that the initial number of calls in this network is a vector q and denote
by ξk(t, q, μ, P ) the number of calls in the network in node k at time t. Put
ξ(t, q, μ, P ) = (ξ1(t, q, μ, P ), . . . , ξr(t, q, μ, P )), this is a multidimensional MP.
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Let us define the family of processes ζk(t, q) as follows: in interval 0 ≤ t < τk(q),
ζ(t, q) = ξ(t, q, μ, P ) − q, where μ = (μ1(q), . . . , μr(q)) and P = P (q). When
t = τk(q), then ζ(τk(q)) = ζ(τk(q)−) + δ(ζ−(q)) − q, where δ(z) is a vector with
jth component equal to one with probability qj(z) and other components are equal to
zeros, and ζ−(q) = ζ(τk(q)−). We can thus represent Q(t) as a special case of an SP
according to relations (1.6), (1.7).
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Chapter 3

Processes of Sums of Weakly-dependent
Variables

In this chapter we consider limit theorems for stepwise random processes con-
structed by the sums of independent random variables defined on a random sequence
satisfying some form of mixing condition in a triangular scheme. Special attention is
given to the case when a switching sequence is a Markov process (homogenous or
inhomogenous in time). A special notion of quasi-ergodic non-homogenous in time
Markov processes is introduced [ANI 83, ANI 88]. The processes have the property
that their one-step transition probabilities (or transition rates) vary slowly in time, and
it is proved that the sums of random variables switched by a quasi-ergodic process con-
verge to processes with independent increments with the local characteristics averaged
by local stationary distribution (quasi-ergodic distribution) of a quasi-ergodic process.

The results of this chapter are used in the following chapters in the study of asymp-
totic behavior of a special type of switching processes and applications to switching
queueing systems.

3.1. Limit theorems for processes of sums of conditionally independent random
variables

In this section we study in a triangular scheme J-convergence of stepwise proc-
esses constructed by the sums of independent random variables on a random sequence
to the processes with independent increments assuming that the sequence satisfies a
uniform mixing condition. The exposition partially follows [ANI 83, ANI 88].

Let xnk, k ≥ 0, be a random sequence with values in a measurable space (X,BX)
and let

Fnk =
{
ξnk(x), x ∈ X

}
, k ≥ 0,
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be the families of jointly independent and independent of {xnl, l ≥ 0} random
variables with values in Rr. We suppose that at each k function ξnk(x, ω), ω ∈ Ω
((Ω, BΩ) is the original probability space) is measurable in the pair (x, ω) with respect
to BX ×BΩ (i.e., ξnk(xnk) is a random variable). Consider the sequence of sums

Sn(m) =
m∑

k=0

ξnk

(
xnk

)
, m ≥ 0,

and the sequence of stepwise random processes

ζn(t) = Sn

(
[nt]

)
, t ≥ 0,

where [a] denotes the integer part of value a.

Denote by Fk
m a σ-algebra generated by the random variables {xnl, m ≤ l ≤ k}

and let

ϕn(k, j) = sup
A∈F k

o , B∈F∞
j

∣∣Pn(B | A) − Pn(B)
∣∣, k < j, (3.1)

be the uniformly strong mixing coefficient (Pn(·) is the measure in (Ω, BΩ) induced
by xn(·)). Denote

an(λ, k, x) = lnE exp
{
i
(
λ, ξn(k, x)

)}
, x ∈ X, λ ∈ Rr, k ≥ 0,

ηn(λ, k) = an

(
λ, k, xnk

)
, αn(λ, k) = Eηn(λ, k),

β2
n(λ, k) = E

∣∣ηn(λ, k) − αn(λ, k)
∣∣2, k ≥ 0,

An(λ, t) =
[nt]∑
k=0

αn(λ, k), 0 ≤ t ≤ T,

where it is assumed that the corresponding expressions are defined for all λ ∈ Rr. In
addition, let ξ̃nk, k ≥ 0 be the sequence on jointly independent random variables such
that

lnE exp
{
i
(
λ, ξ̃nk

)}
= αn(λ, k), λ ∈ Rr, k ≥ 0.

We introduce the following stepwise process with independent increments

ζ̃n(t) =
[nt]∑
k=0

ξ̃nk, 0 ≤ t ≤ T,

that in some sense is the process approximating the behavior of ζn(t), and put

qn(λ) =
[nT ]∑
k=0

β2
nk(λ, k) + 8

∑
0≤k<j≤[nT ]

√
ϕn(k, j)βn(λ, k)βn(λ, j).
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THEOREM 3.1. If for any λ ∈ Rr, as n→ ∞,

qn(λ) −→ 0, (3.2)

then for any integer s > 0, λj ∈ Rr, j = 1, s, as n→ ∞,

sup
0≤tj≤T, j=1,s

∣∣∣∣∣E exp

{
i

s∑
j=1

(
λj , ζn

(
tj
))}− E exp

{
i

s∑
j=1

(
λj , ζ̃n

(
tj
))}∣∣∣∣∣ −→ 0.

(3.3)
(finite dimensional distributions of processes ζn(t) and ζ̃n(t) are equivalent).

If in addition there is a sequence Nn such that, as n→ ∞:

Nn −→ ∞, n−1Nn −→ 0,

max
k≤nT

ϕn

(
k, k +Nn

) −→ 0,
(3.4)

at each λ ∈ Rr,

max
l≤nT

sup

{∣∣∣∣∣
Nn∑
k=1

an(λ, k + l, yk)

∣∣∣∣∣ : yk ∈ X, k = 1, Nn

}
−→ 0, (3.5)

lim
h→+0

lim sup
n→∞

max
k≤nT

max
u≤h

∣∣∣∣∣
[nu]∑
l=0

αn(λ, k + l)

∣∣∣∣∣ = 0, (3.6)

and for any t ∈ [0, T ],

lim
λ→0

lim sup
n→∞

∣∣An(λ, t)
∣∣ = 0, (3.7)

then for each bounded functional f(·), continuous with respect to the convergence in
Skorokhod J-topology in the space Dr

[0,T ],

Ef
(
ζn(·))− Ef

(
ζ̃n(·)) −→ 0. (3.8)

Proof. Since variables ξnk(xnk) are conditionally independent at the fixed sample
trajectory xnk, the following representation holds:

E exp
{
i
(
λ, Sn(m)

)}
= E

m∏
k=0

E
[
ei(λ,ξnk(xnk)) | xnk

]
= E

m∏
k=0

ean(λ,k,xnk) = E exp
{
Λn(λ,m)

}
,

(3.9)
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where Λn(λ,m) =
∑m

k=0 ηn(λ, k), and also Re ηn(λ, k) ≤ 0 for each λ ∈ Rr,
k ≥ 0, with probability one, where Re a is the real part of complex number a.

Now we use the well-known inequality ([BIL 68], Lemma 1 in section 20): if the
real variables ξ and η are F k

0 and F∞
j -measurable, respectively, k < j, then

|Eξη − EξEη| ≤ 2
√
ϕn(k, j)

√
E|ξ|2

√
E|η|2.

If variables ξ and η take complex values, then from inequality
√

E(Re z)2 +√
E(Im z)2 ≤ √

2
√

E|z|2, that is true for any complex z, we obtain

|Eξη − EξEη| ≤ 4
√
ϕn(k, j)

√
E|ξ|2

√
E|η|2.

Taking into account this inequality it is not hard to show that as m ≤ nT ,

E
∣∣Λn(λ,m) −An(λ,m)

∣∣2 = E

∣∣∣∣∣
m∑

k=0

(
ηn(λ, k) − Eηn(λ, k)

)∣∣∣∣∣
2

≤
m∑

k=0

E
∣∣ηn(λ, k) − Eηn(λ, k)

∣∣2
+ 2

∑
0=k<j≤m

E
∣∣ηn(λ, k) − Eηn(λ, k)

∣∣∣∣ηn(λ, j) − Eηn(λ, j)
∣∣ ≤ qn(λ).

Furthermore, from the relation
∫ 1

0
exp{x + t(y − x)}dt = (y − x)−1(ey − ex),

which is true for any complex x, y, it follows that as Rex ≤ 0, Re y ≤ 0,∣∣ey − ex
∣∣ ≤ |x− y|. (3.10)

Since Re an(λ, k, x) ≤ 0, and Re ηn(λ, k) ≤ 0 with probability one, it follows
that for any t ≥ 0,∣∣E exp

{
i
(
λ, ζn(t)

)}− E exp
{
i
(
λ, ζ̃n(t)

)}∣∣
≤ E

∣∣ exp
{
Λn

(
λ, [nt]

)}− exp
{
An

(
λ, [nt]

)}∣∣
≤ E

∣∣Λn

(
λ, [nt]

)−An

(
λ, [nt]

)∣∣
≤
(
E
∣∣Λn

(
λ, [nt]

)−An

(
λ, [nt]

)∣∣2)1/2

≤
√
qn(λ) −→ 0.

(3.11)

This relation implies the convergence of one-dimensional distributions. The con-
vergence of the multi-dimensional distributions follows from the formula

E exp

{
i

m∑
j=1

(
λj , ζn

(
tj
))}

= E exp

{
[nt]∑
k=0

η̂n(k)

}
,
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where

η̂n(k) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ηn

(
m∑

s=1

λs, k

)
as 0 ≤ k ≤ [nt1],

ηn

(
m∑

s=j+1

λs, k

)
as
[
ntj
]
< k ≤ [ntj+1

]
, 1 ≤ j < r.

This relation proves the first part of Theorem 3.1.

Now we prove that under the conditions of this theorem the measures generated
by the sequence of processes ζn(·) are weakly compact in space Dm

[0,T ]. According to
[GRI 73] we need to prove that

lim
h→+0

lim sup
n→∞

sup
{∣∣E[ exp

{
i
(
λ, ζn(t+ s) − ζn(t)

)}
A
]− 1

∣∣ :

0 ≤ t ≤ T, s < h, A ∈ F
[nt]
0

}
= 0.

(3.12)

Taking into account inequality |eα+β − eα+γ | ≤ |eβ − eγ | which is true for any
complex α, β, γ such that Reα ≤ 0, and adding and subtracting several terms, we
obtain the following representation:∣∣E[ exp

{
i
(
λ, ζn(t+ s) − ζn(t)

)} | A]− 1
∣∣

=

∣∣∣∣∣E
[

exp

{
[n(t+s)]∑
k=[nt]+1

ηn(λ, k)

}
| A
]
± E

[
exp

{
[n(t+s)]∑

k=[nt]+Nn+1

ηn(λ, k)

}
| A
]

± E exp

{
[n(t+s)]∑

k=[nt]+Nn+1

ηn(λ, k)

}
± E exp

{
[n(t+s)]∑

k=[nt]+Nn+1

αn(λ, k)

}
− 1

∣∣∣∣∣
≤ E

[∣∣∣∣∣ exp

{
[nt]+Nn∑
k=[nt]+1

ηn(λ, k)

}
− 1

∣∣∣∣∣ | A
]

+

∣∣∣∣∣E
[

exp{
[n(t+s)]∑

k=[nt]+Nn+1

ηn(λ, k)

}
| A
]
− E exp

{
[n(t+s)]∑

k=[nt]+Nn+1

ηn(λ, k)

}∣∣∣∣∣
+ E

∣∣∣∣∣ exp

{
[n(t+s)]∑

k=[nt]+Nn+1

(
ηn(λ, k) − αn(λ, k)

)}− 1

∣∣∣∣∣
+

∣∣∣∣∣ exp

{
[n(t+s)]∑

k=[nt]+Nn+1

αn(λ, k)

}
− 1

∣∣∣∣∣ = δ1 + δ2 + δ3 + δ4.
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Furthermore,

δ1 ≤ E

[∣∣∣∣∣
[nt]+Nn∑
k=[nt]+1

ηn(λ, k)

∣∣∣∣∣ | A
]

≤ sup

{∣∣∣∣∣
Nn∑
k=1

an(λ, k + l, xk)

∣∣∣∣∣ : l ≤ nT, xk ∈ X, k = 1, Nn

}
−→ 0

as n→ ∞ according to relation (3.5). Then, using the inequality,∣∣∣∣ ∫
X

f(x)P (dx) −
∫

X

f(x)Q(dx)
∣∣∣∣ ≤ 2

√
2 sup

x

∣∣f(x)
∣∣ sup

A

∣∣P (A) −Q(A)
∣∣ (3.13)

which holds for any complex bounded function f(x) and any probabilistic measures
P (·), Q(·) (this inequality follows from the analogous inequality for real functions
[BIL 68]) and taking into consideration that A ∈ F [nt]

0 , we obtain

δ2 ≤ 2
√

2ϕn

(
[nt], [nt] +Nn + 1

) ≤ 2
√

2 max
k≤nT

ϕn

(
k, k +Nn + 1

) −→ 0,

according to relation (3.4). Variable δ3 tends to 0 according to inequality (3.10), and
δ4 → 0 due to condition (3.6).

Now it remains to prove that the weak compactness of the measures generated by
ζn(·) in the space Dm

[0,T ] together with condition (3.6) implies (3.8). Using the known
inequality

P
{
|ξ| > 2

u

}
≤ 1
u

∫ +u

−u

∣∣1 − E exp
{
i(λ, ξ)

}∣∣dλ,
and condition (3.7) we find that for any 0 ≤ t ≤ T ,

lim
L→∞

lim sup
n→∞

P
{∣∣ζn(t)

∣∣ > L
}

= 0. (3.14)

Note that the measures generated by ζ̃n(·) in the space Dm
[0,T ] are also weakly

compact as using condition (3.6) it is easy to check the condition of the (3.13) type.
Now we choose from n an arbitrary subsequence nk → ∞. Consider the sequence
of processes ζnk

(·). According to the weak compactness it is possible to choose a
subsequence nkl

such that the measures generated by sequences ζnkl
(·) and ζ̃nkl

(·)
weakly converge in Dm

[0,T ] to a measure generated by a proper (due to relation (1.13))
random process ζ0(·). Thus

Ef
(
ζnkl

(·))− Ef
(
ζ̃nkl

(·)) −→ Ef
(
ζ0(·)

)− Ef
(
ζ0(·)

)
= 0.

This relation according to the arbitrary choice of the sequence nk implies (3.8).
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NOTE 3.1. Condition (3.5) can be replaced by a weaker condition: for any ε > 0,

lim
n→∞ max

k≤nT
sup

A∈F k
0

P

{∣∣∣∣∣
Nn∑
l=1

an

(
λ, k + l, xn,k+l

)∣∣∣∣∣ > ε | A
}

= 0. (3.15)

Theorem 3.1 is the approximative type theorem. As a consequence let us consider
the convergence to a process with independent increments.

THEOREM 3.2. Let

lim
n→∞An(λ, t) = A(λ, t), t > 0, (3.16)

and the conditions of Theorem 3.1 hold where condition (3.7) is replaced by

A(±0, t) = 0, t > 0. (3.17)

Then the sequence of processes ζn(·) J-converges in the interval [0, T ] to the pro-
cess with independent increments ζ0(·) such that

E exp
{
i
(
λ, ζ0(t)

)}
= exp

{
A(λ, t)

}
. (3.18)

Proof. Condition (3.16) implies that the multi-dimensional distributions of process
ζ̃n(·) weakly converge to corresponding distributions of process ζ0(·) as ζ̃n(·) is the
process with independent increments. Then from relation (3.3) it follows that the
multi-dimensional distributions of process ζn(·) also weakly converge to the distri-
butions of process ζ0(·).

Now under conditions of the 2nd part of Theorem 3.1 the sequence of measures
generated by the sequence of processes ζn(·) is weakly compact in space Dr

[0,T ]. This
implies our result.

Theorems 3.1 and 3.2 state the fact that the distributions of the initial process ζn(·)
are well enough approximated by the distributions of the process with independent
increments ζ̃n(·) and ζ0(·). Local characteristics of these processes can be obtained
by averaging of transition probabilities by the switching sequence xnk.

The natural question appears: in which cases it is possible to calculate these aver-
aged characteristics in terms of some stationary characteristics of process xnk? Now
we consider the sufficient conditions when relation (3.2) holds.

COROLLARY 3.1. Let there exist a sequence Nn such that conditions (3.4) hold and
for any λ ∈ Rr,

lim sup
n→∞

[nT ]∑
k=0

βn(λ, k) ≤ Cλ <∞; (3.19)
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βn(λ) = max
k≤nT

Nn∑
l=0

βn(λ, k + l) −→ 0. (3.20)

Then for any λ ∈ Rr, qn(λ) → 0.

Proof. The proof follows from the relation

lim sup
n→∞

qn(λ) ≤ lim sup
n→∞

(
βn(λ)

[nT ]∑
k=0

βn(λ, k)

+ 8
[nT ]∑
k=0

βn(λ, k) max
l≤[nT ]

[nT ]−l∑
i=1

βn(λ, l + i)
√
ϕn(l, l + i)

)

≤ lim sup
n→∞

(
Cλβn(λ)

+ 8Cλ

(
βn(λ) + Cλ max

l≤nT
max

Nn≤i≤nT

√
ϕn(l, l + i)

))
= 0,

which follows from conditions (3.4), (3.19) and (3.20).

Similar results can be obtained for the accumulative processes defined on the pro-
cesses in continuous time of the form:

ζn(t) =
∫ nt

0

dξn
(
u, xn(u)

)
. (3.21)

Process ζn(·) in this case can be formally defined in the following way. Let
xn(t), t ≥ 0, be a random process with values in a measurable space (X,BX)
and {an(λ, t, x), λ ∈ Rr, t ≥ 0, x ∈ X} be a family of BX -measurable by
variable x functions such that for any fixed t, x, the function exp{an(λ, t, x)} is a
characteristic function of an infinitely divisible law. We thus define a process ζn(t)
by its finite-dimensional distributions in the following way:

E exp
{
i
(
λ, ζn(t)

)}
= E exp

{∫ nt

0

an

(
λ, u, xn(u)

)
du
}
,

E exp

{
i

m∑
j=1

(
λj , ζn

(
tj
))}

= E exp

{∫ nt1

0

an

(
m∑

k=1

λk, u, xn(u)

)
du

+
m−1∑
j=1

∫ ntj+1

ntj

an

(
m∑

k=j+1

λk, u, xn(u)

)
du

} (3.22)

for any 0 ≤ t1 < t2 < · · · < tm, λj ∈ Rr, m ≥ 1.



Processes of Sums of Weakly-dependent Variables 65

Thus, at the given trajectory xn(·), process ζn(t) is the process with condition-
ally independent increments and it can be characterized as the inhomogenous in time
process with independent increments switched by process xn(·). The family of pro-
cesses with independent increments is defined by the family of cumulant functions
an(λ, t, x). The results of Theorems 3.1 and 3.2 hold for process ζn(t) as well, where
in the corresponding conditions the sums should be replaced by integrals.

3.2. Limit theorems for sums with Markov switching

Now we consider as the consequences of Theorems 3.1 and 3.2 the case where
the switching sequence is a homogenous or non-homogenous Markov process. The
exposition partially follows [ANI 83].

Let xnk, k ≥ 0, be a non-homogenous MP with values in a measurable space
(X,BX) given by the family of transition probabilities

pn(k, x, j, A) = P
(
xnj ∈ A | xnk = x

)
, x ∈ X, A ∈ BX , k < j, (3.23)

and an initial state xn0. Let us define the uniformly strong mixing coefficient by the
formula

ϕn(k, j) = sup
x1,x2,A

∣∣pn

(
k, x1, j, A

)− pn

(
k, x2, j, A

)∣∣, k < j, (3.24)

and define a weaker coefficient – strong mixing coefficient:

ψ̃n(k, j) = sup
{∣∣P(xnk ∈ A, xnj ∈ B

)
− P

(
xnk ∈ A

)
P
(
xnj ∈ B

)∣∣ : A,B ∈ BX

}
.

(3.25)

Now we provide the sufficient conditions when Theorems 3.1 and 3.2 hold. Let us
keep all the notations given above.

COROLLARY 3.2. Let at each λ ∈ Rr,

lim
n→∞n max

k≤nT
sup
x∈X

∣∣an(λ, k, x)
∣∣ ≤ Cλ <∞, (3.26)

there is a sequence Nn such that, as n→ ∞,

Nn −→ ∞, n−1Nn −→ 0, (3.27)

and

max
k≤nT

max
m≥Nn

ψ̃n(k, k +m) −→ 0. (3.28)

Then relation (3.3) is true.
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If in addition conditions (3.16), (3.17) hold, then the sequence of processes ζn(·)
J-converges in interval [0, T ] to the process with independent increments ζ0(·) (see
equation (3.18)).

Indeed, it is easy to check that under our assumptions the conditions of Theorem
3.1 are valid.

NOTE 3.2. Condition (3.28) holds if there is an integer sequence rn and a q,
0 ≤ q < 1, such that n−1rn → 0 and

sup
k≥0

ϕn

(
k, k + rn

) ≤ q. (3.29)

Indeed, by definition ψn(k, j) ≤ ϕn(k, j). Moreover, according to [DOO 53],
(3.29) implies

ϕn(k, k + j) ≤ q[j/rn]−1, k ≥ 0, j ≥ 1. (3.30)

Thus, we can choose a sequence Nn in the form: Nn = [
√
nrn]. This sequence

satisfies conditions (3.27) and according to (3.30) relation (3.28) is also valid.

Now consider a homogenous case. Let xnk, k ≥ 0, be a homogenous MP with
values in a measurable space (X,BX) given by the family of transition probabilities

pn(x, k,A) = P
(
xnk ∈ A | xn(0) = x

)
, x ∈ X, A ∈ BX , k ≥ 1, (3.31)

and an initial state xn(0). Also let Fnk = {ξnk(x), x ∈ X}, k ≥ 0, be the families
of jointly independent random variables with values in Rr that are independent of
{xnl, l ≥ 0} and whose distributions do not depend on index k. Denote

an(λ, x) = lnE exp
{
i
(
λ, ξn(1, x)

)}, x ∈ X, λ ∈ Rr.

Suppose that there is a sequence of probability measures πn(A), A ∈ BX , such
that process xnk, k ≥ 0, is uniformly ergodic in the following sense: there exists a
sequence Nn → ∞ such that n−1Nn → ∞ and

lim
n→∞ sup

k>Nn

sup
x∈X, A∈BX

∣∣pn(x, k,A) − πn(A)
∣∣ = 0. (3.32)

We put

an(λ) =
∫

X

an(λ, x)πn(dx). (3.33)
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COROLLARY 3.3. Let condition (3.32) hold and at each λ ∈ Rr,

lim sup
n→∞

n sup
x

∣∣an(λ, x)
∣∣ ≤ Cλ <∞, (3.34)

lim
n→∞nan(λ) = A(λ), (3.35)

where A(±0) = 0.

Then the sequence of processes ζn(·) J-converges on interval [0, T ] to the homoge-
nous process with independent increments ζ0(·) such that

E exp
{
i
(
λ, ζ0(t)

)}
= exp

{
A(λ)t

}
. (3.36)

The proof follows straightforwardly from Corollary 3.2.

Note that condition (3.29) implies condition (3.32). In particular applications con-
dition (3.29) can be checked. For example, if xnk is an MP with finite state space X
and matrix of one-step transition probabilities Pn and Pn → P0 as n → ∞, where
an MP with matrix P0 is ergodic, then condition (3.29) is true where instead of rn we
can take a large enough value L.

3.2.1. Flows of rare events

Now consider the applications of Theorems 3.1 and 3.2 and the corollaries above
to the case where we consider the sums of rare indicators with Markov switching.

3.2.1.1. Discrete time

Let xnk, k ≥ 0, at any n = 1, 2, . . . be a non-homogenous MP with values
in a measurable space (X,BX) given by the family of transition probabilities
(3.23) and ϕn(k, j) is the uniformly strong mixing coefficient defined by formula
(3.24). Let {χnk(x), x ∈ X}, k ≥ 0, be the families of jointly independent
and independent of {xnl, l ≥ 0} random indicators, where P(χnk(x) = 1) =
1 − P(χnk(x) = 0) = pnk(x). Consider the sequence of stepwise random processes

ζn(t) =
[nt]∑
k=0

χnk

(
xnk

)
, t ≥ 0.

Denote

pnk = Epnk

(
xnk

)
, bnk = sup

x∈X
pnk(x), k ≥ 0, (3.37)

and put

Λn(t) =
[nt]∑
k=0

pnk.
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Let Πn(t) be a Poisson process with cumulative rate Λn(t) in interval [0, t]. The
following results are a consequence of Corollary 3.1.

STATEMENT 3.1. Let there be a sequence Nn such that conditions (3.4) hold,

lim sup
n→∞

[nT ]∑
k=0

bnk ≤ CT <∞; (3.38)

βn = max
k≤nT

Nn∑
l=0

bn,k+l −→ 0. (3.39)

Then the finite dimensional distributions of processes ζn(t) and Πn(t) are asymp-
totically equivalent.

In particular this means that

sup
t≤T

sup
k≥0

∣∣∣∣P(ζn(t) = k
)− exp

{− Λn(t)
}Λn(t)k

k!

∣∣∣∣ −→ 0.

STATEMENT 3.2. If in addition for any t ≤ T ,

Λn(t) −→ Λ0(t), (3.40)

where Λ0(t) is a continuous function, then ζn(t) J-converges to the Poisson pro-
cesswith cumulative rate Π0(t).

Consider a homogenous in time MP xnk, k ≥ 0. Assume that the distributions of
variables {χnk(x), x ∈ X}, k ≥ 0, do not depend on index k. Let the process xnk at
each n be ergodic with stationary measure πn(A). Denote

p̃n =
∫

X

pn1(x)πn(dx), bn = sup
x∈X

pn1(x). (3.41)

Statements 3.1 and 3.2 lead to 3.3.

STATEMENT 3.3. Let condition (3.29) be true and

lim sup
n→∞

np̃n <∞, rnbn −→ 0. (3.42)

Then the finite dimensional distributions of process ζn(t) are asymptotically equiv-
alent to the distributions of a homogenous Poisson process Πn(t) with rate np̃n.

If in addition, np̃n → λ, then ζn(t) J-converges to a Poisson process with rate λ.
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3.2.1.2. Continuous time

Similar results can be proved for MPs in continuous time. Let xn(t), t ≥ 0, at any
n = 1, 2, . . . be a non-homogenous MP with values in a measurable space (X,BX)
and let {qn(t, x), t ≥ 0, x ∈ X}, be non-negative functions measurable in a natu-
ral way with regard to σ-algebra BX . Let ζn(t) be a doubly stochastic Poisson pro-
cess [COX 80] switched by xn(t). This means that the local rate of jump at time t is
qn(t, xn(t)). Denote

q̃n(t) = Eqn
(
t, xn(t)

)
, bn(t) = sup

x∈X
qn(t, x), t ≥ 0, (3.43)

and put

Λn(t) =
∫ nt

0

q̃n(u)du.

The following results can be proved in a similar way as in Theorem 3.1 and Corol-
lary 3.1.

STATEMENT 3.4. Let there be sequence Nn such that conditions (3.4) hold,

lim sup
n→∞

∫ nT

0

bn(u)du ≤ CT <∞; (3.44)

βn = sup
t≤T

∫ t+Nn

t

bn(u)du −→ 0. (3.45)

Then the finite dimensional distributions of processes ζn(t) and Πn(t) are asymp-
totically equivalent.

Consider a homogenous in time MP xn(t), t ≥ 0, and assume that the family of
local rates {qn(x)} is given. Let ζn(t) be a doubly stochastic Poisson process switched
by xn(t) with the local rate of jump at time t, qn(xn(t)). Assume that the process xnk

at each n is ergodic with stationary measure πn(A). Denote

q̃n =
∫

X

qn(x)πn(dx), bn = sup
x∈X

qn(x). (3.46)

STATEMENT 3.5. Let condition (3.29) be true and

lim sup
n→∞

nq̃n <∞, rnbn −→ 0. (3.47)

Then the finite dimensional distributions of the process ζn(t) are asymptotically
equivalent to the distributions of the homogenous Poisson process Πn(t) with rate
nq̃n.

If in addition, nq̃n → λ, then ζn(t) J-converges to a Poisson process with rate λ.
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At the study of flows of rare events the time of the first event can be interpreted
as the time of loss of a call in the queueing system or the time of the first failure.
As the results of section 3.2.1 state that the flows of rare events under rather gen-
eral conditions J-converge to Poisson processes, this means that the time of the first
event weakly converges to the time of the first jump of a limiting Poisson process. For
homogenous in time models this means the exponential approximation of the time of
the first jump.

Some consequences of these results for asymptotically connected MPs are consid-
ered later in section 7.2 and in applications to the analysis of the time of the first loss
of a call in queueing models.

3.3. Quasi-ergodic Markov processes

When we study the behavior of stepwise processes switched by a non-homogenous
sequence, the main problem in particular applications is to evaluate the behavior of
the cumulative function An(λ, t) (or Λn(t) in the flow of rare events), where these
functions are calculated using the distribution of the switching component at time t.
When the characteristics of the process slowly vary in a corresponding scale of time,
we can expect that this distribution can be approximated by a corresponding quasi-
ergodic distribution of the process at time t.

In this section we consider a special subclass of non-homogenous in time MPs, so-
called quasi-ergodic MPs, with the rates (or probabilities) which vary slowly in time.
These processes satisfy a strong mixing condition and in some sense have the ergodic
properties in a corresponding scale of time. Quasi-ergodic MPs were first introduced
in [ANI 83, ANI 88].

DEFINITION 3.1. An MP xnk, k ≥ 0, with values in (X,BX) is said to be quasi-
ergodic if there is a family of probability measures π(t, A), A ∈ BX , t ≥ 0, such that
for any T > 0,

lim
j→∞

lim sup
n→∞

sup
A∈BX , t≤T

∣∣P(xn,[nt] ∈ A | xn,[nt]−j = x
)− π(t, A)

∣∣ = 0. (3.48)

Let us consider the conditions in terms of local transition characteristics when
an MP is quasi-ergodic. Assume that the MP xnk is given by the family of one-step
transition probabilities at step k, pn(x,A, k), x ∈ X , A ∈ BX , k ≥ 1.

LEMMA 3.1. The process xnk is quasi-ergodic, if the following conditions hold:

1) for any j ≥ 0,

lim
n→∞ sup

x∈X, A∈BX , t≤T

∣∣pn

(
x,A, [nt] − j

)− pt(x,A)
∣∣ = 0,
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where at each t ≥ 0, pt(x,A) is the transition probability of an homogenous in time

ergodic MP x(t)
k , k ≥ 0, with values in X;

2) for any t ≥ 0, there is a stationary measure π(t, A), A ∈ BX , such that

lim
m→∞ sup

x∈X, A∈BX , t≤T

∣∣p(m)
t (x,A) − π(t, A)

∣∣ = 0,

where p(m)
t (x,A) is the m-step transition probability for process x(t)

k .

Proof. For any j ≥ 0,∣∣P(xn,[nt] ∈ A | xn,[nt]−j = x
)− π(t, A)

∣∣
≤ ∣∣P(xn,[nt] ∈ A | xn,[nt]−j = x

)− p
(j)
t (x,A)

∣∣+ ∣∣p(j)
t (x,A) − π(t, A)

∣∣.
Let us prove that for any fixed j ≥ 0 the first term in the right-hand side of the

inequality tends to zero as n → ∞ uniformly in x ∈ X , A ∈ BX , t ≤ T . Then the
statement of Lemma 3.1 follows from condition 2).

The proof is carried out by induction on j. For j = 0 the assertion follows from
condition 1). Let us write the following relation for j ≥ 1:∣∣P(xn,[nt] ∈ A | xn,[nt]−j−1 = x

)− p
(j+1)
t (x,A)

∣∣
≤
∫

X

∣∣P(xn,[nt] ∈ A | xn,[nt]−j = y
)− p

(j)
t (y,A)

∣∣pn

(
x,dy, [nt] − j

)
+
∫

X

∣∣p(j)
t (y,A)

(
pn

(
x,dy, [nt] − j

)− πt(x,dy)
)∣∣.

The first term in the right-hand side tends to zero by the induction hypothesis.
Using the known inequality∣∣∣∣ ∫

X

f(x)P (dx) −
∫

X

f(x)Q(dx)
∣∣∣∣ ≤ 2 sup

x

∣∣f(x)
∣∣ sup

A∈BX

∣∣P (A) −Q(A)
∣∣

which is valid for any non-negative measures P (·) and Q(·), we see that the second
term does not exceed

2 sup
x∈X, A∈BX , t≤T

∣∣pn

(
x,A, [nt] − j

)− pt(x,A)
∣∣.

This implies the statement of Lemma 3.1.
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Note that if xnk is quasi-ergodic, then by definition for any t > 0,

lim
n→∞ sup

A∈BX

∣∣P(xn,[nt] ∈ A
)− π(t, A)

∣∣ −→ 0, (3.49)

and

lim
L→∞

lim sup
n→∞

sup
k≥0

ϕn(k, k + L) −→ 0, (3.50)

where ϕn(k, j) is the uniformly strong mixing coefficient defined by equation (3.24).
Therefore, (3.29) is satisfied where instead of rn we can take a large enough value L.
In this case the conditions of convergence become more transparent. For example, in
Statement 3.1 in relation (3.37) we can replace the value pnk = Epnk(xnk) by the
expression

pnk =
∫

X

pnk(x)π(k/n,dx),

and Statement 3.1 holds when equation (3.38) holds and condition (3.39) is replaced
by

max
k≤nT

bnk −→ 0.

This result can also be used to provide more transparent conditions in Corollary
3.2. If xnk is quasi-ergodic and equation (3.26) holds, then the values αn(λ, k) and
β2

n(λ, k) in conditions of Theorem 3.1 can be replaced by the values:

α̃n(λ, k) =
∫

X

an(λ, k, x)π(k/n,dx),

β2
n(λ, k) =

∫
X

(
an(λ, k, x) − αn(λ, k)

)2
π(k/n,dx).

Similar results are also valid for a non-homogenous MP xn(t), t ≥ 0, in contin-
uous time. In this case in Definition 3.1 of a quasi-ergodic process we just need to
change xn,[nt] to xn([nt]) and xn,[nt]−j to xn([nt] − j), respectively.

The conditions of quasi-ergodicity in terms of local transition rates can be formu-
lated by analogy to Lemma 3.1. Consider for simplicity a finite space state. Let xn(t),
t ≥ 0, be a non-homogenous in time MP with state space X = {1, 2, . . . , d} given by
the family of instantaneous rates {an(i, j, t), i, j ∈ X, i �= j, t ≥ 0}. This means
that at time t the rate of jump from j to j is an(i, j, t). Suppose that there is a family
of functions {a0(i, j, v), i, j ∈ X, i �= j, v ≥ 0} that are continuous in v and a
sequence kn → ∞ such that for any i, j ∈ X , i �= j, and any fixed T ≥ 0,

lim
n→∞ sup

v≤T

∣∣an

(
i, j, knv

)− a0(i, j, v)
∣∣ = 0. (3.51)
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For each fixed v ≥ 0 denote by x(v)
0 (·) an auxiliary homogenous MP with state

space X given by the family of rates {a0(i, j, v), i, j ∈ X, i �= j}. We assume that
for any T > 0, MP x(v)

0 (·) is ergodic uniformly in u ≤ T . Formally this means the
following. Let ϕ(v)(·) be its uniformly strong mixing coefficient:

ϕ(v)(u) = sup
t≥0

max
i,j∈X,A⊂X

∣∣P{x(v)
0 (t+ u) ∈ A | x(v)

0 (t) = i
}

− P
{
x

(v)
0 (t+ u) ∈ A | x(v)

0 (t) = j
}∣∣. (3.52)

Suppose that there exists q, 0 ≤ q < 1, and for any T > 0 there exists a constant
r(T ) > 0 such that for any v ≤ T ,

ϕ(v)
(
r(T )

) ≤ q. (3.53)

Note that condition (3.53) holds if there exists a sequence of states (i1, i2, . . . , im)
containing all states from X , where im = i1, and constants 0 < cT < CT < ∞ such
that for any v ≤ T ,

cT ≤ min
k=1,...,m−1

inf
v≤T

a0

(
ik, ik+1, v

)
,

max
k=1,...,m−1

sup
v≤T

a0

(
ik, ik+1, v

) ≤ CT .
(3.54)

LEMMA 3.2. Let conditions (3.51), (3.53) hold. Then for any v > 0 as n→ ∞,

P
{
xn

(
knv

)
= j | xn(0) = i

} −→ π(v)(j), i ∈ X, j ∈ X, (3.55)

where π(v)(j), j ∈ X , is the stationary distribution of MP x(v)
0 (·) which exists under

assumption (3.53).

If xn(t) is a quasi-ergodic process with kn = n, then the conditions of Statements
3.4 and 3.5 can be expressed in terms of quasi-stationary distribution. This means that
instead of the value q̃n(t) defined in (3.43) we can use the expression

q̃n(t) =
∑
i∈X

qn(t, i)π(t/n)(i).

3.4. Limit theorems for non-homogenous Markov processes

In this section we consider the conditions of weak convergence in Skorokhod
spaceD[0,1] for stepwise processes of centered sums of non-random functions defined
on a non-homogenous Markov chain in a triangular scheme to a Gaussian process
ξ0(·) with independent increments. Weak convergence of sums of random variables
to a composition of a process ξ0(·) and the process which is independent of it with
independent increments is also considered. The exposition in this section follows
[ANI 88, ANI 89].
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3.4.1. Convergence to Gaussian processes

Many papers and books are devoted to the central limit theorem for non-homog-
enous Markov chains and closely related problems, see for example [BIL 68, IBR 71]
and many others. The difference between these results and the results in this section is
that the theorems on the weak convergence are considered in a triangular scheme for
Markov processes with arbitrary state space, and the mixing conditions are weakened
(asymptotic mixing in a certain time scale is sufficient). The state spaces satisfying
conditions of this type (asymptotically connected or so-called S-sets) were introduced
in the author’s papers [ANI 70, ANI 74]. See the description of S-sets in sections 6.2
and 7.3. The method of proof uses the mixing properties and is common for discrete
and continuous time.

For any n > 0, let xni, i = 0, . . . , n, be an MP with values in the measurable
space (Xn,BXn

) and transition probabilities

pn(k, x,m,A) = P
(
xnm ∈ A | xnk = x

)
, x ∈ Xn, A ∈ Bxn

, k ≤ m.

Let

ϕn(k,m) = sup
{∣∣pn(k, x1,mA) − pn(k, x2,m,A)

∣∣ : x1, x2 ∈ Xn, A ∈ Bxn

}
,

k ≤ m, be the uniformly strong mixing coefficient. In addition, let fnk(x), x ∈ Xn,
k = 0, . . . , n, be a sequence of non-random real-valued measurable functions. We
define the process

Sn(t) =
[nt]∑
k=0

fnk

(
xnk

)
(3.56)

and denote

mn(t) = ESn(t), B2
n(t) = VarSn(t),

ξn(t) =
(
Sn(t) −mn(t)

)
B−1

n , t ∈ [0, 1].

Let

mnk =Efnk

(
xnk

)
, ank =sup

x

∣∣fnk(x) −mnk

∣∣, σ2
nk =Varfnk

(
xnk

)
,

Dn(t) =
[nt]∑
k=0

σ2
nk + 2

∑
0≤i<j≤nt

√
ϕn(i, j)σniσnj ,

Qn = max
k<n

(
n∑

i=k

a2
niϕn(k, i) + 4

(
n∑

i=k

aniϕn(k, i)

)2

+ 12
∑

k≤i<j≤n

anianj

√
ϕn(k, i)ϕn(i, j)

)
.

(3.57)
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THEOREM 3.3. Assume that as n→ ∞, there is a sequenceBn such that the following
conditions are satisfied:

1) B−2
n B2

n(t) → B2(t), 0 ≤ t ≤ 1;

2) B−2
n Qn → 0;

3) limn→∞ sup0≤t≤1−hB
−2
n (Dn(t+ h) −Dn(t)) → 0 as h→ +0;

4) for any t ∈ [0, 1], the sequence of variables ξ2n(t) is uniformly integrable.

Then the sequence of processes ξn(t) weakly converges in D[0,1] to Gaussian pro-
cess ξ0(t) with independent increments where Eξ0(t) = 0 and Varξ0(t) = B2(t),
t ≥ 0.

Note that a similar result is valid for processes in continuous time, we just need to
replace the sums by the corresponding integrals.

Proof. Extending the proof of Theorem 19.2 in [BIL 68] to the non-homogenous case,
we establish that it suffices to verify the following conditions:

a) for any ε > 0 as h→ +0,

lim sup
n→∞

P
(

sup
|t1−t2|<h

∣∣ξn(t1) − ξn(t2)
∣∣ > ε

)
−→ 0,

b) every weak limit of ξn(·) is a process with independent increments.

Then our results follow in view of conditions 1) and 4).

To verify condition a) we introduce continuous processes ξ̃n(t), t ∈ [0, 1], con-
structed by polygonal curves joining points (k/n, ξn(k/n)), k = 0, . . . , n. Since

sup
0≤t≤1

|ξ̃n(t) − ξn(t)| ≤ max
0≤k≤n

B−1
n |ank −mnk| −→ 0

by condition 2), it suffices to verify that functions ξn(·) form a weakly compact set
in D[0,1]. This will imply that ξ̃n(·) form a weakly compact set in D[0,1]. Since a
continuous process cannot converge in the metric of D[0.1] to a discontinuous process,
any weak limit of ξn(·) is a continuous process. According to [GRI 73], for weak
convergence of ξn(·) in D[0,1] it suffices that for any ε > 0,

lim
h→+0

lim
n→∞ sup

u≤h
sup
t,x

P
(∣∣ξn(t+ u) − ξn(t)

∣∣ > ε | xn[nt] = x
)

= 0. (3.58)

Denote by En,k,x the expectation under the condition xnk = x. According to the
Chebyshev inequality, the relation

lim
h→+0

lim
n→∞ sup

u≤h
sup
t,x

En[nt],x

(
ξn(t+ u) − ξn(t)

)2 = 0 (3.59)
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is sufficient for (3.58). Let

An(k,m, x) = En,k,x

(
m∑

i=k

(
fni

(
xni

)−mni

))2

.

Let us use the inequalities∣∣Efni

(
xni

)
fnj

(
xnj

)−mnimnj

∣∣ ≤ 2
(
ϕn(i, j)Ef2

nj

(
xni

)
Ef2

nj

(
xnj

))1/2
, (3.60)∣∣∣∣ ∫ f(x)P (dx) −

∫
f(x)Q(dx)

∣∣∣∣ ≤ 2 sup
x

∣∣f(x)
∣∣ sup

A

∣∣P (A) −Q(A)
∣∣, (3.61)

valid for any real function f(x) and probability measures P (·) and Q(·) (if f(x) ≥ 0,
then factor 2 in the right-hand side can be omitted). Thus,

An(k,m, x) =
m∑

i=k

En,k,x

(
fni

(
xni

)−mni

)2
+ 2

∑
k≤i<j≤m

En,k,x

(
fni

(
xni

)−mni

)(
fnj

(
xnj

)−mnj

)
.

Furthermore, |En,k,x(fni(xni) − mni)2 − σ2
ni| ≤ a2

niϕn(k, i), and since
|En,k,xfni(xni) −mni| ≤ 2aniϕn(k, i), it follows that∣∣En,k,x

(
fni

(
xni

)−mni

)(
fnj

(
xnj

)−mnj

)∣∣
≤ 4anianjϕn(k, j) + 2

(
ϕn(i, j)

(
σ2

ni + a2
niϕn(k, i)

)(
σ2

nj + a2
njϕn(k, j)

))1/2
.

Using the fact that
√
a2 + b2 ≤ |a| + |b|, we get after some algebra that

An

(
[nt],

[
n(t+ u)

]
, x
) ≤ Dn(t+ h) −Dn(t) +Qn

as 0 ≤ u ≤ h. Thus, (3.59) follows from conditions 2) and 3).

Let us verify condition b). It suffices to show that

En,[nt],x

(
ξn(t+ s) − ξn(t)

) −→ 0, (3.62)

En,[nt],x

(
ξn(t+ s) − ξn(t)

)2 −→ B2(t+ s) −B2(t) (3.63)

uniformly with respect to x for any t, s > 0.

Indeed, if ξ0(·) is a weak limit of ξn(·), then in view of condition 4) and the pre-
ceding arguments it is a continuous process and

E
[
ξ0(t+ s) − ξ0(t) | Ft

]
= 0,

E
[(
ξ0(t+ s) − ξ0(t)

)2 | Ft

]
= B2(t+ s) = B2(t),
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where Ft = σ{ξ0(u), u ≤ t} and B2(t) is continuous (the continuity follows from
condition 3). Thus ξ0(t) is a continuous martingale with non-random quadratic charac-
teristics and therefore is a Gaussian process with independent increments according to
[GIK 72]. Using condition 2) and inequalities (3.60) and (3.61) we now obtain (3.62)
and (3.63).

COROLLARY 3.4. Suppose that for some fixed q ∈ [0, 1) there exists an integer
sequence rn such that for any k ≥ 0,

ϕn

(
k, k + rn

) ≤ q. (3.64)

Assume that ank ≤ C, B2
n = nrn, k = 0, . . . , n, condition 1) in Theorem 3.3

holds, and

n−1rn −→ 0. (3.65)

Then the statement of Theorem 3.3 is valid.

Proof. Let us verify the conditions of the theorem. Relation (3.64) implies

ϕn(k, k +m) ≤ q[mr−1
n ], m ≥ 0. (3.66)

Let Ci denote some constants independent of n. Using equation (3.66), we can
prove that Qn ≤ C1r

2
n and Dn(t) ≤ C2ntrn. In view of equation (3.65) this involves

conditions 2) and 3) of Theorem 3.3. Carrying out the calculations in detail ([BIL 68],
20, Lemma 4) and using (3.66), we can obtain the estimate

ESn(t)4 ≤ C3t
2n2r2n.

This implies that Eξ4n(t) ≤ C4 for every t > 0, which implies condition 4).

COROLLARY 3.5. Suppose that xnk, k ≥ 0, is an homogenous Markov process, equa-
tions (3.64) and (3.65) hold, function fn(x) is uniformly bounded,

B2 = lim
n→∞ r−1

n

(
Eπ

(
fn

(
xn0

)−mn0

)2
+ 2

n∑
i=1

Eπ

((
fn

(
xn0

)−mn0

)(
fn

(
xni

)−mn0

)))
,

(3.67)

andB2 > 0, wheremn0 = Eπfn(xn0), and the expectation is calculated with respect
to the stationary initial distribution of Xn0, which exist in view of (3.64).
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Then for any initial distribution the sequence of processes

(
nrn

)−1/2

(
[nt]∑
k=0

fn

(
xnk

)− ntmn0

)
converges weakly in D[0,1] to process BW (t), where W (t) is a standard Wiener pro-
cess.

3.4.2. Convergence to processes with independent increments

Now we consider the conditions of the convergence of the sums of random vari-
ables defined on a Markov chain to processes with independent increments. Let for
each n > 0, {ηnk(x), x ∈ Xn}, k ≥ 0, be the families of jointly independent
random variables with values in R1 that are also independent of xni, i ≥ 0, and
their characteristic functions are BXn

-measurable with respect to x. The existence of
fnk(x) = Eηnk(x), x ∈ Xn, k ≥ 0, is assumed. Let the following condition hold:

E exp
{
iλB−1

n

(
ηnk(x) − fnk(x)

)}
= 1 + bnk(λ, x) + onk(λ, x),

λ ∈ R1, x ∈ Xn, k ≥ 0,
(3.68)

where Bn is a normalizing factor, and for any λ as n→ ∞,
n∑

k=0

sup
x

∣∣onk(λ, x)
∣∣ −→ 0. (3.69)

Let us keep the notation of Theorem 3.3, section 3.4.1, where mnk = Efnk(xnk),
k ≥ 0, and the value Sn(t) is defined by equation (3.56). Denote

αnk(λ) = Ebnk

(
λ, xnk

)
, An(λ, t) =

[nt]∑
k=0

αnk(λ),

β2
nk(λ) = E

∣∣bnk

(
λ, xnk

)− αnk(λ)
∣∣2,

qn(λ) =
n∑

k=0

β2
nk(λ) +

∑
0≤k<j≤n

√
ϕn(k, j)βnk(λ)βnj(λ),

gnk(λ) = sup
x

∣∣bnk(λ, x) − αnk(λ)
∣∣,

Gn(k, l) =
l∑

i=k

g2
ni(λ)ϕn(k, i) + 4

(
l∑

i=k

gni(λ)ϕn(k, i)

)2

+ 12
∑

k≤i<j≤l

√
ϕn(i, j)ϕn(k, i)gni(λ)gnj(λ).
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THEOREM 3.4. Assume that variables fnk(x) and MP xnk satisfy the conditions of
Theorem 3.3, conditions (3.68) and (3.69) hold, and for any λ ∈ R1,

qn(λ) → 0, (3.70)

lim
n→∞An(λ, t) = A(λ, t), t ∈ [0, 1], (3.71)

where A(0, t) = 0, t ∈ [0, 1].

Then the finite-dimensional distributions of the process

ηn(t) = B−1
n

[nt]∑
k=0

(
ηnk

(
xnk

)−mnk

)
weakly converge in [0, 1] to the distributions of the process with independent incre-
ments η0(t) such that

E exp
{
iλη0(t)

}
= exp

{
− 1

2
λ2B2(t) +A(λ, t)

}
.

If in addition for any λ, (3.71) holds uniformly with respect to t and

lim
h→+0

lim
n→∞ max

k≤n
Gn

(
k, k + [nh]

)
= 0, (3.72)

then the sequence ηn(·) weakly converges to η0(·) in D[0,1].

COROLLARY 3.6. Assume that Bn =
√
nrn, supk≤n ank < C1, (see (3.57)), condi-

tion 1) of Theorem 3.3 holds along with conditions (3.64), (3.65), (3.68), (3.69) and

nmax
k

sup
x

∣∣bnk(λ, x)
∣∣ < C2. (3.73)

Then the statement of Theorem 3.4 holds.

COROLLARY 3.7. Under the conditions of Corollary 3.6 suppose that distributions of
variables ηnk(x) do not depend on k, conditions (3.68), (3.69), and (3.73) hold, and
an1 < C1. If nαn(λ) → A(λ), where αn(λ) = Eπbn1(λ, xn0) (expectation is taken
over the stationary distribution of xnk which exists under conditions (3.64), (3.65))
and A(0) = 0, then the statement of Theorem 3.4 is valid with

E exp
{
iλη0(t)

}
= exp

{
− 1

2
λ2t2B2 +A(λ)t

}
.
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Proof. Denote ank(λ, x) = lnE exp{iλB−1
n (ηnk(x) −mnk)}. By definition of pro-

cess ηn(t) the following representation holds:

E exp
{
iληn(t)

}
= E exp

{
[nt]∑
k=0

ank

(
λ, xnk

)}
= E exp

{
iλξn(t) +An(λ, t) + ρn(λ, t) + δn(λ, t)

}
,

(3.74)

where

ρn(λ, t) =
[nt]∑
k=0

(
bnk

(
λ, xnk

)− αnk(λ)
)
, δn(λ, t) =

[nt]∑
k=0

onk

(
λ, xnk

)
.

Condition (3.69) implies δn(λ, t) P−−→ 0, correspondingly, equation (3.70) implies
ρn(λ, t) → 0, and according to Theorem 3.3, ξn(t) weakly converges to ξ0(t) in the
interval [0, 1]. Since Re ank(λ, x) ≤ 0 and, from the conditions of Theorem 3.4, pro-
cess

∑[nt]
k=0 ank(λ, xnk) weakly converges to iλξ0(t) +A(λ, t), then Helly’s theorem

implies that

E exp
{
iληn(t)

} −→ E exp
{
iλξ0(t) +A(λ, t)

}
,

which proves the convergence of one-dimensional distributions, and, similarly, the
convergence of finite-dimensional distributions. To verify that sequence ηn(·) forms a
weakly compact set in D[0,1] it suffices according to [GRI 73] to establish that

lim
h→+0

lim
n→∞ sup

t,x
sup
u<h

∣∣En,[nt],x exp
{
iλ
(
ηn(t+ u) − ηn(t)

)}− 1
∣∣ = 0. (3.75)

By virtue of equation (3.74) and inequality |ea − eb| ≤ |a − b|, which is true for
Re a,Re b ≤ 0, it suffices to check that

lim
h→+0

lim
n→∞ sup

t,x
sup
u<h

(
En,[nt],x

∣∣ξn(t+u)−ξn(t)
∣∣∣∣An(λ, t+u)−An(λ, t)

∣∣
+ En,[nt],x

∣∣ρn(λ, t+ u) − ρn(λ, t)
∣∣) = 0.

(3.76)

Note that

En,[nt],x

∣∣ξn(t+ u) − ξn(t)
∣∣ ≤√An

(
[nt],

[
n(t+ u)

]
, x
)
,

and the right-hand part of Theorem 3.3 tends to zero. As in Theorem 3.3, conditions
(3.70) and (3.72) imply that En,[nt],x|ρn(λ, t + u) − ρn(λ, t)|2 is small. In view of
the uniform convergence in equation (3.71) this implies equation (3.76), which proves
Theorem 3.4.

The corollaries are proved by direct verification of the conditions of Theorem 3.4.
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The fundamental complexity in real problems is verification of conditions related
to mixing properties. Let us consider the following example, which arises in the mod-
els of asymptotic aggregation of state space (see Chapter 8 and [ANI 73, ANI 78,
ANI 88]).

EXAMPLE 3.1. Let xnk, k ≥ 0, be a homogenous MP with values in X and one-step
transition probabilities pn(x,A), x ∈ X , A ∈ BX . Assume that

pn(x,A) = p0(x,A) + n−αb(x,A) + o
(
n−a

)
,

where α > 0, nαo(n−α) → 0 uniformly with respect to x and A, and
supx,A |b(x,A)| < C. The state space of the Markov chain xk with one-step
transition probabilities p0(x,A) can be subdivided into several essential classes Xy ,
y ∈ Y . Uniformly with respect to y ∈ Y , each class Xy for the chain xk is uniformly
ergodic with stationary measure π(y)(A), A ∈ BXy

, and

p̂(y,B) =
∫

Xy

b
(
x,∪u∈BXu

)
π(y)(dx), y ∈ Y, B ∈ BY , y �∈ B.

Assume that the MP with transition probabilities p̂(y,B) is uniformly ergodic.

For this case it can be proved that the original MP xnk satisfies condition (3.64),
where rn = Cqn

α, and hence Theorem 3.3 is applicable to xnk for α < 1.
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Chapter 4

Averaging Principle and Diffusion
Approximation for Switching Processes

4.1. Introduction

In this chapter we study the limit theorems for recurrent sequences and SPs in the
case of “fast” switching. Consider a sequence of SPs (xn(t), ζn(t)), t ≥ 0, depending
on a scaling parameter n on the expanding interval [0, nT ], where n → ∞. Suppose
that SP depends on n in such a way that the number of switches on each interval
[na, nb], 0 < a < b < T, tends in probability to infinity. In this case we can expect
that under some natural assumptions a normalized trajectory of ζn(nt) uniformly con-
verges in probability to a deterministic function which is a solution of a differential
equation (AP), and a normalized difference between the trajectory of ζn(nt) and this
solution weakly converges in Skorokhod space DT to a diffusion process (DA). As
sample trajectories of a limiting process are continuous, this convergence implies a
weak convergence of functionals, which are continuous with respect to the uniform
convergence [ETH 86, SKO 56]. Note that after time re-scaling we can consider the
process in interval [0, T ] in the scale of time nt and in this case the number of switches
in each interval [a, b] tends to infinity (switches occur rapidly).

A new approach based on the investigation of the asymptotic properties of a special
subclass of SP – recurrent process of semi-Markov type (RPSM), theorems about the
convergence of recurrent sequences to the solutions of stochastic differential equations
and the convergence of superposition of random functions are developed.

SPs (see section 1.2) are described in terms of constructive characteristics [ANI 75,
ANI 77] and are represented in the recurrent form. This representation, as we see
from examples in the previous chapters, is convenient for describing wide classes of

83
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stochastic systems. It also plays the basic role in the analysis of asymptotic properties
of stochastic systems with “rare” and “fast” switches [ANI 78, ANI 88, ANI 92a].

For the special classes of random evolutions (processes with independent incre-
ments and Markov and semi-Markov switches), the Law of Large Numbers and the
Central Limit Theorem have been proved by many authors [GRI 69, PAP 72, KUR 73,
KER 78a, KER 78b, PIN 75, ANI 73, ANI 88, KOR 93, WAT 84, KOR 94, ANI 95].
The averaging principle for stochastic differential equations in the case of independent
Markov switches was investigated in [KHA 68] and some Markov models in the case
of feedback were studied in [SKO 89]. Models of Markov evolutions in the scheme
of asymptotic phase consolidation were investigated in [ANI 73, ANI 78, ANI 88,
ANI 99b, ANI 00a, ANI 00b, ANI 02a, ANI 04, ANI 87, KOR 93, KOR 94, KOR 99,
KOR 00, KOR 04, KOR 05].

AP for RPSMs was considered in [ANI 90, ANI 92a]. Nonhomogenous in time
models and additional semi-Markov switches were studied in [ANI 93, ANI 94a,
ANI 95]. The applications of these results to the dynamic systems with fast semi-
Markov switches [ANI 95], stochastic differential equations [ANI 86, ANI 89] and
branching processes in a fast semi-Markov environment [ANI 96] have been obtained.

A wide area of applications is switching queueing models and networks. For
Markov queueing systems and networks, various results of AP and DA type are
investigated in [ANI 92a, ANI 92b, ANI 95, ANI 97, ANI 99a, ANI 99c, ANI 02b,
ANI 91b, ANI 94b] for semi-Markov and non-Markov models, different results are
obtained in [ANI 92a, ANI 99b, ANI 02b].

This chapter consists of five sections. In section 4.2 the averaging principle for
stochastic recurrent sequences is considered. In section 4.3 the averaging principle and
diffusion approximation for RPSMs are proved. In sections 4.4 and 4.5 these results
are extended to RPSMs with additional semi-Markov switching and with feedback.
Section 4.6 is devoted to AP and DA for general SPs.

4.2. Averaging principle for switching recurrent sequences

In this section we study the convergence of stepwise processes generated by tra-
jectories of recurrent sequences to solutions of ordinary differential equations. Let for
any n > 0, a sequence ξnk, k ≥ 0, of random variables with values in Rr and a
monotone flow of σ-algebras Fnk (Fnk ⊂ Fnk+1) be given such that variables ξnk

are Fnk-measurable and satisfy the relation

ξnk+1 = ξnk + ank

(
ξnk

) 1
n

+ βnk, k ≥ 0, (4.1)

where ξn0 is given, ank(y), y ∈ Rm are some, possibly random, Fnk-measurable
functions and βnk are Fnk+1-measurable random variables.
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THEOREM 4.1. Assume that functions ank(y) for some given T > 0 satisfy the fol-
lowing conditions: for any n, k ≤ nT , y1, y2 ∈ Rm,∣∣ank

(
y1
)− ank

(
y2
)∣∣ ≤ C

∣∣y1 − y2
∣∣+ cnk, (4.2)

where C is constant, cnk ≥ 0, and as n→ ∞,

1
n

[nT ]∑
k=0

cnk
P−−→ 0; (4.3)

max
k≤nT

∣∣∣∣∣
k∑

i=0

βni

∣∣∣∣∣ P−−→ 0. (4.4)

Then

max
k≤nT

∣∣ξnk − ynk

∣∣ P−−→ 0, (4.5)

where variables ynk, k ≥ 0, satisfy the relation:

yn0 = ξn0, ynk+1 = ynk + ank

(
ynk

) 1
n
, k ≥ 0. (4.6)

Proof. Let us introduce the variables znk = ξnk − ynk and vnk = maxk≤m |znk|,
k ≥ 0. Relations (4.1), (4.6) imply that

znk+1 = znk +
(
ank

(
ξnk

)− ank

(
ynk

)) 1
n

+ βnk, k ≥ 0.

Summing both parts in k from 0 till m we obtain

znm+1 =
1
n

m∑
k=0

(
ank

(
ξnk

)− ank

(
ynk

))
+

m∑
k=0

βnk.

Using this relation and relation (4.2) we obtain the inequality

vnm+1 ≤ C

n

m∑
k=1

vnk + γnm, m ≥ 0, (4.7)

where

γnm = max
k≤m

∣∣∣∣∣
k∑

i=0

βni

∣∣∣∣∣+ 1
n

m∑
k=0

cnk.
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Now let us use the following lemma:

LEMMA 4.1. Assume that a real-valued sequence vk, k ≥ 0, satisfies the relation:

v0 ≤ γ0, vk+1 ≤
k∑

i=0

bivi + γk+1, k ≥ 0,

where bi ≥ 0, γi ≥ 0, i ≥ 0.

Then

vk+1 ≤ γ̂k+1 exp

{
k∑

i=0

bi

}
,

where γ̂k = maxi≤k γk.

Proof. Using inequality 1 + b ≤ eb, we obtain recurrently

v1 ≤ b0v0 + γ1 ≤ b0γ0 + γ1 ≤ γ̂1e
b0 ,

v2 ≤ b1γ̂1e
b0 + b0γ0 + γ2 ≤ b1γ̂1e

b0 + γ̂2e
b0 ≤ γ̂2e

b0+b1 ,

v3 ≤ b2γ̂2e
b0+b1 + b1γ̂1e

b0 + b0γ0 + γ3 ≤ b2γ̂2e
b0+b1 + γ̂3e

b0+b1

≤ γ̂3e
b0+b1+b2 ,

and so on. Then by induction we obtain

vk+1 ≤ bkvk +
k−1∑
i=0

bivi + γk+1

≤ bkγ̂k exp

{
k−1∑
i=0

bi

}
+ γ̂k+1 exp

{
k−1∑
i=0

bi

}

≤ γ̂k+1 exp

{
k∑

i=0

bi

}
.

This relation proves the statement of Lemma 4.1.

Furthermore, according to equation (4.7), vnm+1 ≤ γnm exp{m
n C}. Finally this

relation according to equations (4.3) and (4.4) implies equation (4.5) and proves
Theorem 4.1.

Theorem 4.1 is an approximating theorem. Let us now consider the conditions of
the convergence of a random process constructed by sequence ynk to a solution of an
ordinary differential equation of the form

dy(t) = a
(
t, y(t)

)
dt, y(0) = y0. (4.8)
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Consider a simple but useful case for applications when coefficients ank(y) have
the form:

ank(y) = a

(
k

n
, y

)
, k ≥ 0, (4.9)

where a(t, y) is a given function.

THEOREM 4.2. Assume that relations (4.1) and (4.9) are true, function a(t, y) uni-
formly in y in each bounded region |y| ≤ L, 0 ≤ t ≤ T , is continuous with respect to
t, and for any t ≤ T , y1, y2 ∈ Rm,∣∣a(t, y1)− a

(
t, y2

)∣∣ ≤ C
∣∣y1 − y2

∣∣, (4.10)

condition (4.4) is satisfied and ξn0
P−−→ y0.

Then

max
k≤nT

∣∣∣∣ξnk − y

(
k

n

)∣∣∣∣ P−−→ 0, (4.11)

where y(t) is a solution of equation (4.8).

Proof. Condition (4.10) implies that for any t ≤ T , y ∈ Rm, |a(t, y)| ≤ C1(1 + |y|),
whereC1 is a constant. This relation together with relation (4.10) implies the existence
of a unique solution to equation (4.8). Now let us define a sequence ynk, k ≥ 0,
according to the relations:

yn0 = y0, ynk+1 = ynk + a

(
k

n
, ynk

)
1
n
, k ≥ 0.

Using (4.8) we obtain

y

(
k + 1
n

)
= y

(
k

n

)
+ a

(
k

n
, ynk

)
1
n

+
∫ k+1

n

k
n

(
a
(
t, y(t)

)− a

(
k

n
, y

(
k

n

)))
dt.

As function a(t, y) is continuous, denote G = supt∈[0,T ] |a(t, y(t))| < ∞. Rela-
tion (4.8) implies that |y(t+ s) − y(t)| ≤ G|s| as t ∨ (t+ s) ≤ T . Thus,∣∣∣∣ ∫ (k+1)/n

k/n

(
a
(
t, y(t)

)− a
(
k/n, y(k/n)

))
dt
∣∣∣∣

≤ sup
t≤T

sup
|u|≤1/n

∣∣a(t+ u, y(t)
)− a

(
t, y(t)

)∣∣ 1
n

+
G

2n2
.
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Using uniform continuity of function a(t, y) and Theorem 4.1 we obtain

max
k≤nT

∣∣ynk − y(k/n)
∣∣ −→ 0, (4.12)

as n→ ∞, and finally Theorem 4.1 implies (4.11).

Condition (4.10) can be replaced by a weaker local Lipschitz condition: for any
t ≤ T , y ∈ Rm, ∣∣a(t, y)∣∣ ≤ C

(
1 + |y|),

and for any L > 0 as |y1| ∨ |y2| ≤ L, t ≤ T ,∣∣a(t, y1)− a
(
t, y2

)∣∣ ≤ CL

∣∣y1 − y2
∣∣.

4.3. Averaging principle and diffusion approximation for RPSMs

In this section we study the limit theorems for RPSMs in the triangular scheme in
the case of fast switching and prove that under natural assumptions, the normalized
trajectory of an RPSM uniformly converges in probability to some function which is
the solution of an ordinary differential equation (AP) and the normalized difference
between the trajectory and this solution weakly converges in Skorokhod space D to
some diffusion process (DA) (see [ANI 90]).

Let at each n = 1, 2, . . . , Fnk = {(ξnk(z), τnk(z)), z ∈ Rr}, k ≥ 0, be jointly
independent at different k families of random variables with values in Rr × [0,∞)
and distributions not depending on k, and let Sn0 be the initial value in Rr which
is independent of Fnk k ≥ 0. According to section 1.1.2 let us introduce recurrent
sequences

tn0 = 0, tnk+1 = tnk + τnk

(
Snk

)
, Snk+1 = Snk + ξnk

(
Snk

)
, k ≥ 0, (4.13)

and define RPSM as follows:

Sn(t) = Snk as tnk ≤ t < tnk+1, t > 0. (4.14)

As under natural assumptions the normalized trajectory of an RPSM after n
switches is of the order n, we will consider the dependence of the argument in
recurrent equations on the re-scaled trajectory Snk/n with the purpose of obtaining a
state-dependent property in the limiting equations. Note that we can define the new
variables ξ̃nk(α) = ξnk(nα), τ̃nk(α) = τnk(nα), re-write the relations above in the
form

tn0 = 0, tnk+1 = tnk + τ̃nk

(
Snk/n

)
, Snk+1 = Snk + ξ̃nk

(
Snk/n

)
, k ≥ 0,
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where the newly introduced variables now depend on the re-scaled values, and for-
mulate the conditions of theorems in terms of variables ξ̃nk(α), τ̃nk(α). However, for
simplicity we use the original notation.

Assume that there exist the functions mn(α) = Eτn1(nα), bn(α) = Eξn1(nα).

THEOREM 4.3 (AP). Suppose that for any N > 0,

lim
L→∞

lim sup
n→∞

sup
|α|≤N

{
Eτn1(nα)χ

(
τn1(nα) > L

)
+ E

∣∣ξn1(nα)
∣∣χ(∣∣ξn1(nα)

∣∣ > L
)}

= 0,
(4.15)

and as max(|α1|, |α2|) ≤ N ,∣∣mn

(
α1

)−mn

(
α2

)∣∣+ ∣∣bn(α1

)− bn
(
α2

)∣∣ ≤ CN

∣∣α1 − α2

∣∣+ αn(N), (4.16)

where CN are some constants, αn(N) → 0 uniformly in |α1| ≤ N , |α2| ≤ N , there
exist functions m(a) > 0 and b(a) such that for any α ∈ Rr as n→ ∞,

mn(α) −→ m(α), bn(α) −→ b(α), (4.17)

and

n−1Sn0
P−−→ s0. (4.18)

Then

sup
0≤t≤T

∣∣n−1Sn(nt) − s(t)
∣∣ P−−→ 0, (4.19)

where function s(t) satisfies the following ordinary differential equation

ds(t) = m
(
s(t)

)−1
b
(
s(t)

)
dt, (4.20)

and T is any positive number such that y(+∞) > T with probability one, where

y(t) =
∫ t

0

m
(
η(u)

)
du, (4.21)

and η(t) is a solution of the differential equation

dη(u) = b
(
η(u)

)
du, η(0) = S0, (4.22)

(it is assumed that a unique solution to equation (4.22) exists in each interval).
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Proof. Let us introduce the sequences ηnk = n−1Snk, ynk = n−1tnk, k ≥ 0, and
construct stepwise processes ηn(·) and yn(·) as follows:

ηn(u) = ηnk, yn(u) = ynk as n−1k ≤ u < n−1(k + 1), u ≥ 0.

Put

νn(t) = min
{
k : k > 0, tnk+1 > nt

}
,

μn(t) = inf
{
u : u > 0, yn(u) > t

}
.

By definition, yn(n−1νn(t))≤ t<yn(n−1νn(t) + 1) and μn(t)=n−1(νn(t) + 1).
As Sn(nt) = Snνn(t), the following representation is true:

n−1Sn(nt) = ηn

(
n−1νn(t)

)
= ηn

(
μn(t) − 1/n

)
. (4.23)

Thus, RPSM n−1Sn(nt) is constructed as a superposition of two processes: ηn(t)
and μn(t). Therefore, we study first the behavior of processes ηn(t) and yn(t), then
the behavior of μn(t) and their superposition. Using (4.13) we can write the relations

ηnk+1 = ηnk + n−1bn
(
ηnk

)
+ ϕnk, k ≥ 0, (4.24)

ynk+1 = ynk + n−1mn

(
ηnk

)
+ ψnk, k ≥ 0, (4.25)

where ϕnk = n−1(ξnk(nηnk) − bn(ηnk)), ψnk = n−1(τnk(nηnk) −mn(ηnk)).

Sequences ϕnk and ψnk, k ≥ 0, are martingale differences with respect to the
sequence of σ-algebra σnk generated by variables {ηni, i ≤ k}. Assume first that
condition (4.15) holds uniformly on α ∈ Rr. It follows from the paper [GRI 73] that
for any t > 0,

max
m≤nt

∣∣∣∣∣
m∑

k=o

ϕnk

∣∣∣∣∣ P−−→ 0. (4.26)

Furthermore, applying the results of book [GIK 78] and using relations (4.17),
(4.26), we obtain

sup
u≤t

∣∣ηn(u) − η(u)
∣∣ P−−→ 0. (4.27)

By analogy, we can prove that

sup
u≤t

∣∣yn(u) − y(u)
∣∣ P−−→ 0. (4.28)
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As m(a) > 0, process y(t) increases strictly monotonically. Thus, the process
y−1(t) = μ(t) exists for any t such that y(+∞) > t with probability one, is continu-
ous and

sup
u≤t

∣∣μn(u) − μ(u)
∣∣ P−−→ 0. (4.29)

Using the results on the U -convergence of the superposition of random functions
[BIL 68] and relations (4.27) and (4.28), we obtain (4.19). Finally, for any t such that
y(+∞) > t with probability one,

P
{

sup
u≤t

∣∣s(t)∣∣ > N

}
−→ 0

as N → ∞. This means that it is sufficient to check all conditions in each bounded
region |α| ≤ N . Thus, Theorem 4.3 is proved.

Now we prove the convergence of the process

γn(t) =
1√
n

(
Sn(nt) − ns(t)

)
, t ∈ [0, T ],

to a diffusion process. Denote

b̃n(α) = mn(α)−1bn(α), b̃(α) = m(α)−1b(α),

ρn(α) = ξn1(nα) − bn(α) − b̃(α)
(
τn1(nα) −mn(α)

)
,

D2
n(α) = Eρn(α)ρn(α)∗

(4.30)

(here and in what follows we denote the conjugate vector by symbol ∗), and put

qn(α, z) =
√
n

(
b̃n

(
α+

1√
n
z

)
− b̃(α)

)
. (4.31)

THEOREM 4.4 (DA). Let conditions (4.16)-(4.18) hold where in equation (4.16) a
condition αn(N) → 0 is replaced by

√
nαn(N) → 0, there exist continuous matrix-

valued functions D2(α) and Q(α) and a vector-valued function g(a) such that as
n→ ∞, uniformly in each bounded region,

D2
n(α) −→ D2(α), (4.32)

qn(α, z) −→ Q(α)z + g(a), (4.33)

for any z ∈ Rr,

γn(0) w=⇒ γ0, (4.34)
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where γ0 is a proper random variable, and for any N > 0,

lim
L→∞

lim sup
n→∞

sup
|α|<N

{
Eτ2

n1(nα)χ
(
τn1(nα) > L

)
+ E

∣∣ξn1(nα)
∣∣2χ(∣∣ξn1(nα)

∣∣ > L
)}

= 0.
(4.35)

Then for any T such that y(+∞) > T , the sequence of processes γn(t) J-conver-
ges in the interval [0, T ] to the diffusion process γ(t) satisfying the following stochas-
tic differential equation:

dγ(t) =
(
Q
(
s(t)

)
γ(t) + g

(
s(t)

))
dt+D

(
s(t)

)
m
(
s(t)

)−1/2dw(t),

γ(0) = γ0,
(4.36)

where s(·) satisfies equation (4.20).

Proof. Condition (4.16) and relation m(a) > 0 imply that the limiting functions
b(a),m(a), b̃(a) also satisfy the local Lipschitz condition, and the function b(a) and
the function qn(α, z) with respect to z satisfy condition (4.16). Let us keep the nota-
tion of Theorem 4.3, denote vnk = γn(ynk), s̃nk = s(ynk), k ≥ 0, and suppose first
for simplicity that s0 is a non-random variable. As relation (4.19) holds, the trajectory
ηnk, k = 0, nT , belongs to a bounded region with probability close to one. Thus, it is
sufficient to check all conditions in each bounded region. By definition,

vnk+1 = vnk +
1√
n

(
ξnk

(
nηnk

)− n
(
s̃nk+1 − s̃nk

))
.

Using the Lagrange formula and relation (4.14), we find that

s̃nk+1 − s̃nk =
1
n
b̃
(
s̃nk

)
τnk + δ

(1)
nk =

1
n
b̃
(
s̃nk

)
mn

(
ηnk

)
+ δ

(1)
nk + δ

(2)
nk ,

where τnk = τnk(nηnk), |δ(1)nk | ≤ C 1
n2 τ

2
nk and E|δ(2)nk |2 ≤ Cn−2. After some algebra

we obtain:

vnk+1 = vnk +
1
n
mn

(
ηnk

)
qn
(
s̃nk, vnk

)
+

1√
n
αnk + δ

(3)
nk , (4.37)

where αnk = ξnk(ηnk)−bn(ηnk)− b̃(s̃nk)(τnk−mn(ηnk)), and E|δ(3)nk |2 ≤ Cn−3/2.
We can also prove by analogy to Theorem 4.3 that

max
k≤nT

∣∣∣∣∣
k∑

t=o

δ
(3)
ni

∣∣∣∣∣ P−−→ 0. (4.38)
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Following the lines of the proof of Theorem 4.3, we see that for any u > 0,

ηn,[nu]
P−−→ η(u), s̃n,[nu]

P−−→ s
(
y(u)

)
= η

(
μ
(
y(u)

))
= η(u).

Thus, as n → ∞, k/n → t and vnk = z, the coefficient at 1/n in the right-hand
side of (4.37) tends in probability to the value m(η(t))(Q(η(t))z+ g(η(t))). Further-
more, E[αnk | ηnk] = 0, and as n → ∞ for any α, E[αnkα

∗
nk | ηnk = α] → D(α)2,

and relation (4.35) implies that the variables |αnk|2 are uniformly integrable in each
bounded region.

Let us introduce the random process vn(u) = vnk as k/n ≤ u < (k + 1)/n,
u ≥ 0. Then (4.37) and the results [GIK 75] imply that the sequence of processes
vn(u) J-converges in the interval [0, T ] to the diffusion process v(u) satisfying the
following stochastic differential equation:

dv(u) = m
(
η(u)

)(
Q
(
η(u)

)
v(u) + g

(
η(u)

))
du+D

(
η(u)

)
dw(u),

v(0) = γ0.
(4.39)

Note that ∣∣∣∣s(t) − s

(
1
n
tnk

)∣∣∣∣ ≤ 1
n
τnk sup

1
n tnk≤u≤ 1

n tnk+1

∣∣b̃(s(u))∣∣,
as 1

n tnk ≤ t < 1
n tnk+1. Thus, as μn(T ) < μ(T ) + ε,

sup
0≤t≤T

∣∣∣∣γn(t) − vn

(
μn(t) − 1

n

)∣∣∣∣ ≤ 1√
n
CT max

k≤n(μ(T )+ε)
τnk, (4.40)

where CT = supu≤μ(T )+ε |b̃(s(u))|. Let us prove that for any L > 0,

max
k≤nL

1√
n
τnk

p−−→ 0. (4.41)

Denote τ̃nk = τnk/
√
n, k ≥ 0, and letAk be the sequence of the following events:

Ak = {τ̃ni < ε, i < k}, k ≥ 1, A0 = Ω. Then for any m > 0,

lnP
(

max
k≤m

τ̃nk < ε
)

= ln
m∏

k=0

P
(
τ̃nk < ε | Ak

)
=

m∑
k=0

ln
(
1 − P

(
τ̃nk > ε | Ak

))
.

(4.42)
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Using the inequality | ln(1 − z) + z| ≤ |z2| as |z| ≤ 1/2, we find that∣∣ ln(1 − z)
∣∣ ≤ |z|(1 + |z|) as |z| ≤ 1/2. (4.43)

Relations (4.42) and (4.43) imply that∣∣∣ lnP
(

max
k≤m

τ̃nk < ε
)∣∣∣

≤
(
1 + max

k≤m
P
(
τ̃nk > ε | Ak

)) m∑
k=0

P
(
τ̃nk > ε | Ak

)
.

(4.44)

It follows from condition (4.35) that for any fixed N and ε > 0 as n→ ∞,

sup
|α|≤N

Eτ2
n1(nα)χ

(
τn1(nα) >

√
nε
) −→ 0. (4.45)

In the region maxk≤nC |ηnk| ≤ N at m ≤ nC,

mmax
k≤m

P
(
τ̃nk > ε | Ak

) ≤ nC sup
|α|≤N

P
{
τn1(nα) >

√
nε
}
.

According to (4.45),

n sup
|α|≤N

P
{
τn1(nα) >

√
nε
} ≤ n sup

|α|≤N

E
(
τn1(nα)√

nε

)2

χ
(
τn1(nα) >

√
nε
)

≤ sup
|α|≤N

Eτ2
n1(nα)χ

(
τn1(nα) >

√
nε
)
/ε2 −→ 0.

Therefore, in this region as m ≤ nC,

m∑
k=0

P
{
τ̃nk > ε | Ak

} ≤ nCmax
k

P
{
τ̃nk > ε | Ak

} −→ 0,

and relations (4.44) and (4.45) imply that as m ≤ nC, P{maxk≤m τ̃nk > ε} → 0,
and relation (4.41) is proved. Now using (4.40) we obtain

sup
0≤t≤T

∣∣γn(t) − vn

(
μn(t) − 1/n

)∣∣ P−−→ 0.

The sequence of processes vn(μn(t)−1/n) J-converges to the process v(μ(t)) =
γ(t). As far as μ′(t) = m(s(t))−1, we can calculate the stochastic differential for
process γ(t) using the formula dw(μ(t)) ∼√μ′(t)dw(t), and obtain equation (4.36).
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In conclusion to this section let us consider an important case when the process
Sn(t) is an homogenous MP. Suppose that Sn(t) is a regular stepwise process and
there exist transition rates qn(α,A), α ∈ Rr, A ∈ Br

R, α �= A such that qn(α) =
qn(α,Rr\{α}) < ∞ for any α ∈ Rr. Let us define the independent families of
random variables {ξnk(α), α ∈ Rr}, k ≥ 0, and {τnk(α), α ∈ R}, k ≥ 0, with
values in Rr and [0,∞), respectively, where τnk(nα) has an exponential distribution
with parameter qn(α) and

P
(
ξnk(nα) ∈ A

)
= qn(α)−1qn(α,A+ α), α �= A,

where A + α = {z : z − α ∈ A}. By definition RPSM which is defined by the fam-
ilies {(ζnk(·), τnk(·))} is equivalent to an MP Sn(t). Denote mn(α) = qn(α)−1.
We can easily verify that in the case where τn(·) has an exponential distribution,
D2

n(α) = Eξn1(nα)ξn1(nα)∗.

COROLLARY 4.1. If the conditions of Theorems 4.3 and 4.4 hold, then relation (4.19)
takes place and the sequence of processes γn(t) weakly converges to the diffusion
process γ(t) satisfying stochastic differential equation (4.36).

Note that, as τn1(·) has an exponential distribution, conditions (4.15) and (4.35)
are automatically satisfied.

4.4. Averaging principle and diffusion approximation for recurrent processes of
semi-Markov type (Markov case)

In this section we investigate the next level of complexity when an RPSM is
switched by some external Markov process and consider the case of fast switching.
Let at each n ≥ 0,

Fnk =
{
(ξnk(x, z), τnk(x, z)), x ∈ X, z ∈ Rr

}
, k ≥ 0, (4.46)

be jointly independent families of random variables with values in the space
Rr × [0,∞) and distributions not depending on k ≥ 0, and let xni, i ≥ 0, be an
homogenous MP which is independent of Fnk, k ≥ 0, with values in a space X
and Sn0 be the initial value. Note that the variables ξnk(x, z) and τnk(x, z) can be
dependent. We construct RPSM (xn(t), Sn(t)), t ≥ 0, according to section 1.2.3. Put
tn0 = 0 and denote

Snk+1 = Snk + ξnk

(
xnk, Snk

)
, tnk+1 = tnk + τnk

(
xnk, Snk

)
, k ≥ 0. (4.47)

Let

Sn(t) = Snk, xn(t) = xnk as tnk ≤ t < tnk+1. (4.48)

The process xn(·) stands for some external environment and in general it is not an
MP or even an SMP as it depends on the values of a switching component Snk.
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Suppose that MP xnk, k ≥ 0, at each n > 0 has a stationary measure πn(A),
A ∈ BX . Assume that the corresponding integrals exist and denote

mn(x, α) = Eτn1(x, nα), bn(x, α) = Eξn1(x, nα),

mn(α) =
∫

X

mn(x, α)πn(dx), bn(α) =
∫

X

bn(x, α)πn(dx).
(4.49)

Let us introduce a strong mixing coefficient

αn(k) = sup
{|P{xni ∈ A, xn,i+k ∈ B

}
− P

{
xni ∈ A

}
P
{
xn,i+k ∈ B

}∣∣ : A,B ∈ BX , i ≥ 0
}
.

(4.50)

THEOREM 4.5 (Averaging principle). Suppose that there exist a sequence of integers
rn such that

n−1rn −→ 0, sup
k≥rn

αn(k) −→ 0, (4.51)

for any N > 0,

lim
L→∞

lim sup
n→∞

sup
|α|≤N

sup
x

{
Eτn1(x, nα)χ

(
τn1(x, nα) > L

)
+ E

∣∣ξn1(x, nα)
∣∣χ(∣∣ξn1(x, nα)

∣∣ > L
)}

= 0,
(4.52)

and for any x as max(|α1|, |α2|) ≤ N ,∣∣mn

(
x, α1

)−mn

(
x, α2

)∣∣+ ∣∣bn(x, α1

)− bn
(
x, α2

)∣∣
≤ CN

∣∣α1 − α2

∣∣+ αn(N),
(4.53)

where CN are bounded constants, αn(N) → 0 uniformly in |α1| ≤ N , |α2| ≤ N ,
there exist functions m(α) > 0 and b(α) such that for any α ∈ Rr,

mn(α) → m(α), bn(α) → b(α), (4.54)

and

n−1Sn0
P−−→ s0, (4.55)

where s0 is some (possibly random) value. Then

sup
0≤t≤T

∣∣n−1Sn(nt) − s(t)
∣∣ P−−→ 0, (4.56)

where a function s(t) is a solution of an ordinary differential equation

ds(t) = m
(
s(t)

)−1
b
(
s(t)

)
dt, s(0) = s0, (4.57)
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and T satisfies the relation y(+∞) > T with probability one, where

y(t) =
∫ t

0

m
(
η(u)

)
du,

and η(t) is a solution of an ordinary differential equation

dη(u) = b
(
η(u)

)
du, η(0) = s0 (4.58)

(it is assumed that a unique solution of equation (4.58) exists in each interval).

Proof. We follow the proof of Theorem 4.3. Let us introduce the sequences ηnk =
Snk/n, ynk = tnk/n, k ≥ 0, and random processes ηn(u) = ηnk, yn(u) = ynk as
k/n ≤ u < (k+1)/n, u ≥ 0. Put μn(t) = inf{u : u > 0, yn(u) > t}. The following
representation is true:

n−1Sn(nt) = ηn

(
n−1νn(t)

)
= ηn

(
μn(t) − 1/n

)
.

In this way RPSM n−1Sn(nt) is represented as a superposition of two processes:
ηn(t) and μn(t). First, we study the behavior of processes ηn(t) and yn(t), then μn(t)
and their superposition. According to equation (4.47) we can write the relations

ηnk+1 = ηnk +
1
n
bn
(
xnk, ηnk

)
+ ϕnk, (4.59)

ynk+1 = ynk +
1
n
mn

(
xnk, ηnk

)
+ ψnk, k ≥ 0, (4.60)

where

ϕnk =
1
n

(
ξnk

(
xnk, nηnk

)− bn
(
xnk, ηnk

))
,

ψnk =
1
n

(
τnk

(
xnk, nηnk

)−mn

(
xnk, ηnk

))
.

Sequences ϕnk and ψnk are martingale-differences with respect to the flow of σ-
algebras generated by the variables {ηni, xni, i ≤ k}. Assume that condition (4.52)
holds uniformly in α ∈ Rr. Using the results [GRI 73] we can prove that for any
t > 0,

max
m≤nt

∣∣∣∣∣
m∑

k=1

ϕnk

∣∣∣∣∣ P−−→ 0. (4.61)

According to the results of Chapter 3, condition (4.51) implies that for any α ∈ Rr

and t > 0,

1
n

nt∑
k=0

bn
(
xnk, α

)− tbn(α) P−−→ 0. (4.62)
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Applying the results [ANI 86] on the convergence of stochastic difference schemes
with random coefficients to solutions of ordinary differential equations and using rela-
tions (4.61) and (4.62) we find that for any t > 0,

sup
u≤t

∣∣ηn(u) − η(u)
∣∣ P−−→ 0. (4.63)

By analogy we can prove that

sup
u≤t

∣∣yn(u) − y(u)
∣∣ P−−→ 0. (4.64)

As m(α)>0, process y(t) increases strictly monotonically. Thus, process y−1(t)
= μ(t) exists for any t such that y(+∞) > t with probability one, is continuous and

sup
u≤t

∣∣μn(u) − μ(u)
∣∣ P−−→ 0. (4.65)

Using the results [BIL 68] on U -convergence of the superposition of random func-
tions and relations (4.63) and (4.65), we prove (4.56) where s(t) = η(y−1(t)). Cal-
culating the differential of s(t) we obtain equation (4.57). In conclusion note that

P{supu≤t |s(u)| > N} P−−→ 0 as N → ∞. Thus, it is sufficient to check all condi-
tions in each bounded region |α| ≤ N . Finally Theorem 4.5 is proved.

Now we study the conditions of the convergence of the sequence of processes

κn(t) =
1√
n

(
Sn(nt) − ns(t)

)
to some diffusion process. Let us introduce the uniformly strong mixing coefficient
for process xnk:

ϕn(r) = sup
x,y,A

∣∣P{xnr ∈ A | xn0 = x
}− P

{
xnr ∈ A | xn0 = y

}∣∣.
Put

b̃n(α) = bn(α)mn(α)−1, b̃(α) = b(α)m(α)−1,

ρnk(x, α) = ξnk(x, nα) − bn(x, α) − b̃(α)
(
τnk(x, nα) −mn(x, α)

)
,

D2
n(x, α) = Eρn1(x, α)ρn1(x, α)∗,

γn(x, α) = bn(x, α) − bn(α) − b̃(α)
(
mn(x, α) −mn(α)

)
.

(4.66)
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THEOREM 4.6 (Diffusion approximation). Suppose that for a fixed r>0 and q∈ [0, 1),

ϕn(r) ≤ q, n > 0, (4.67)

condition (4.53) with relation
√
nαn(N) → 0 holds, conditions (4.54), (4.55) are

true, and for any N > 0 the following conditions are satisfied:

1)

lim
L→∞

lim
n→∞ sup

|α|≤N

sup
x

{
Eτn1(x, nα)2χ

(
τn1(x, nα) > L

)
+ E

∣∣ξn1(x, nα)
∣∣2χ(∣∣ξn1(x, nα)

∣∣ > L
)}

= 0;
(4.68)

2) as max(|α1|, |α2|) ≤ N ,∣∣Dn

(
x, α1

)2 −Dn

(
x, α2

)2∣∣ ≤ CN

∣∣α1 − α2

∣∣+ αn(N), (4.69)

where αn(N) → 0 uniformly in |α1| ≤ N , |α2| ≤ N ;

3) there exists a function q(α, z) such that for any N in the region |α| ≤ N ,∣∣q(α, z)∣∣ ≤ CN

(
1 + |z|)

uniformly in |α| ≤ N at each fixed z,

√
n

(
b̃n

(
α+

1√
n
z

)
− b̃(α)

)
−→ q(α, z), (4.70)

and there exist functions D(α) and B(α) such that for any α ∈ Rm,

D2
n(α) =

∫
X

D2
n(x, α)πn(dx) −→ D2(α), (4.71)

B(1)
n (α)2 +B(2)

n (α)2 −→ B(α)2, (4.72)

where

B(1)
n (α)2 =

∫
X

γn(x, α)γn(x, α)∗πn(dx),

and

B(2)
n (α)2 =

∑
k≥1

Eγn

(
xn0, α

)
γn

(
xnk, α

)∗
,

with P{xn0 ∈ A} = πn(A), A ∈ BX , and also

κn(0) w=⇒ κ0, (4.73)

where κ0 is a proper random variable.
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Then for any T > 0 satisfying the conditions of Theorem 4.5 the sequence of
processes κn(t) J-converges in the space Dr

T to the diffusion process κ(t) satisfying
the following stochastic differential equation: κ(0) = κ0,

dκ(t) = q
(
s(t), κ(t)

)
dt+m

(
s(t)

)− 1
2
(
D
(
s(t)

)2 +B
(
s(t)

)2) 1
2 dw(t), (4.74)

where w(t) is the standard Wiener process in Rr, and a solution of equation (4.74)
exists and is unique.

Proof. We keep the notation of Theorem 4.5 and denote

η̃nk = s
(
ynk

)
, γnk =

√
n
(
ηnk − η̃nk

)
, γn(t) = γn[nt],

τnk = τnk

(
xnk, nηnk

)
, ξnk = ξnk

(
xnk, nηnk

)
.

Conditions (4.53), (4.54) and relation m(α) > 0 imply that function b̃(α) also sat-
isfies the local Lipschitz condition. Therefore, using equation (4.57) after calculations
we obtain the relation:

γnk+1 = γnk + αnk

(
γnk

) 1
n

+ βnk, k ≥ 0, (4.75)

where

αnk(z) = mnk

(
ηnk

)√
n

(
b̃nk

(
ηnk

)− b̃

(
ηnk − 1

n
z

))
,

βnk = ϕnk + ψnk + δnk,

ϕnk =
1√
n

(
bn
(
xnk, ηnk

)− bnk

(
ηnk

)
− b̃
(
η̃nk

)(
mn

(
xnk, ηnk

)−mnk

(
ηnk

)))
,

ψnk =
1√
n

(
ξnk − b

(
xnk, ηnk

)− b̃
(
η̃nk

)(
τnk −mn

(
xnk, ηnk

)))
,

bnk(α) = Ebn
(
xnk, α

)
, mnk(α) = Emn

(
xnk, α

)
,

and |δnk| ≤ C
n
√

n
τnk.

It is known that for uniformly ergodic MP, condition (4.67) implies the relation

ϕn(k) ≤ qk/r−1, k ≥ 0. (4.76)

Therefore, in each bounded region |α| ≤ N ,∣∣bn(α) − bnk(α)
∣∣+ ∣∣mn(α) −mnk(α)

∣∣ ≤ CNq
k/r.
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Thus, as the functions αnk(z) also satisfy condition (4.53), following the lines of
proof of Theorem 4.5 we find that for any t > 0, z ∈ Rm,

1
n

[nt]∑
k=0

αnk(z) P−−→
∫ t

0

m
(
η(u)

)
q
(
η(u), z

)
du. (4.77)

Let the sequence of variables γnk with values in Rr satisfy the relation:

γnk+1 = γnk + ank

(
γnk

) 1
n

+ βnk, k ≥ 0,

and the flow of σ-algebras σnk be given such that γn0 is a σn0-measurable vari-
able, functions αnk(z) are σnk-measurable variables and βnk are σnk+1-measurable.
Define a stepwise process

γn(t) = γnk as k/n ≤ t < (k + 1)/n, t ≥ 0.

Let us formulate the following auxiliary lemma:

LEMMA 4.2. Assume that

1. for any N > 0 as max(|α1|, |α2|) ≤ N ,∣∣ank

(
α1

)− ank

(
α2

)∣∣ ≤ CN

∣∣α1 − α2

∣∣+ cnk, (4.78)

where for any t > 0, n−1
∑[nt]

k=0 cnk
P−−→ 0;

2. for any k > j ≥ 0,

E
∣∣∣∣βn

(
k

n

)
− βn

(
j

n

)∣∣∣∣2 ≤ C
k − j

n
, (4.79)

where βn(t) =
∑[nt]

k=0 βnk;

3. there exists a non-random function g(u, z) such that for any u ≤ T , |g(u, z)| ≤
CT (1 + |z|);

4. for any t > 0, z ∈ Rr,

1
n

[nt]∑
k=0

αnk(z) P−−→
∫ t

0

g(u, z)du; (4.80)

5. there also exists a proper random variable γ0 and a process β(t) given on the
same probabilistic space such that for any T > 0, the sequence (γn0, βn(t)) weakly
converges in the space Dr

T to the pair (γ0, β(t)).

Then the sequence of processes γn(t) J-converges in the space Dr
T to the process

γ(t) satisfying the following stochastic differential equation:

dγ(t) = g
(
t, γ(t)

)
dt+ dβ(t), γ(0) = γ0, (4.81)

a solution to which exists and is unique.
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Proof. The proof follows the same lines as in [ANI 89]. First it is easy to prove that
equation (4.79) implies the inequality E|β(t) − β(s)|2 ≤ C|t − s|, and it follows
from equation (4.78) that the function g(u, z) satisfies a local Lipschitz condition with
respect to z. Therefore, the solution of equation (4.81) exists and is unique. Let us
construct a random process αn(t) = αnk as k/n ≤ t < (k + 1)/n, where

αnk+1 = αnk +
∫ k+1

n

k
n

g
(
u, αnk

)
du+ βnk.

Following the standard arguments [GIK 78] we can prove that the measures gen-
erated by the processes γn(·) satisfy the condition of weak compactness in space Dr

T

and according to the conditions of Lemma 4.2, supt≤T |γn(t) − αn(t)| P−−→ 0, and in
addition the finite-dimensional distributions of process αn(t) weakly converge to the
distributions of process γ(t). This completes the proof of Lemma 4.2.

Let us now study the behavior of the processes

ϕn(t) =
[nt]∑
k=0

ϕnk, ψn(t) =
[nt]∑
k=o

ψnk, t ≥ 0.

Process ψn(t) is a martingale. First we prove that

[nt]∑
k=0

E
[
ψnkψ

∗
nk | σnk

] P−−→
∫ t

0

D
(
η(u)

)2du. (4.82)

Then this relation according to condition (4.68) and the results of [LIP 89], implies
that process ψn(t) J-converges in Dr

T to martingale ψ(t) which can be represented in
the form

∫ t

0
D(η(u))dw(u).

Indeed, Theorem 4.5 implies that if n → ∞ in such a way that k/n → t, then
η̃nk → s(y(t)) = η(y−1(y(t))) = η(t). Using the continuity of function b̃(α) and
conditions (4.69) and (4.71), it is not difficult to prove that equation (4.82) is true.

Now consider process ϕn(t). Let us introduce the process

ϕ̃n(t) =
1√
n

[nt]∑
k=o

γn

(
xnk, ηnk

)
, t ≥ 0.

Note that processes ψn and ϕ̃n(t) are asymptotically independent. Using condition
(4.72), a local Lipschitz condition of the type (4.53) for variables γn(x, α) in equa-
tion (4.66), a strong mixing condition (4.76) and the results of Chapter 4 (see also
[ANI 88]) we prove that process ϕ̃n(t) J-converges in Dr

T to martingale ϕ(t) which
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can be represented in the form

ϕ(t) =
∫ t

0

B
(
η(u)

)
dw(u).

Furthermore, let us prove that

sup
t≤T

∣∣ϕn(t) − ϕ̃n(t)
∣∣ P−−→ 0. (4.83)

Consider for ε > 0 the event

Aε(t) =
{

sup
k≤nt

∣∣ηnk − η(k/n)
∣∣ ≤ ε, sup

k≤nt

∣∣η̃nk − η(k/n)
∣∣ ≤ ε

}
,

and let χε(t) be the indicator of this event. The results above imply that as n → ∞,
P{Aε(t)} → 1. Now let us choose εn → 0 is such a way that P{Aεn

(t)} → 1. Note
that according to the definition of processes ηn(t) and yn(t) we may choose εn in the
form εn = Ln/

√
n, where Ln → ∞. Then

P
{

sup
t≤T

∣∣ϕn(t) − ϕ̃n(t)
∣∣ > δ

}
≤ P

{
sup
t≤T

∣∣ϕn(t) − ϕ̃n(t)
∣∣ > δ,Aεn

(T )
}

+ P
{
Aεn

(T )
}
.

Consider process δn(t) = (ϕn(t) − ϕ̃n(t))χεn
(T ). Assume without loss of gen-

erality that P{xn0 ∈ A} = πn(A). Let z̃k and zk, k ≥ 0, be some non-random
sequences in Rr. Denote

ϕnk

(
zk, z̃k

)
=

1√
n

(
bn
(
xnk, zk

)− bn
(
zk

)− b̃
(
z̃k

)(
mn

(
xnk, zk

)−mn

(
zk

)))
,

ϕn

(
t, z(·)) =

[nt]∑
k=0

ϕnk

(
zk, z̃k

)− ϕ̃n(t).

Note that for any function ϕ(u, v) > 0, random vector (ξ, η) and region Q,

Eϕ(ξ, η)χ
(
(ξ, η) ∈ Q

) ≤ sup
u∈Q̃

Eϕ(u, η)χ
(
(ξ, η) ∈ Q

) ≤ sup
u∈Q̃

Eϕ(u, η),

where Q̃ = {u : (u, v) ∈ Q}. Using this inequality we find that

Eδn(t)δn(t)∗ ≤ sup
{
Eϕn

(
t, z(·))ϕn

(
t, z(·))∗ :∣∣zk − η(k/n)

∣∣ ≤ εn,
∣∣z̃k − η(k/n)

∣∣ ≤ εn, k ≤ nt
}
.
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Note that by definition Eϕnk(zk, z̃k) = 0. Then, using the local Lipschitz condi-
tion we can prove that in the region |zk − η(k/n)| ≤ εn, |z̃k − η(k/n)| ≤ εn, the
following relation is true

E

∣∣∣∣∣
(
ϕnk

(
zk, z̃k

)− 1√
n
γn

(
xnk, η(k/n)

)(
ϕnk

(
zk, z̃k

)− 1√
n
γn

(
xnk, η(k/n)

)))∗∣∣∣∣∣
≤ 1
n
Cεn.

According to the results of Chapter 4 (see also [ANI 88]) this relation implies that

Eδn(t) −→ 0, Eδn(t)δn(t)∗ −→ 0. (4.84)

As the measures generated by the processes δn(t) satisfy the condition of the weak
compactness in the space Dr

T , relations (4.84) then imply supt≤T |δn(t)| → 0, and
relation (4.83) is true.

Finally, we prove that the sequence of processes ϕn(t)+ψn(t) J-converges inDr
T

to a process which can be represented in the form∫ t

0

D
(
η(u)

)
dw1(u) +

∫ t

0

B
(
η(u)

)
dw2(u),

where w1(·) and w2(·) are two independent Wiener processes, or in the equivalent
form ∫ t

0

(
D
(
η(u)

)2 +B
(
η(u)

)2) 1
2
dw(u).

Therefore, all conditions of Lemma 4.2 are satisfied and the sequence of processes
γn(t) J-converges in Dr

T to process γ(t), where γ(0) = κ0 and

dγ(t) = m
(
η(t)

)
q
(
η(t), γ(t)

)
dt+

(
D
(
η(t)

)2 +B
(
η(t)

)2) 1
2
dw(t).

Furthermore, as 1
n tnk ≤ t < 1

n tnk+1,∣∣κn(t) − γn

(
μn(t) − 1/n

)∣∣ ≤ 1√
n
τnk sup

1
n tnk≤u< 1

n tnk+1

∣∣b̃(u)∣∣.
It follows from Theorem 4.5 that μn(T ) → μ(T ). Then, as μn(T ) < μ(T ) + δ,

sup
t≤T

∣∣κn(t) − γn

(
μn(t) − 1/n

)∣∣ ≤ CT
1√
n

max
k/n≤μ(T )+δ

τnk.
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Condition (4.68) implies that as n→ ∞
n sup

|α|≤N

P
{
τn1(x, nα) >

√
nε
}

≤ ε−2 sup
|α|≤N

Eτn1(x, nα)2χ
(
τn1(x, nα) >

√
nε
) −→ 0.

(4.85)

Therefore, (4.85) implies that for any N in the region |α| ≤ N ,

P
{

1√
n

max
k/n≤L

τnk > ε

}
≤

[nL]∑
k=0

P
{
τnk >

√
nε
}

≤ nL max
k≤nL

P
{
τnk >

√
nε
} −→ 0.

(4.86)

Finally, using the results on the convergence of the superposition of random func-
tions [BIL 68] we prove that the sequence of processes κn(t) weakly converges to the
process κ(t) = γ(μ(t)). Calculating the differential of κ(t) according to the relation
dw(μ(t)) ∼√μ′(t)dw(t) we obtain equation (4.74) and Theorem 4.6 is proved.

4.4.1. Averaging principle and diffusion approximation for SMP

Now consider the case when distributions of the variables (ξnk(x, z), τnk(x, z))
in equation (4.46) do not depend on the argument z. In this case, we introduce the
family of random variables Fnk = {(ξnk(x), τnk(x)), x ∈ X}, k ≥ 0, with values
in Rr × [0,∞) and distributions not depending on index k. Process xn(t) defined by
equation (4.48) is an SMP given by the embedded MP xnk and the sojourn time in state
x, τnk(x). Correspondingly, process Sn(t), defined by equation (4.48), represents the
sum of random variables ξnk(x) defined on the trajectory of an SMP xn(·) in the
interval [0, t].

Suppose that MP xnk, k ≥ 0, at each n > 0 has a stationary measure πn(A),
A ∈ BX , and denote

mn(x) = Eτn1(x), bn(x) = Eξn1(x),

mn =
∫

X

mn(x)πn(dx), bn =
∫

X

bn(x)πn(dx).
(4.87)

As a consequence of Theorems 4.5 and 4.6 we obtain the following results.

COROLLARY 4.2. Suppose that conditions (4.51) and (4.55) are true,

lim
L→∞

lim sup
n→∞

sup
x

{
Eτn1(x)χ

(
τn1(x) > L

)
+ E

∣∣ξn1(x)
∣∣χ(∣∣ξn1(x)

∣∣ > L
)}

= 0,
(4.88)

and mn → m > 0, bn → b.
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Then relation (4.56) holds for any T > 0, where s(t) = s0 + tb/m.

Now we study the conditions of the convergence of the process

κn(t) =
1√
n

(
Sn(nt) − ns(t)

)
with s(t) = s0 + tb/m to a diffusion process. Denote

ρnk(x) = ξnk(x) − bn(x) − (τnk(x) −mn(x)
)
b/m,

D2
n(x) = Eρn1(x)ρn1(x)∗,

γn(x) = bn(x) − bn − (mn(x) −mn

)
b/m.

(4.89)

COROLLARY 4.3. Suppose that the assumptions of Corollary 4.2 are satisfied where
condition (4.51) is replaced by condition (4.67),

lim
L→∞

lim sup
n→∞

sup
x

{
Eτ2

n1(x)χ
(
τn1(x) > L

)
+ E

∣∣ξn1(x)
∣∣2χ(∣∣ξn1(x)

∣∣ > L
)}

= 0;
(4.90)

and there exist matrices D2 and B2 such that

D2
n =

∫
X

D2
n(x)πn(dx) −→ D2, B2

n1 +B2
n2 −→ B2, (4.91)

where B2
n1 =

∫
X
γn(x)γn(x)∗πn(dx), and B2

n2 =
∑

k≥1Eγn(xn0)γn(xnk)∗, with

P{xn0 ∈ A} = πn(A), A ∈ BX , and also κn(0) w=⇒ κ0, where κ0 is a proper
random variable.

Then for any T > 0 the sequence of processes κn(t) J-converges in the space Dr
T

to the diffusion process

κ(t) = m− 1
2
(
D2 +B2

) 1
2w(t).

This means that κ(t) is a Wiener process in Rr with mean zero and covariance
matrix (D2 +B2)/m.

4.5. Averaging principle for RPSM with feedback

Let us prove AP for a general RPSM. For any n > 0, let Fnk = {(ξnk(x, α),
τnk(x, α), βnk(x, α)), x ∈ X, α ∈ Rr}, k ≥ 0, be jointly independent families of
random vectors with values in the space Rr × [0,∞) ×X , where X is a measurable
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space. In addition, let (xn0, Sn0) be the initial value which is independent of Fnk,
k ≥ 0. We put

tn0 = 0, tnk+1 = tnk + τnk

(
xnk, Snk

)
,

Snk+1 = Snk + ξnk

(
xnk, Snk

)
, xnk+1 = βnk

(
xnk, Snk

)
, k ≥ 0,

(4.92)

and define

Sn(t) = Snk, xn(t) = xnk, as tnk ≤ t < tnk+1, t ≥ 0. (4.93)

The pair (xn(t), Sn(t)), t ≥ 0, according to the definition in section 1.2.4 and
relations (1.12), (1.13), is a general RPSM with feedback between both components.
Suppose for simplicity that the distributions of families Fnk do not depend on index
k ≥ 0, and let there be moment functions

mn(x, α) = Eτn1(x, nα), bn(x, α) = Eξn1(x, nα).

Denote pn(x,A, α) = P{βn1(x, α) ∈ A}, x ∈ X , A ∈ BX , α ∈ Rr, and let for
any fixed α, x̃nk(α), k ≥ 0, be an auxiliary MP in X with transition probabilities

P
{
x̃nk+1(α) ∈ A | x̃nk(α) = x

}
= pn(x,A, α).

Suppose that there exists a family of transition probabilities q(x,A, α), x ∈ X ,
A ∈ BX , α ∈ Rr, where the function q(x,A, α) is uniformly continuous in α in each
bounded region |α| ≤ L uniformly in x ∈ X , A ∈ BX , and let for any L > 0,

sup
x,A,|α|≤L

∣∣pn(x,A, α) − q(x,A, α)
∣∣ −→ 0. (4.94)

Furthermore, suppose that an MP x̃nk(α), k ≥ 0, is uniformly ergodic with sta-
tionary measure π(A,α) uniformly in α in each bounded region and in n > 0. Denote

mn(α) =
∫

X

mn(x, α)πn(dx, α), bn(α) =
∫

X

bn(x, α)πn(dx, α).

THEOREM 4.7. Suppose that equation (4.94) holds and:

1) for any fixed N > 0,

lim
L→∞

lim sup
n→∞

sup
|α|<N

sup
x

{
Eτn1(x, nα)χ

(
τn1(x, nα) > L

)
+ E

∣∣ξn1(x, nα)
∣∣χ(∣∣ξn1(x, nα)

∣∣ > L
)}

= 0;

2) for any x as max(|α1|, |α2|) ≤ N ,∣∣mn

(
x, α1

)−mn

(
x, α2

)∣∣+ ∣∣bn(x, α1

)− bn
(
x, α2

)∣∣ ≤ CN

∣∣α1 − α2

∣∣+ αn(N),

where CN are some constants, and αn(N) → 0 uniformly in |α1| ≤ N , |α2| ≤ N ;
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3) there exist functions b(α) and m(α) > 0, and a variable s0 (possibly random)
such that as n→ ∞,

bn(α) −→ b(α), mn(α) −→ m(α), α ∈ Rr,

and n−1Sn0
P−−→ s0.

Then

sup
0≤t≤T

∣∣n−1Sn(nt) − s(t)
∣∣ P−−→ 0,

where

s(0) = s0, ds(t) = m
(
s(t)

)−1
b
(
s(t)

)
dt, (4.95)

and T is any positive number such that y(+∞) > T with probability one where

y(t) =
∫ t

0

m
(
η(u)

)
du, (4.96)

and η(0) = s0, dη(u) = b(η(u))du.

The proof of this result follows from the averaging principle for general switching
recurrent sequences and switching processes with feedback [ANI 91a, ANI 92a].

4.6. Averaging principle and diffusion approximation for switching processes

In this section we study the AP and DA for SPs in the series scheme and in the
case of fast switches. Let at each n > 0,

Fnk =
{(
ζnk(t, x, α), τnk(x, α), βnk(x, α)

)
, t > 0, x ∈ X, α ∈ Rr

}
, k ≥ 0,

be the families of random processes ζnk(·) which are jointly independent in k with
values in Rr and trajectories belonging to Skorokhod space and random variables
(τnk(·), βnk(·)) with values in [0,∞) × Rr, and let (xn0, Sn0) be the initial value.
These families determine the sequence of SPs (xn(t), ζn(t)), t ≥ 0 and the sequence
of RPSMs Sn(t) according to relations (1.3)–(1.5), section 1.2.1.

First let us establish the results on the asymptotic closeness of trajectories of pro-
cesses ζn(·) and Sn(·). Denote

νn(t) = min
{
k : k > 0, tnk+1 > nt

}
, (4.97)

gnk(x, α) = sup
t<τnk(x,α)

∣∣ζnk(t, x, α)
∣∣. (4.98)
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THEOREM 4.8. Suppose that there exist non-random sequences vn → ∞ and cn such
that for some T > 0,

lim
L→∞

lim sup
n→∞

P
(
v−1

n νn(T ) > L
)

= 0, (4.99)

and for any ε > 0, L > 0,

lim
n→∞

[vnL]∑
k=0

sup
x,α

P
(
cngnk(x, α) > ε

)
= 0. (4.100)

Then

lim
n→∞P

(
cn sup

t≤T

∣∣ζn(nt) − Sn(nt)
∣∣ > ε

)
= 0. (4.101)

Proof. By definition of an SP we obtain for any fixed L > 0,

P
(
cn sup

t≤T

∣∣ζn(nt) − Sn(nt)
∣∣ > ε

)
≤ P

(
cn max

k≤νn(T )+1
gnk

(
xnk, Snk

)
> ε

)
≤ P

(
cn max

k≤[vnL]
gnk

(
xnk, Snk

)
> ε

)
+ P

(
νn(T ) >

[
vnL

])
.

(4.102)

Denote gnk = cngnk(xnk, Snk) and introduce the events:

Ank =
{
gni ≤ ε, i < k

}
, k > 0, An0 = Ω – certain event.

Using inequalities (4.42)–(4.44) and taking into account condition (4.100) we get
that as n→ ∞,∣∣∣∣ lnP

(
max

k≤vnL
gnk ≤ ε

)∣∣∣∣
≤
(

1 + max
k≤vnL

sup
x,α

P
(
cnkgnk(x, α) > ε

)) [νnT ]∑
k=0

sup
x,α

P
(
cngnk(x, α) > ε

) −→ 0.

These relations according to equations (4.99) and (4.102) imply the statement of
Theorem 4.8.

Note that it is sufficient if condition (4.100) is satisfied for any fixed N in the
region |α| ≤ nN .
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Theorem 4.8 shows that under simple natural assumptions the trajectories of an SP
and a simple RPSM in the case of fast switching are asymptotically close. Therefore,
it is sufficient to analyze the behavior of RPSM Sn(t) which generally has a more
simple structure.

Now we will combine the results of Theorem 4.8 and Theorems 4.3, 4.4, 4.5 and
4.6 and prove the AP and DA for SPs.

Consider two cases: the case when there is no additional Markov switching (the
process is switched according to its operation) and the case when there is an external
Markov environment.

Let at each n > 0, Fnk = {(ζnk(t, α), τnk(α)), t ≥ 0, α ∈ Rm}, k ≥ 0, be
the families of random processes which are jointly independent in k with values in
Rr and trajectories belonging to Skorokhod space and random variables with values
in [0,∞), Sn0 be the initial value. Denote ξnk(α) = ζnk(τnk(α), α) and construct
RPSM Sn(t) according to formulae (4.13), (4.14) and also an SP ζn(t):

ζn(t) = Snk + ζn
(
t− tnk, Snk

)
as tnk ≤ t < tnk+1, t ≥ 0.

Suppose for simplicity that the distributions of families Fnk do not depend on
index k. Denote gn(α) = supt<τn1(α) |ζn1(t, α)|.

THEOREM 4.9 (AP). Suppose that the conditions of Theorem 4.3 hold and for any
ε > 0, N > 0,

lim
n→∞n sup

|α|≤Nn

P
(
cngn(α) > ε

)
= 0, (4.103)

where cn = 1/n. Then

sup
0≤t≤T

∣∣n−1ζn(nt) − s(t)
∣∣ P−−→ 0. (4.104)

THEOREM 4.10 (DA). Suppose that the conditions of Theorem 4.4 hold and equation
(4.103) takes place where cn = 1/

√
n. Then the sequence of processes

γ̃n(t) =
1√
n

(
ζn(nt) − ns(t)

)
J-converges to the diffusion process γ(t) satisfying equation (4.36).

Proof. If the conditions of Theorem 4.3 hold, then as follows from relation (4.29)

n−1νn(T ) P−−→ μ(T ). This relation implies condition (4.99) with vn = n. Now
according to Theorem 4.8 relation (4.101) with cn = 1/n is true and relation (4.104)
follows from relations (4.101) and (4.19). By analogy Theorem 4.10 is proved.
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Consider a special case which is usually seen in queueing models when the tra-
jectory of process ζnk(t, α) is monotonic in the interval [0, τnk(α)). In this case
gn(α) = |ξn1(α)|. The following statement is true.

STATEMENT 4.1. If the trajectory of ζnk(t, α) for any α is monotone in interval
[0, τnk(α)) with probability one, then relation (4.103) in both theorems is automat-
ically satisfied. Thus, the conditions of Theorem 4.3 imply relation (4.104) and corre-
spondingly the conditions of Theorem 4.4 imply J-convergence of the process γ̃(t) to
γ(t).

Proof. Indeed, in this case

n−1 sup
t≤T

∣∣ζn(nt) − Sn(nt)
∣∣ ≤ n−1 max

k≤νn(t)

∣∣ξnk

(
Snk

)∣∣. (4.105)

However, the uniform convergence in equation (4.19) automatically implies that
the value of the maximum jump of the process Sn(nt)/n in the interval [0, T ] tends
in probability to zero. This implies that the right-hand side in equation (4.105) tends
in probability to zero which is equivalent to relation (4.103). The same conclusion
is valid for Theorem 4.4 as J-convergence to continuous process γ(t) automatically
implies U -convergence.

Now consider the case of additional Markov switching. Let at each n ≥ 0,
Fnk = {(ζnk(t, x, α), τnk(x, α)), x ∈ X, α ∈ Rr}, k ≥ 0, be the jointly
independent in k families of random processes ζnk(·) with values in Rr and
trajectories belonging to Skorokhod space and random variables τnk(·) with values
in [0,∞) with distributions not depending on index k. Also let xni, i ≥ 0, be the
independent of Fnk, k ≥ 0 homogenous MP with values in X and Sn0 be the initial
value. These families determine an SP (xn(t), Sn(t)) in the following way. Put

tn0 = 0, tnk+1 = tnk + τnk

(
xnk, Snk

)
,

Snk+1 = Snk + ξnk

(
xnk, Snk

)
, k ≥ 0,

where ξnk(x, α) = ζnk(τnk(x, α), x, α), and set

ζn(t) = Snk + ζnk

(
t− tnk, xnk, Snk

)
,

xn(t) = xnk as tnk ≤ t < tnk+1, t ≥ 0.

THEOREM 4.11. Let the conditions of Theorem 4.5 hold and for any ε > 0, N > 0,

lim
n→∞ sup

|α|≤Nn

sup
x∈X

P
{
cngn1(x, α) > ε

}
= 0, (4.106)

where gnk(x, α) is defined in (4.98) and cn = 1/n.
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Then relation (4.104) is true where s(·) and T are defined according to relations
(4.57) and (4.58).

THEOREM 4.12. Suppose that the conditions of Theorem 4.6 hold and equation
(4.106) holds with cn =1/

√
n. Then the sequence of processes γ̃n(t)=n−1/2(ζn(nt)

− ns(t)) J-converges to diffusion process κ(t) satisfying equation (4.74).

The proof of these theorems follows from Theorems 4.8, 4.5 and 4.6.

4.6.1. Averaging principle and diffusion approximation for processes with semi-
Markov switching

Consider a particular case when an SP is a process with semi-Markov switching
(PSMS). Let for each n = 1, 2, . . ., Fnk = {ζnk(t, x, α), t ≥ 0, x ∈ X, α ∈ Rr},
k ≥ 0, be the jointly independent families of stochastic processes in Dr

∞, xn(t),
t ≥ 0, be an independent of Fnk SMP with values in some measurable space X ,
and Sn0 be an initial value. Denote by 0 = tn0 < tn1 < · · · the times of sequen-
tial jumps of xn(·), and introduce the embedded MP xnk = xn(tnk), k ≥ 0. We
construct a PSMS according to equation (1.14): put Snk+1 = Snk + ξnk, where
ξnk = ζnk(τnk, xnk, Snk), τnk = tnk+1 − tnk, and denote

ζn(t) = Snk + ζnk

(
t− tnk, xnk, Snk

)
, as tnk ≤ t < tnk+1, t ≥ 0. (4.107)

Then process (xn(t), ζn(t)), t ≥ 0, is a PSMS.

We consider for simplicity a homogenous case (distributions of ζnk(·) do not
depend on index k ≥ 0). Let τn(x) be the sojourn time in state x for SMP xn(·).
Denote for each x ∈ X , α ∈ Rr,

gn(x, α) = sup
t<τn(x)

∣∣ζn1(t, x, nα)
∣∣.

To apply the results of Theorems 4.5 and 4.6 note that, as we consider the process
with semi-Markov switching, variables τnk(x, nα) in notation (4.49) of Theorem 4.5
do not depend on α as these variables are the sojourn times in the states of SMP xn(t).
Therefore, we assume that MP xnk, k ≥ 0, at each n > 0 has a stationary measure
πn(A), A ∈ BX , and denote

mn(x) = Eτn(x), mn =
∫

X

mn(x)πn(dx). (4.108)

COROLLARY 4.4. Let the conditions of Theorem 4.5 be satisfied where τn1(x, nα) =
τn(x), mn(x, α) = mn(x) and mn(α) = mn. Also let for any N > 0, ε > 0,

lim
n→∞ sup

|α|≤N

sup
x
nP
{
n−1gn(x, α) > ε

}
= 0. (4.109)

Then relation (4.104) holds where s(t) satisfies equation (4.57) with m(s) = m.
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COROLLARY 4.5. Let the conditions of Theorem 4.6 be satisfied where in notation
(4.66), τnk(x, nα) = τn(x),mn(x, α) = mn(x) and mn(α) = mn. Also let for any
N > 0, ε > 0,

lim
n→∞ sup

|α|≤N

sup
x
nP
{
n−1/2gn(x, α) > ε

}
= 0. (4.110)

Then the statement of Theorem 4.6 is true, where in equation (4.74) m(s) = m.

A statement similar to Statement 4.1 is also valid.

STATEMENT 4.2. If the trajectory of ζnk(t, x, α) for any α, x is monotonic in the
interval [0, τnk(x, α)) with probability one, then relation (4.106) in both theorems is
automatically satisfied. Thus, the conditions of Theorem 4.5 imply relation (4.104) and
correspondingly the conditions of Theorem 4.6 imply J-convergence of process γ̃(t)
to γ(t).

Note that the averaging principle for the general SP (case of feedback) was proved
in [ANI 92a].
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Chapter 5

Averaging and Diffusion Approximation
in Overloaded Switching Queueing

Systems and Networks

5.1. Introduction

The complexity of real models of computing and information systems leads to
the necessity of the development of more complicated queueing models and new
approaches for modeling, analysis and asymptotic investigation.

A large number of papers are devoted to the analysis of queueing models in heavy
traffic conditions. This usually means that the characteristics of the system depend
on a parameter, say n, and as n → ∞, the average load in the system tends towards
one with the rate O(1/

√
n) (or even greater than one). The study of heavy traffic lim-

its has a long history and there are several directions oriented to different classes of
queueing models. Many authors deal with the renewal input process, the independent
service times and the routing processes not depending on the current size of a queue
or a workload process. For this case, the convergence of a normalized queue length
or a workload process to a solution of a differential equation (fluid limits) or to a
reflecting Brownian motion in a corresponding domain (Brownian approximation) is
proved for a single-class network (Reiman [REI 84]) and for various classes of multi-
class networks (see survey of Williams [WIL 96] and papers by Reiman [REI 88], Dai
and Kurtz [DAI 95], Harrison [HAR 95], Harrison and Williams [HAR 96], Bramson
[BRA 98], Williams [WIL 98], Dai [DAI 99], Chen and Zhang [CHE 00]). Several
classes of service disciplines for multiclass networks are studied in the latest paper by
Bramson and Dai [BRA 01]. The methods of analysis in these papers essentially use
the functional central limit theorems for arrival, service and routing processes and the
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continuous mapping theorems for the corresponding reflection map (or the continuity
of the Skorokhod reflection problem solution [SKO 62] and its generalizations).

Another direction is related to the analysis of Markov state-dependent queue-
ing models. The method of analysis here is mainly based on a martingale technique
[LIP 89] and again uses the continuous mapping theorems. Based on this technique,
the convergence of a queueing process for a state-dependent (M/MQ/1/cn)r net-
work in heavy traffic conditions to the diffusion process with the reflection in the
rectangle is proved in [ANI 90b], for (MQ/MQ/1/∞)r type networks the fluid lim-
its and the convergence to the diffusion process with the reflection in the orthant
are studied in papers by Mandelbaum and Pats [MAN 98b], Mandelbaum, Massey
and Reiman [MAN 98a], and the book by Basharin, Bocharov and Kogan [BAS 89].
Markov time-dependent models are considered in Mandelbaum, Massey [MAN 95]
and [MAN 98a]. Some results for the state-dependent arrival process and the general
service time distribution are given in Krichagina, Liptser and Puhalsky [KRI 88].

The fluid limits and the diffusion approximation (without reflection) for state-
dependent Markov queueing systems (networks) of the type (MQ/MQ/k/∞)r are
studied in [ANI 92b] based on AP and DA for so-called RPSMs [ANI 90a, ANI 95].
Some types of Markov state-dependent models (MQ/MQ/1/∞)r and non-Markov
models GQ/MQ/1/∞, (GQ/MQ/1/∞)r are considered in [ANI 90a, ANI 95,
ANI 97] as examples of using this approach.

In this chapter the fluid and diffusion approximation type results are extended to
more general classes of queueing models of a switching structure. This means, the cor-
responding queueing process can be represented in terms of switching processes. The
SP has the property that the character of its operation varies spontaneously (switches)
at some points of time which can be random functionals of the previous trajectory or
possibly jumps of a random environment. The environment may reflect some outer
perturbations, a type of operating regime, a number of working servers, a domain
of operation for a queueing process, a type of priority, etc. In the intervals between
switches the process may have a non-Markov structure. A general description of an
SP is given in section 1.2.1 (see also [ANI 77, ANI 78, ANI 95]).

The class of switching queueing models in particular includes open and closed
Jackson type Markov and semi-Markov systems and networks with the dependence
of the arrival, service and routing processes on the current state of the queueing pro-
cess and possibly an additional Markov or semi-Markov environment (for instance,
a batch semi-Markov arrival process, a service rate depending on the current size of
the queue and the environment, etc.). This class also includes different models with
multiple calls, calls of a random size and different priorities, models with negative
and impatient calls, semi-Markov models with unreliable servers, non-homogenous
in time Markov and semi-Markov models, networks (GQ/MQ/s/m)r with the state-
dependent non-exponential arrival process [ANI 95], some classes of state-dependent
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retrial models [ANI 99a, ANI 99c, ANI 01] and polling systems. In terms of SPs we
can also describe an output process jointly with the queueing process and some other
types of additive functionals on the trajectory of the queueing process such as flows
of lost calls, etc.

The queueing processes in switching models are more complicated, the reflected
process in general cannot be represented as a functional of the independent primary
processes (arrival, service, routing) and a martingale technique cannot be applied
directly. Therefore, we restrict our analysis to studying overloaded models without
reflection on the boundary. This means that we study the convergence on interval
[0, T ] such that in each component s(t) > 0, t ∈ [0, T ], where s(t) is a fluid limit (a
limit for a normalized queueing process).

A new approach for the investigation of the asymptotic behavior of switching
queueing models is developed. It is based on AP and DA type results for SPs (see
Chapter 4 and [ANI 77, ANI 92a, ANI 94a, ANI 95]), and uses the representation of
queueing processes in terms of SPs. This approach allows us to extend fluid and dif-
fusion approximation type results (without reflection) to new more general classes of
queueing models, in particular, to state-dependent Markov queueing systems and net-
works (MQ,B/MQ,B/k/∞)r with batch arrival process and service, state-dependent
Markov models (MM,Q/MM,Q/k/∞)r in a Markov environment, state-dependent
semi-Markov type models (MSM,Q/MSM,Q/k/∞)r, retrial queues and some types
of non-semi-Markov models. From the other side, it also gives us a new technique for
studying known classes of Markov state-dependent and time-dependent models such
as (MQ/MQ/1/∞)r.

In this chapter we concentrate our attention on the study of state-dependent
Markov and semi-Markov queueing models and their modifications in the presence
of the ergodic Markov or semi-Markov environment as well. We assume that
characteristics of the system depend on a parameter n, n → ∞, and the arrival and
service processes as well as the routing matrix may depend on the current value of
the queueing process Qn(t) (a vector of queues or a workload process) and possibly
a random environment xn(t). In specific applications the environment may appear
due to some external or internal factors. In general, the environment may depend on
the queueing process itself and in this case it will not be a Markov or a semi-Markov
process (case of feedback). We also assume that a number of calls (or a value of a
workload process) in the system is asymptotically large, which may be caused by a
high load or by a large initial value of the queueing process.

For queueing models of this type we prove that under rather general assumptions
a multidimensional queueing process n−1Qn(nt) in an interval [0, T ] uniformly con-
verges in probability to a function s(t) which is a positive solution of an ordinary
differential equation (fluid limit), we also call it the averaging principle, and the nor-
malized queueing process n−1/2(Qn(nt) − ns(t)) J-converges (in the sense of a
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weak convergence of probability measures induced by the process in the space Dr
T

and endowed by Skorokhod topology) to a diffusion process with coefficients depend-
ing in general on s(t) (diffusion approximation). Here Dr

T is the Skorokhod space of
r-dimensional right-continuous functions given on [0, T ] with finite left limits. Read-
ers are refered to Skorokhod [SKO 56], Billingsley [BIL 68] and Ethier and Kurtz
[ETH 86] for the definition of Skorokhod space and Skorokhod topology.

These results are mainly oriented to the analysis of a transient behavior of the
queueing processes. They also allow us to study the transient behavior of the queue-
ing process even for ergodic systems in the case, when the initial value of the process
is large, and, in addition, to obtain the asymptotic behavior of the hitting time to zero,
as the weak convergence of measures implies the weak convergence of continuous
functionals of the process such as hitting times. From the other side, for some types of
overloaded models the queueing process cannot asymptotically reach zero (for exam-
ple, for the M/M/∞ model (network) when the service rate goes to 0). For models
of this type we obtain the approximation on the entire time horizon. It is possible to
study so-called quasi-stationary regimes as well. These regimes appear when the cor-
responding fluid limit s(t) has a point of stability s∗ > 0. In this case, as n → ∞
and then t → ∞, the value n−1Qn(nt) is asymptotically close to s∗. In particular,

if n−1Qn(0) P−−→ s∗, then the coefficients of the limiting diffusion process do not
depend on time, and the queueing process balances near some asymptotically high
level ns∗ as a homogenous diffusion process multiplied by

√
n.

The results of this chapter are partially published in [ANI 02]. Section 5.2 is
devoted to the asymptotic analysis (fluid limits and diffusion approximation) of some
classes of overloaded state-dependent Markov queueing systems and networks in tran-
sient conditions. Non-Markov models and some special models such as polling sys-
tems are considered in section 5.3. Section 5.4 deals with a special class of queueing
models – retrial queueing systems.

5.2. Markov queueing models

In overloaded switching queueing models various multidimensional characteristics
(numbers of calls at different nodes, volume of information in buffers, output flows,
flows of lost calls, waiting times, etc.) can be approximated by the solutions to differ-
ential equations or by the diffusion processes. The method of analysis is based on the
AP and DA type results for SPs (see Chapter 4) and uses the representation of cor-
responding queueing processes as SPs. We restrict our analysis to studying queueing
processes without reflection and consider the convergence on interval [0, T ] such that
in each component s(t) > 0, t ∈ [0, T ]. The analysis of reflecting processes should be
moved into a separate problem.

In the next section in order to illustrate a general approach we consider different
classes of overloaded state-dependent Markov queueing systems and networks.
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5.2.1. System MQ,B/MQ,B/1/∞
Now consider the rather general Markov system MQ,B/MQ,B/1/∞ considered

in section 2.2.1.3. This system includes state-dependent systems with batch arrivals
and service, systems with different types of calls, impatient calls, etc.

Suppose that characteristics of the system depend on a scaling parameter n→ ∞.
Let non-negative functions λ(q), μ(q), νi(q), i = 1,m, q ∈ Rm

+ , be given. Also let
α(q), γ(q), βi(q), i = 1,m, q ∈ Rm

+ , be random variables with values in Rm
+ . There

is one server and an infinite number of waiting places. Denote by Qn(t) the number
of calls in the system at time t, Qn(t) ∈ Rm

+ . Vector values may denote the different
classes of calls or different priorities. The system operates in the following way: if
Qn(t) = nq, then with the local arrival rate λ(q) a batch of α(q) calls may enter the
system. Correspondingly, with the local service rate μ(q) a batch of min{γ(q), nq}
calls may complete service (in the case of vector-valued variables the minimum is
taken in each component). In addition to this, each call of type i in the queue, inde-
pendently of others, with the local rate n−1νi(q) may be transformed into ei + βi(q)
calls, where ei is a vector with the ith component equal to one, and other components
equal to 0 leave the system after service completion. If vector βi(q) can have nega-
tive components (for instance, there are impatient calls), then after transformation we
obtain min{0, nq + βi(q)} calls in the system.

Denote Λ(q) = λ(q)+μ(q)+ν(q), where ν(q) =
∑m

i=1 qiνi(q), q = (q1, . . . , qm),
and introduce the following moment functions:

m(1)(q) = Eα(q), m(2)(q) = Eγ(q), m
(3)
i (q) = Eβi(q),

d(1)(q) = Eα(q)α(q)∗, d(2)(q) = Eγ(q)γ(q)∗, d
(3)
i (q) = Eβi(q)βi(q)

∗,

where the expectation is taken in each component, and a∗ denotes the conjugate vector.
Put

b(q) = m(1)(q)λ(q) −m(2)(q)μ(q) +
m∑

i=1

m
(3)
i (q)qiνi(q),

B2(q) = d(1)(q)λ(q) + d(2)(q)μ(q) +
m∑

i=1

d
(3)
i (q)qiνi(q).

In addition, let G(q) be the matrix of partial derivatives for b(q):

lim
h→0

h−1
(
b(q + hz) − b(q)

)
= G(q)z, z ∈ Rm.

For any two vectors a and b, the inequality a > b means that ai > bi for all
components. Denote by s(t) a solution of the differential equation

ds(t) = b(s(t))dt, s(0) = s0. (5.1)
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Let us prove AP and DA for the queueing process.

THEOREM 5.1. 1) Suppose that in any bounded and closed domain in int{Rm
+} vari-

ables α(q), γ(q), β(q) are uniformly q integrable, functions λ(q), μ(q), νi(q),m
(j)
i (q)

are locally Lipschitz, and Λ(q) > 0. In addition, let

n−1Qn(0) P−−→ s0, (5.2)

where s0 > 0 is a deterministic value, there exist T > 0 such that s(t) > 0, t ∈ [0, T ],
and also y(+∞) > T , where y(t) =

∫ t

0
Λ(η(u))−1du, and the function η(t) satisfies

the equation

η(0) = s0, dη(t) = b(η(t))Λ(η(t))−1dt, (5.3)

a unique solution of which exists in any interval.

Then a unique solution of equation (5.1) exists in interval [0, T ] and

sup
0≤t≤T

∣∣n−1Qn(nt) − s(t)
∣∣ P−−→ 0. (5.4)

2) Suppose in addition that variables |α(q)|2, |γ(q)|2 and |β(q)|2 are integrable
uniformly in q in any bounded and closed domain in int{Rm

+}, functions B2(q) and

G(q) are continuous in int{Rm
+}, and n−1/2(Qn(0) − ns0)

w=⇒ ζ0.

Then the sequence of processes ζn(t) = n−1/2(Qn(nt) − ns(t)) J-converges in
Dr

T to a diffusion process ζ(t) satisfying the following stochastic differential equation:

dζ(t) = G
(
s(t)

)
ζ(t)dt+B

(
s(t)

)
dw(t), ζ(0) = ζ0.

a unique solution of which exists on interval [0, T ].

Note that int{Rm
+} = Rm

+\∂Rm
+ (the interior of Rm

+ ), matrix B(q) satisfies
relation B(q)B(q)∗ = B(q)2, w(t) is a standard Wiener process in Rm, and J-
convergence of random processes in Dr

T means the weak convergence of probability
measures induced by the processes on Skorokhod space Dr

T and endowed by Sko-
rokhod topology [SKO 56].

Proof. Let us introduce the jointly independent families of random variables
{(τnk(nq), ξnk(nq))}, k ≥ 0. Here τnk(nq) has an exponential distribution with
parameter Λ(q) = λ(q)+μ(q)+ν(q), where ν(q) =

∑m
i=1 qiνi(q), q = (q1, . . . , qm).

ξnk(nq) is independent of τnk(nq) and can be represented in the form:

ξn1(nq) =

⎧⎪⎨⎪⎩
α(q), with probab. λ(q)Λ(q)−1,

−γ(q), with probab. μi(q)Λ(q)−1,

βi(q), with probab. qiνi(q)Λ(q)−1,

i = 1,m. (5.5)
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Now, in order to avoid the consideration of truncated random variables, we con-
struct an auxiliary RPSM Q̃n(t) defined in the whole space Rm. Let si(t) be the
ith component of function s(t). Put δ = min1≤i≤m min0≤t≤T si(t). By construc-
tion, δ > 0. Take ε = δ/2 and consider the orthant Rm

+ (ε) = {a : a ∈ Rm
+ ,

ai ≥ ε, i = 1, . . . ,m}. Now we extend the introduced functions and random variables
from the domain Rm

+ (ε) to the whole space Rm in the following way.

Let f(q), q ∈ Rm
+ (ε), be a given function. We define a function f̃(a), a ∈ Rm,

according to the transformation: f̃(a1, . . . , am) = f(max(a1, ε), . . . ,max(am, ε)).
By construction, in the domain Rm

+ (ε) f̃(q) = f(q). If f(q) is a function that is

continuous (locally Lipschitz) in Rm
+ (ε), then it is easy to check that f̃(a) is also

continuous (locally Lipschitz) in Rm.

Using this transformation, we define functions λ̃(a), μ̃(a), ν̃i(a), i = 1,m,
a ∈ Rm, and random variables α̃(a), γ̃(a), β̃i(a), i = 1,m, for any a ∈ Rm.
Construct variables τ̃nk(na) and ξ̃nk(na) as in equation (5.5) and above. Using these
variables, we can define according to relations (4.13), (4.14) an RPSM Q̃n(t). It can
take values in Rm, and, by construction, if in an interval [0, T ] Q̃n(t) ≥ nε, then its
trajectory coincides with the trajectory of queueing process Qn(t) in [0, T ].

Let us study the behavior of Q̃n(t). As we can see, all conditions of Theorem
4.3 are satisfied. We can calculate the expectation of ξn1(nq) and see that Q̃n(nt)
satisfies relation (5.4) with the same function s(t). Now consider an interval [0, T ],
where s(t) > 0, t ∈ [0, T ]. Then, for ε > 0 chosen above, we have s(t) ≥ 2ε,
t ∈ [0, T ], and equation (5.4) implies that

P
(
n−1Q̃n(nt) ≥ ε, t ∈ [0, T ]

) −→ 1. (5.6)

Let us now construct on the same probability space the queueing process Qn(nt)
and RPSM Q̃n(nt) in a recurrent way as follows. Put Q̃n(0) = Qn(0). Then we
generate a sequence of random variables ω1, ω2, . . . , that are uniformly distributed
in [0, 1] and construct recursively using this sequence variables Q̃nk, τ̃nk(Q̃nk),
ξ̃nk(Q̃nk), k ≥ 0, according to relations (4.13), (4.14) and using a standard
simulation technique. For example, we construct an exponential random variable
using the relation τnk(Q) = −Λ(n−1Q)−1 lnω3k, and ξnk(Q) is constructed by
variables ω2k+1, ω2k+2 in two stages according to equation (5.5). Then we construct
trajectories of Qn(nt) and Q̃n(nt), where a trajectory of Q̃n(nt) is constructed
according to relations (4.13), (4.14) for variables with a tilde. By construction, if in
an interval [0, T ], Q̃n(nt) ≥ nε, then Q̃n(nt) = Qn(nt), t ∈ [0, T ]. Now for any
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measurable set A of functions from σ-algebra BDr
T

relation (5.6) as n→ ∞ implies∣∣P(n−1Qn(nt) ∈ A, t ∈ [0, T ]
)− P

(
n−1Q̃n(nt) ∈ A, t ∈ [0, T ]

)∣∣
≤ ∣∣P(n−1Qn(nt) ∈ A, Q̃n(nt) ≥ nε, t ∈ [0, T ]

)
− P

(
n−1Q̃n(nt) ∈ A, Q̃n(nt) ≥ nε, t ∈ [0, T ]

)∣∣
+ 2P

(
exists u, u ∈ [0, T ] such that Q̃n(nu) < nε

)
= 2P

(
exists u, u ∈ [0, T ] such that Q̃n(nu) < nε

) −→ 0.

This relation proves that the asymptotic behavior of trajectories of the queue and
auxiliary RPSM Q̃n(nt) is the same, and finally implies relation (5.4).

To prove the second part of Theorem 5.1, we first prove DA for the process Q̃n(nt).
The proof is based on the results of Theorem 4.4. This result is then extended using
the same considerations as above to the process Qn(nt).

NOTE 5.1. The result of Theorem 5.1 is also valid if the value s0 is a random vari-
able and corresponding relations involving s0 are satisfied with probability one. These
results can also be extended to the case of r servers.

Let us now consider as examples some special classes of Markov state-dependent
models.

5.2.2. System MQ/MQ/1/∞

Consider the system described in section 2.2.1.1. There is one server with an infi-
nite number of waiting places. We study AP and DA for the queueing process in
transient conditions and assume that the initial number of calls is of the order n. In
this case we assume that the input and service rates depend on the normalized number
of the calls in the system in the following way. If at time t there are Q calls in the
system, then the input rate is λ(Q/n) and the service rate is μ(Q/n) where λ(q) and
μ(q) are given functions. Denote by Qn(t) the number of calls in the system at time
t. Suppose that as n→ ∞,

Qn(0)/n P−−→ s0. (5.7)

Denote by s(t) a solution of the equation:

ds(t) = b
(
s(t)

)
dt, s(0) = s0, (5.8)

where b(q) = λ(q) − μ(q). The following result follows from Theorems 4.3, 4.4 on
AP and DA for simple RPSM and in fact this is a consequence of Theorem 5.1.
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THEOREM 5.2. 1) Suppose that equation (5.7) is true, s0 > 0, functions λ(q), μ(q)
satisfy the local Lipschitz condition, λ(q) + μ(q) > 0 as q ∈ (0,∞), and for some
fixed T > 0 there exists an interval [0, A] such that the equation

dη(t) = b
(
η(t)

)(
λ
(
η(u)

)
+ μ

(
η(u)

))−1dt, η(0) = s0, (5.9)

has a unique solution η(t) > 0, t ∈ (0, A), and in addition y(A) > T , where

y(t) =
∫ t

0

(
λ
(
η(u)

)
+ μ

(
η(u)

))−1du. (5.10)

Then

sup
0≤t≤T

∣∣n−1Qn(nt) − s(t)
∣∣ P−−→ 0, (5.11)

where s(t) is a unique solution to equation (5.8).

2) Suppose in addition that functions λ(q), μ(q) are continuously differentiable in
(0,∞) and

n−1/2
(
Qn(0) − ns0

) w=⇒ ζ0, (5.12)

where ζ0 is a proper random variable.

Then the sequence of processes ζn(t) = n−1/2(Qn(nt) − ns(t)) J-converges in
DT to the diffusion process ζ(t) satisfying the following stochastic differential equa-
tion: ζ(0) = ζ0,

dζ(t) =
(
λ′
(
s(t)

)− μ′(s(t)))ζ(t)dt+
(
λ
(
s(t)

)
+ μ

(
s(t)

))1/2dw(t), (5.13)

Proof. We use the approach described in Theorem 5.1 and first construct an auxil-
iary process Q̃n(t) which coincides with the queueing process in the interval [0, T ]
where Qn(·) > 0. According to section 2.2.1.1, process Q̃n(t) is represented as an
RPSM according to relations (1.8), (1.9) (see also (4.13), (4.14)). In this case the vari-
able τn1(nq) has an exponential distribution with parameter a(q) = λ(a) + μ(a), the
variable ξn1(nq) does not depend on τn1(nq) and

ξn1(nq) =

{
+1 with probability λ(q)/a(q),
−1 with probability μ(q)/a(q),

where the distributions of variables (ξnk(·), τnk(·)), k > 0, do not depend on index
k. Calculating the characteristics of these variables and using Theorems 4.3, 4.4 we
prove relation (5.11) for Q̃n(t). Furthermore, as in the interval [0, T ], s(t) > 0, then
following the lines of proof of Theorem 5.1 we see that the trajectories of processes
Qn(nt)/n and Q̃n(nt)/n in this interval asymptotically coincide. This implies the
result of Theorem 5.2.
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NOTE 5.2. Suppose that s0 = 0, other conditions of Theorem 5.2 hold, and in addition
λ(q) is continuous at point 0, there exists a limit μ(+0) = limμ(q) as q ↘ 0, and
λ(0) > μ(+0). Thus, equation (5.11) also holds.

Proof. Assume for simplicity that Qn(0) = 0. Let there exist T > 0 such that
s(t) > 0, as 0 < t ≤ T . As λ(0) > μ(+0), using the continuity of λ(q) and μ(q)
in (0, T ) we can find ε > 0 such that λ∗ − μ∗ = δ > 0, where λ∗ = inf{λ(q) :
0 ≤ q ≤ ε}, μ∗ = sup{μ(q) : 0 < q ≤ ε}.

Let Π1(t) and Π2(t) be two independent Poisson processes with parameters λ∗
and μ∗ respectively. Note that in domain Qn(nt) ≤ nε queue Qn(nt) stochastically
dominates process Π1(nt)−Π2(nt). This implies for any c > 0 that P(τn(ε) > c) ≤
P(τ̃n(ε) > c), where

τn(ε) = inf
{
u : Qn(nu) ≥ nε

}
,

τ̃n(ε) = inf
{
u : Π1(nt) − Π2(nt) ≥ nε

}
.

It is easy to see that as n → ∞, τ̃n(ε) P−−→ ε/δ. Then for any c > 0,
limε→0 lim supn→∞ P(τn(ε) > c) = 0, and also for any ε > 0,

lim
c→∞ lim sup

n→∞
P
(
τn(ε) > c

)
= 0. (5.14)

Now let us consider the behavior of Qn(nt) in interval [τn(ε), T ]. As sequence
τn(ε) is stochastically bounded (see equation (5.14)), then for any sequence nk → ∞
we can choose a subsequence nkl

such that τnkl
(ε) w=⇒ τ0(ε). Using Skorokhod

construction of a common probability space, we can always assume without loss of

generality that τnkl
(ε) P−−→ τ0(ε). Now by definition, n−1Qn(nτn(ε)) P−−→ ε > 0.

Thus, applying Theorem 5.2, we obtain

sup
τnkl

(e)≤t≤T

∣∣n−1
kl
Qnkl

(
nkl

t
)− sε(t)

∣∣ P−−→ 0, (5.15)

where sε(t) is a solution to equation (5.8) in interval [τ0(ε), T ] with the initial value ε.
As τ0(ε) → 0 as ε → 0, using the continuity of the solution of a differential equation
in the initial value we obtain that sε(t) → s(t) as ε → 0 uniformly on any fixed
interval [δ, T ], δ > 0. Now using equations (5.14), (5.15) and the relation

sup
0≤t≤τn(e)

∣∣n−1Qn(nt) − s(t)
∣∣ ≤ ε+

1
n

+ sup
0≤t≤τn(e)

s(t),
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we finally prove that for any ε > 0 as n = nkl
→ ∞,

P lim
n→∞ sup

0≤t≤T

∣∣n−1Qn(nt) − s(t)
∣∣

≤ P lim
n→∞max

{
sup

0≤t≤τn(e)

∣∣n−1Qn(nt) − s(t)
∣∣,

sup
τn(e)≤t≤T

{∣∣n−1Qn(nt) − sε(t)
∣∣+ ∣∣sε(t) − s(t)

∣∣}}

≤ max
{
ε+ sup

0≤t≤τ0(e)

s(t), sup
τ0(e)≤t≤T

∣∣sε(t) − s(t)
∣∣},

where the last term tends to 0 as ε → 0. As for any sequence nk we can choose
a subsequence nkl

for which equation (5.11) is true, thus equation (5.11) is true as
n→ ∞.

As we can see from Note 5.2, the result of Theorem 5.2 can be extended to the
case when some components of s0 may take a value of zero. For this case, we need
to have some additional assumptions of non-ergodicity on the border. In addition, we
have to prove that if the process starts in a point s on the border, then the first time
τn(s, ε), when all components are greater then ε, should satisfy the property: for any
c > 0, limε→0 lim supn→∞ P(τn(s, ε) > c) = 0.

Consider some particular applications of Theorem 5.2.

CASE 1 (System M/M/1/∞). Let λ(q) ≡ λ, q ≥ 0, μ(q) ≡ μ, q > 0 (μ(0) = 0).
Our system is then equivalent to a classical system M/M/1/∞. In this case
s(t) = s0 + (λ − μ)t as s0 > 0. Consider the relation between T and parameters
of the system. Obviously y(+∞) > T for any T (see equation (5.10)). If λ ≥ μ,
then s(t) > 0 for any t > 0, and equation (5.11) is true for any T > 0. If λ < μ,
then s(t) > 0 for 0 < t < s0(μ − λ)−1, and equation (5.10) is true for any
T < s0(μ− λ)−1.

Consider the behavior of the first time the queue becomes zero:

ψn(Q) = inf
{
t : t ≥ 0, Qn(t) = 0 given that Qn(0) = Q

}
.

This time is a continuous functional concerning the uniform convergence in prob-

ability to a monotone function. Therefore, if λ < μ and n−1Qn(0) P−−→ s0 > 0, then

n−1ψn(Qn(0)) P−−→ s0(μ− λ)−1.

Solving equation (5.13) we can find that ζ(t) = ζ0+(λ+μ)1/2w(t) as 0 ≤ t ≤ T .
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CASE 2 (System M/M/∞). Let λ(q) ≡ λ, μ(q) ≡ μq, q ≥ 0. Then our system is
equivalent to a system M/M/∞. In this case equation (5.8) has the form:

ds(t) =
(
λ− μs(t)

)
dt, s(0) = s0 > 0, (5.16)

and s(t) = λ/μ+ (s0 − λ/μ)e−μt, t ≥ 0.

Let us show that equation (5.11) holds for any T > 0. In this case equation (5.9)
has the form

dη(t) =
(
λ− μη(t)

)(
λ+ μη(t)

)−1dt. (5.17)

We can see that the function η(t) strictly monotonically increases in the domain
η(t) < λ/μ, and strictly monotonically decreases in the domain η(t) > λ/μ. That
means, η(t) > 0 for any t > 0, and there exists a limit η∞ = limt→∞ η(t). If
η∞ �= λ/μ, then (5.17) implies that there exists a limit η′∞ = limt→∞ η′(t) =
(λ − μη∞)(λ + μη∞)−1 �= 0. In this way we obtain a contradiction, because from
the one side, for any a > 0, η(t + a) − η(t) → 0 as t → ∞, and from the another
side, η(t+ a) − η(t) =

∫ t+a

t
η′(u)du → aη′∞ �= 0. Thus, it should be η′∞ = 0 and

η∞ = λ/μ. This implies according to equation (5.10) that y(t) → ∞ as t → ∞ and
therefore equation (5.11) holds for any T > 0.

Equation (5.13) has the form:

dζ(t) = −μζ(t)dt+
(
λ+ μs(t)

)1/2dw(t).

This is a linear stochastic differential equation which is an Ornstein-Uhlenbeck
type process, and a solution can be written in the closed form. To find the representa-
tion for ζ(t) we use the formula [GIK 72]: if process ξ(t) satisfies the equation

dξ(t) =
(
α(t) + β(t)ξ(t)

)
dt+ γ(t)dw(t), t > 0, ξ(0) = ξ0,

then

ξ(t) = exp
{∫ s

0

β(s)ds
}(

ξ0 +
∫ t

0

exp
{
−
∫ s

0

β(u)du
}
α(s)ds

+
∫ t

0

exp
{
−
∫ s

0

β(u)du
}
γ(s)dw(s)

)
.

In our case α(t) ≡ 0, β(t) ≡ −μ, γ(t) = (λ+ μs(t))1/2, and therefore

ζ(t) = e−μt

(
ζ0 +

∫ t

0

eμu
(
λ+ μs(u)

)1/2dw(u)
)
. (5.18)
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In the asymptotically stationary case s0 = λ/μ, s(t) ≡ λ/μ and dζ(t) =
−μζ(t)dt+√

2λdw(t). In this case ζ(t) is an Ornstein-Uhlenbeck process. Note that
the convergence of the process n−1/2(Qn(nt) − nλ/μ) to an Ornstein-Uhlenbeck
process for the system M/M/∞ was obtained in [IGL 65].

Representation (5.18) can be written in another form. Note that if a non-deter-
ministic function f(u) ≥ 0, then process

∫ t

0
f(u)dw(u) is equivalent to process

w(
∫ t

0
f2(u)du) in the sense that the finite-dimensional distributions of both processes

coincide. In fact, both processes are Gaussian with independent increments and
have the same distributions as their increments in interval [t, s] have a Gaussian
distribution N(0,

∫ s

t
f(u)2du). Therefore, process ζ(t) is equivalent to process

ζ(t) = e−μt(ζ0 +w(φ(t))), where φ(t) = μ−1λ(e2tμ − 1)−μ−1(λ−μs0)(etμ − 1).

Let us consider the stationary case where s0 = λ/μ separately. Then s(t) ≡ λ/μ
and for any t > 0, the variable w(φ(t)) has the same distribution as the variable

φ(t)1/2N(0, 1). As e−μtζ0
P−−→ 0 when t→ ∞, then at large t,

ζ(t) ∼ e−μt
(
e2tμ − 1

)1/2√
λ/μN(0, 1) w=⇒

√
λ/μN(0.1).

For arbitrary s0 it is easy to calculate that s(t) → λ/μ, and ζ(t) w=⇒√
λ/μN(0, 1) as t→ ∞. This means that as n→ ∞,

Qn(nt) ∼ nλ/μ+
√
nζ(t).

As at large t, ζ(t) ∼√λ/μN(0, 1), then at large n and t,

Qn(nt) ∼ nλ/μ+
√
n
√
λ/μN(0, 1),

and we can say that the system is in a quasi-stationary regime.

5.2.3. Analysis of the waiting time

If a call enters the system at time t, denote by W (t) the time spent by this call in
the queue until the beginning of service. Let us consider the asymptotic behavior of
waiting time W (t) for system MQ/MQ/1/∞ considered in section 5.2.2.

Denote by Πμ(·)(t) a non-homogenous Poisson process with the instantaneous rate
μ(t) at time t. If Qn(·) > 0 in interval [t, s], then the output process in this interval is
generated by process Πμ(Qn(·)/n)(v). Thus,

W (t) = inf
{
s : s > 0 : Πμ(Qn(·)/n)(t+ s) − Πμ(Qn(·)/n)(t) = Qn(t)

}
(5.19)
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First let us prove the following auxiliary statement:

STATEMENT 5.1. Assume that the conditions of Theorem 5.2 hold. Then the sequence
of processes n−1Πμ(Qn(·)/n)(nt) J-converges in any interval [0, T ] to a deterministic

process
∫ t

0
μ(s(v))dv.

In fact, process n−1Πμ(n−1Q(·))(nt) is monotonically non-decreasing in argument
t with probability one and

E exp
{
iθn−1Πμ(Qn(·)/n)(nt)

}
= E exp

{(
eiθ/n − 1

) ∫ nt

0

μ
(
Qn(v)/n

)
dv
}
.

(5.20)

As n→ ∞, relation (5.11) implies

1
n

∫ nt

0

μ
(
Qn(v)/n

)
dv =

∫ t

0

μ
(
Qn(nu)/n

)
du P−−→

∫ t

0

μ
(
s(u)

)
du. (5.21)

Note that

n
(
eiθ/n − 1

)
= −n(1 − cos(θ/n)

)
+ in sin(θ/n) −→ iθ. (5.22)

Let us consider a function fn(z) = exp{n(eiθ/n − 1)z}, z ≥ 0. The
relation Re(eiθ/n − 1) ≤ 0 implies that |fn(z)| ≤ 1. Let us use the inequality
|ey − ex| ≤ |y − x|, valid for any complex values x and y such that Rex ≤ 0,
Re y ≤ 0. Then, using the known inequalities | sinα| ≤ |α|, |1 − cosα| ≤ α2/2,
α ∈ R, we obtain in the region z1 ≥ 0, z2 ≥ 0,∣∣fn

(
z1
)− fn

(
z2
)∣∣ ≤ ∣∣n(eiθ/n − 1

)∣∣∣∣z1 − z2
∣∣

≤
(

1
2
θ2/n+ θ

)∣∣z1 − z2
∣∣. (5.23)

Inequality (5.23) implies the uniform continuity of function fn(z) with respect to
n. Therefore, relations (5.21), (5.22) imply the convergence of the right-hand side in
relation (5.20) to the expression

exp
{
iθ

∫ t

0

μ
(
s(u)

)
du
}
. (5.24)

Statement 5.1 is proved.

Using the monotonicity of the process n−1Πμ(n−1Q(·))(nt), relation (5.19) and
Statement 5.1 we can prove the following.



Overloaded Queueing Models 131

STATEMENT 5.2. If the conditions of the first part of Theorem 5.2 hold, then the
sequence of processes n−1W (nt) U -converges in any interval [0, T ] such that∫ ∞

T

μ
(
s(v)

)
dv > sup

u≤T
s(u), (5.25)

to a deterministic process

W̃ (t) = inf
{
s : s > 0,

∫ t+s

t

μ
(
s(v)

)
dv = s(t)

}
.

Note that if relation (5.25) holds, then W̃ (t) <∞ for any t ≤ T .

Representation (5.19) also makes it possible to prove the diffusion approximation
of the process (W (nt) − nW̃ (t))/

√
n.

5.2.4. An output process

Consider a system MQ/MQ/1/∞ described above. Denote by Zn(t) the total
number of calls which have completed service in the interval [0, t].

COROLLARY 5.1. If the conditions of Theorem 5.2 hold, then equation (5.11) is true
and

sup
0≤t≤T

∣∣n−1Zn(nt) − g(t)
∣∣ P−−→ 0, (5.26)

where g(t) =
∫ t

0
μ(s(u))du, and

ds(t) =
(
λ
(
s(t)

)− μ
(
s(t)

))
dt, s(0) = s0 > 0. (5.27)

Correspondingly, the sequence of processes(
n−1/2

(
Qn(nt) − ns(t)

)
, n−1/2

(
Zn(nt) − ng(t)

))
weakly converges in DT to a two-dimensional diffusion process (ζ(t), κ(t)) satisfying
the system of stochastic differential equations:

dζ(t) =
(
λ′
(
s(t)

)− μ′(s(t)))ζ(t)dt
+

1√
2

([√
λ
(
s(t)

)
+
√
μ
(
s(t)

)]
dw1(t)

+
[√

λ
(
s(t)

)−√μ(s(t))]dw2(t)
)
, ζ(0) = ζ0,

dκ(t) = μ′(s(t))ζ(t)dt− 1√
2

√
μ
(
s(t)

)(
dw1(t) − dw2(t)

)
,

κ(0) = 0,

(5.28)

where w1(t) and w2(t) are two independent standard Wiener processes.



132 Switching Processes in Queueing Models

Proof. We can represent process (Qn(t), Zn(t)), t ≥ 0, as a vector-valued RPSM.
As in section 5.2.2, the switching times 0 = tn0 < tn1 < · · · are the sequential times
of jumps of Qn(t). Let us define the variables τnk(nq) and ξn(nq) = (ξ(1)n (nq),
ξ
(2)
n (nq)) as follows. If at time tnk, (n−1Qn(tnk), n−1Zn(tnk)) = (q, g), then

the distributions of variables τnk(nq) and ξn(nq) = (ξ(1)n (nq), ξ(2)n (nq)) depend
only on the first component q, τnk(nq) has an exponential distribution with rate
Λ(q) = λ(q) + μ(q), and

ξn1(nq) =

{
(1, 0), with probab. λ(q)Λ(q)−1,

(−1, 1), with probab. μ(q)Λ(q)−1.

Now we use Theorems 4.3, 4.4. Let us follow the notation used in equations
(4.30) and (4.31). If α = (q, g) z = (z1, z2), then m(α) = Λ(q)−1, b(α) =
(λ(q)−μ(q), μ(q))Λ(q)−1. Correspondingly, qn(α, z)→q(α, z)=((λ′(q)−μ′(q))z1,
μ′(q)z2), and

D2(α) =

(
λ(q) + μ(q) −μ(q)

−μ(q) μ(q)

)
Λ(q)−1.

Calculating matrix D(α) using the relation D2(α) = D(α)D(α)∗, we get from
equation (4.36) relation (5.28).

Note that results of this section can also be extended to models that are non-
homogenous in time. Consider the following model for illustration.

5.2.5. Time-dependent system MQ,t/MQ,t/1/∞
Consider a queueing system described in the section 5.2.2 where the input and

service rates depend on time in the following way: if at time nt Qn(nt) = nq, then
the local arrival rate is λn(q, t) and the service rate is μn(q, t). Suppose that function
λn(q, t) satisfies the following condition:∣∣λn

(
q1, t1

)− λn

(
q2, t2

)∣∣ ≤ CN,L

(∣∣q1 − q2
∣∣+ ∣∣t1 − t2

∣∣), (5.29)

in each bounded domain {max{t1, t2} ≤ N, max{q1, q2} ≤ L, q1, q2 > 0}, and the
same condition holds for μn(·).

Let there exist constants 0 < C0 < C1 < ∞ and functions λ(q, t), μ(q, t) such
that for any t ≥ 0, q > 0,

C0 ≤ λn(q, t) + μn(q, t) ≤ C1, (5.30)

lim
n→∞λn(q, t) = λ(q, t), lim

n→∞μn(q, t) = μ(q, t). (5.31)
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Denote Λ(q, t) = λ(q, t) + μ(q, t). Let s(t) be a solution of the equation

ds(t) =
(
λ
(
s(t), t

)− μ
(
s(t), t

))
dt, s(0) = s0. (5.32)

COROLLARY 5.2. 1) Suppose that equation (5.7) is true with s0 > 0, there exists
T > 0 such that s(t) > 0 as 0 < t ≤ T , and y(+∞) > T , where y(t) =∫ t

0
Λ(η(u), u)−1du, and function η(t) satisfies the equation

η(0) = s0, dη(t) =
(
λ
(
η(t), t

)− μ
(
η(t), t

))
Λ
(
η(t)

)−1dt,

a unique solution of which exists. Thus relation (5.11) holds.

2) Suppose in addition that functions λ(q, t), μ(q, t) are continuously differentiable
with respect to q in the domain (0,∞)×[0, T ], and n−1/2(Qn(0)−ns0) w=⇒ ζ0. Then
the sequence ζn(t) = n−1/2(Qn(nt) − ns(t)) J-converges in DT to the diffusion
process ζ(t):

dζ(t) =
(
λ′q
(
s(t), t

)− μ′
q

(
s(t), t)

)
ζ(t)dt+ Λ

(
s(t), t

)1/2dw(t), ζ(0) = ζ0.

Proof. The proof follows the same scheme as above. We use Theorems 4.3, 4.4.
Switching times tn1 < tn2 < · · · are chosen as times of any changing of a queueing
process Qn(t). Denote Snk = (Qn(tnk), tnk), k > 0. Then the argument α in The-
orem 4.3 has the form α = (q, t). For any q ≥ 0, t ≥ 0, let us define the family of
jointly independent in k variables (ξnk(nq, nt), τnk(nq, nt)), k > 0, as follows:

P
(
ξnk(nq, nt) ≤ z, τnk(nq, nt) ≤ u

)
= P

(
Qn

(
tn,k+1

)−Q
(
tnk

) ≤ z, tn,k+1 − tnk ≤ u | Qn

(
tnk

)
= nq, tnk = nt

)
,

where variable ξnk(nq, nt) takes values +1 or −1 with probabilities pn(q, t) or
1 − pn(q, t), respectively. Using relations (5.29)–(5.31) it is not difficult to prove
that for any k > 0 the variables ξnk(nq, nt) and τnk(nq, nt) are asymptotically
independent, the distribution of τnk(nq, nt) is asymptotically close to the exponential
distribution with parameter λ(q, t) + μ(q, t), and, as n → ∞, uniformly in each
bounded domain max{t1, t2} ≤ N , c ≤ min{q1, q2}, max{q1, q2} ≤ L, with c > 0,

Eτnk(nq, nt) −→ Λ(q, t)−1, Eξnk(nq, nt) −→ (
λ(q, t) − μ(q, t)

)
Λ(q, t)−1.

These relations correspond to condition (4.17). Then we follow the same lines as
in the proof of Theorem 5.2 and construct an auxiliary RPSM which satisfies all other
conditions of Theorem 5.2. Finally this implies relation (5.11) with s(t) defined in
relation (5.32). In a similar way we can prove DA.
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Note that time-dependent and state-dependent Markov queueing models in heavy
traffic conditions are studied using a martingale technique in [MAN 95, MAN 98b,
MAN 98a]. We consider a simple overloaded model MQ,t/MQ,t/1/∞ just for the
illustration of possibilities of a suggested approach. Using the same technique, these
results can be extended to time-dependent and state-dependent Markov queueing
networks, models in a non-homogenous quasi-ergodic Markov environment. Note
that limit theorems for SP in a quasi-ergodic Markov environment are considered in
[ANI 92a], and also for non-Markov models.

5.2.6. A system with impatient calls

As another example of application of Theorem 5.1 we consider a time-homog-
enous system MQ/MQ/1/∞ with impatient calls. Suppose that calls arrive and are
served one at a time, and, as Qn(t) = nq, the local arrival and service rates are λ(q)
and μ(q), respectively. In addition, each call in the queue independently of others with
rate n−1ν(q) may leave the system.

Then in the notation of Theorem 5.1, α(q) ≡ 1, q ≥ 0, γ(q) = 1, β(q) = −1,
for q > 0, and γ(0) = 0, β(0) = 0, Λ(q) = λ(q) + μ(q) + qν(q), b(q) = λ(q) −
μ(q)− qν(q), B2(q) = λ(q) + μ(q) + qν(q), G(q) = λ′(q)− μ′(q)− ν(q)− qν′(q),
q > 0, and equations (5.1), (5.3) can be re-written for this case.

Consider a particular case, when λ(q) ≡ λ, q ≥ 0, μ(q) ≡ μ, ν(q) ≡ ν, q > 0.
Then equations (5.1), (5.3) have the form:

ds(t) =
(
λ− μ− νs(t)

)
dt,

dζ(t) = −νζ(t)dt+
(
λ+ μ+ νs(t)

)1/2dw(t),

where s(0) = s0, ζ(0) = ζ0. Solving these equations we find:

s(t) = ν−1(λ− μ) +
(
s0 − ν−1(λ− μ)

)
e−νt,

ζ(t) = e−νt
(
ζ0 + w

(
ψ(t)

))
,

where ψ(t) = ν−1(λ− μ)(e2tν − 1) − ν−1(λ− μ− νs0)(etν − 1).

If λ ≥ μ, then in the same way as was proved for system M/M/∞ we can show
that equation (5.11) holds for any T > 0. In this case we have a quasi-stationary point

s∗ = ν−1(λ− μ), i.e., as n→ ∞ and t→ ∞, n−1Qn(nt) P−−→ s∗.

If λ < μ, then equation (5.11) holds in the interval [0, T ] for any T such that
T < ν−1 ln((μ− λ+ νs0)/(μ− λ)).
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5.3. Non-Markov queueing models

5.3.1. System GI/MQ/1/∞

For the illustration of the approach we consider first a rather simple queueing sys-
tem GI/MQ/1/∞ with recurrent input and exponential service with a rate depending
on the state of the queue in the system and AP and DA study in the overloaded case.

Assume that the calls enter the system one at a time at the times t1 < t2 < · · · of
the events of the renewal flow (the variables {tk+1−tk}, k = 1, 2, . . ., are independent
identically distributed variables). Suppose that the distribution of inter-arrival times
tk+1 − tk coincides with the distribution of variable τ . Let the non-negative function
μ(α), α ≥ 0, be given. There is one server and an infinite number of waiting places. If
a call enters the system at time tk and the number of calls in the system becomes equal
to Q, then the service rate in interval [tk, tk+1) is μ(Q/n). After service completion
the call leaves the system. Let Qn0 be the initial number of calls, and let Qn(t) be the
total number of calls in the system at time t. Assuming that corresponding expressions
exist, denote

m = Eτ, b(α) =
(
1 − μ(α)m

)
,

d2 = Varτ, D2(α) = mμ(α) + d2/m2.

STATEMENT 5.3. Suppose that m > 0, function μ(α) is locally Lipschitz and has no

more than linear growth and n−1Qn(0) P−−→ s0>0. Then relation (5.11) holds where

ds(t) =
(
m−1 − μ

(
s(t)

))
dt, s(0) = s0,

and T is any positive value such that s(t) > 0, t ∈ [0, T ].

Suppose in addition that function μ(α) is continuously differentiable and

n−1/2
(
Qn(0) − s0

) w=⇒ γ0.

Then the sequence of processes γn(t) = n−1/2(Qn(nt) − ns(t)) J-converges in
interval [0, T ] to the diffusion process γ(t): γ(0) = γ0,

dγ(t) = −μ′(s(t))γ(t)dt+
√
μ
(
s(t)

)
+ d2/m3 dw(t).

Proof. We represent a queueing process Qn(·) in the system as a process with semi-
Markov switching using relations (4.13) and (4.14). Let us choose the switching times
as the times tk when the new calls enter the system and construct an auxiliary embed-
ded RPSM S̃n(t). If in the time interval (tk, tk+1) the queue is positive, then the
output process in this interval follows a Poisson process with rate μ(n−1Q) where
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Q = Qn(tk + 0). Therefore, let us define process S̃n(t) according to relations (4.13)
and (4.14) where τn1(z) = τ and ξn1(nα) = 1−Πμ(α)(τ), where Πμ(t) stands for a
Poisson process with parameter μ.

It is easy to see that Eξ1(nα) = 1 − μ(α)m and using Theorem 4.3 it is not
difficult to prove relation (5.11) for the process S̃n(t). Furthermore, according to rela-
tions (4.30) and (4.31) we can calculate that D2(α) = mμ(α) + d2/m2, qn(α, z) →
−μ′(α) and prove for the process S̃n(t) DA using the result of Theorem 4.4.

Let us now define the embedded queueing process Q̃n(t) constructed by the times
of jumps tnk as follows:

Q̃n(t) = Qn

(
tnk + 0

)
as tnk < t < tn,k+1, t > 0. (5.33)

Following the lines of proof of Theorem 5.1 we see that the trajectories of the pro-
cesses Sn(nt)/n and Q̃n(nt)/n asymptotically coincide in the interval [0, T ] where
s(t) > 0.

Now note that the queueing process is monotonically decreasing in each interval
(tk, tk+1). Thus, according to Statements 4.1 and 4.2, J-convergence in interval [0, T ]
of the embedded process Q̃n(nt)/n to s(t) automatically implies J-convergence of
Qn(nt)/n and also implies J-convergence of the process γn(t) to γ(t). This finally
proves Statement 5.3.

Statement 5.3 is also valid when the service rate at time t has the form
μ(xk, n

−1Q(nt)) (may depend on the current value of the queue at time t).

Note that condition s(t) > 0, t ∈ [0, T ], means heavy traffic conditions (system is
overloaded). This is always true if μ(α) < 1/m, α > 0.

5.3.2. Semi-Markov system SM/MSM,Q/1/∞
Now we study a more general overloaded queueing system SM/MSM,Q/1/∞

with semi-Markov input and Markov-type service where the service rate depends on
the state of the system and the state of a semi-Markov process. Let x(t), t ≥ 0, be an
SMP with values in X which stands for an external random environment. Denote by
τ(x) a sojourn time in state x. Let the non-negative function μ(x, α), x ∈ X , α ≥ 0,
be given. There is one server and an infinite number of waiting places. Assume that the
calls enter the system one at a time at the times t1 < t2 < · · · of the jumps of process
x(t). Denote xk = x(tk + 0). If a call enters the system at time tk and the number of
calls in the system becomes equal to Q, then the service rate in the interval [tk, tk+1)
is μ(xk, n

−1Q). After service completion the call leaves the system. Let Qn0 be the
initial number of calls, and Qn(t) be the total number of calls in the system at time t.
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Consider the case when the embedded MP xk, k ≥ 0, does not depend on parame-
ter n and is uniformly ergodic with stationary measure π(A), A ∈ BX . Assuming that
corresponding expressions exist, denote

m(x) = Eτ(x), m =
∫

X

m(x)π(dx), c(α) =
∫

X

μ(x, α)m(x)π(dx),

b(α) =
(
1 − c(α)

)
m−1, G(α) = c′(α),

g(x, α) = 1 −m(x)
(
1 − c(α) + μ(x, α)m

)
m−1,

d2(x) = Varτ(x), d2 =
∫

X

d2(x)π(dx),

e1(α) =
∫

X

μ2(x, α)d2(x)π(dx), e2(α) =
∫

X

μ(x, α)d2(x)π(dx),

D2(α) = c(α) + e1(α) + 2
(
1 − c(α)

)
e2(α)m−1 +

(
1 − c(α)

)2
d2m−2.

STATEMENT 5.4. Suppose that m > 0, function μ(x, α) is locally Lipschitz with
respect to α uniformly in x ∈ X , function c(α) has no more than linear growth and

n−1Qn(0) P−−→ s0 > 0. Then relation (5.11) holds where

ds(t) = m−1
(
1 − c

(
s(t)

))
dt, s(0) = s0,

and T is any positive value such that s(t) > 0, t ∈ [0, T ].

Suppose in addition that variables τ(x)2 are uniformly integrable, function c(α)
is continuously differentiable, and

n−1/2
(
Qn(0) − s0

) w=⇒ γ0.

Then the sequence of processes γn(t) = n−1/2(Qn(nt) − ns(t)) J-converges in
interval [0, T ] to the diffusion process γ(t): γ(0) = γ0,

dγ(t) = −m−1G
(
s(t)

)
γ(t)dt+m−1/2

(
D2
(
s(t)

)
+B2

(
s(t)

))1/2dw(t),

where

B2(a) = E

(
g
(
x0, α

)2 + 2
∞∑

k=1

g
(
x0, α

)
g
(
xk, α

))
,

and P{x0 ∈ A} = π(A), A ∈ BX .

Proof. At first we represent a queueing process Qn(·) in the system as a process with
semi-Markov switching. Let us construct again an auxiliary embedded RPSM S̃n(t)
using relations (4.47) and (4.48) where the variables τnk(x, S) do not depend on S
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and the times tk (switching times) are the times of jumps of process x(t). Note that
in the time interval (tk, tk+1) where the queue is positive the output process follows a
Poisson process with rate μ(xk, n

−1Qnk) where xk = x(tk +0), Qnk = Qn(tk +0).
Therefore, let us define the process S̃n(t) according to relations (4.47) and (4.48)
where τn1(x, nα) = τ(x) and ξn1(x, nα) = 1 − Πμ(x,α)(τ(x)). It is easy to see that
Eξ1(x, nα) = 1 − μ(x, α)m(x) and using the result of Theorem 4.5 we can easily
prove AP. Furthermore, we can calculate other characteristics according to relations
(4.66) and prove DA using the result of Theorem 4.6.

Let us now define the embedded queueing process Q̃n(t) constructed by the times
of jumps tk according to relation (5.33). Following the lines of proof of Theorem 5.1
we see that the trajectories of the processes Sn(nt)/n and Q̃n(nt)/n asymptotically
coincide in interval [0, T ] where s(t) > 0.

Note also that the queueing process is monotonically decreasing in each interval
(tk, tk+1). Thus, according to Statements 4.1 and 4.2, J-convergence of the embed-
ded process Q̃n(nt)/n to s(t) in interval [0, T ] automatically implies J-convergence
of Qn(nt)/n and also implies J-convergence of process γn(t) to γ(t). This finally
proves Statement 5.4.

Note that the condition s(t) > 0, t ∈ [0, T ], corresponds to a heavy traffic condi-
tion. This is always true if c(α) < 1, α > 0.

Statement 5.4 is also valid when the service rate has the form μ(xk, n
−1Q(nt))

(may depend on the current value of the queue at time t).

Consider a particular case when μ(x, α) ≡ αμ. Then the system above is equiv-
alent to a system SM/M/∞ with semi-Markov input and exponential service. In this
case c(α)=αμm, b(α)=1/m−αμ, G(α)=−μ, D(α)2 =μmα+d2/m2, g(x, α)=
1 −m(x)/m, and function s(t) has the form s(t) = (μm)−1 − ((μm)−1 − s0)e−μt.

5.3.3. System MSM,Q/MSM,Q/1/∞

Now consider a queueing system MSM,Q/MSM,Q/1/∞ where the input and ser-
vice rates depend on the state of an external SMP and the value of the queue. Let x(t),
t ≥ 0, be an SMP with values in X = {1, 2, . . . , d}, and let τ(i) be a sojourn time
in state i. Let the family of non-negative functions {λ(i, α), μ(i, α), α ≥ 0}, i ∈ X ,
also be given. There is one server and an infinite number of waiting places. The instan-
taneous input and service rates depend on the state x(·), the value of the queue and the
normalizing factor n in the following way: if at time t, x(t) = i and Qn(t) = Q, then
the input rate is λ(i, Q/n) and the service rate is μ(i, Q/n). Calls enter the system
one at a time. Note that we consider the times tk as the switching times, but at these
times there are no additional jumps of input flow or completion service.
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Denote by xk, k ≥ 0, the embedded MP for the process x(t). Assume that xk is
irreducible with the stationary distribution πi, i ∈ X . Let

m(i) = Eτ(i), m =
∑
i∈X

m(i)πi,

b(α) =
∑

i

(
λ(i, α) − μ(i, α)

)
m(i)πi/m.

(5.34)

STATEMENT 5.5. Suppose that functions λ(i, α), μ(i, α) are locally Lipschitz with
respect to α, m > 0, function b(α) has no more than linear growth and n−1Qn(0)
P−−→ s0 > 0. Then relation (5.11) holds where s(t) is a unique solution of equation

(5.8) and T is any positive value such that s(t) > 0 in the interval [0, T ].

The proof follows the same lines as the proof of Statement 5.4. We can define an
auxiliary process S̃n(t) according to relations (4.47) and (4.48) where τn1(i, nα) =
τ(i) and ξn1(i, nα)=Πλ(i,α)(τ(i))−Πμ(i,α)(τ(i)). It is easy to see that Eξ1(i, nα) =
(λ(i, α) − μ(i, α))m(i) and AP follows from Theorem 4.5.

DA can be formulated in a similar way and we leave this for the readers.

COROLLARY 5.3. If x(t) is an irreducible MP with the stationary distribution ρi,
i ∈ X , then function b(α) in equation (5.34) has the form b(α) =

∑
i(λ(i, α) −

μ(i, α))ρ(i).

5.3.4. System SMQ/MSM,Q/1/∞

Consider a non-Markov system SMQ/MSM,Q/1/∞ which is in some sense a
generalization of the system SM/MSM,Q/1/∞ considered in section 5.3.2. There is
one server and an infinite number of waiting places. Let xk, k > 0, be a geomet-
rically ergodic MP with values in X and the stationary measure π(A). In addition,
let {τk(x, q), q > 0, x ∈ X}, k > 0, be the independent families of non-negative
random variables with distributions not depending on k, and let μ(x, q) be the non-
negative functions.

The calls enter the system one at a time. If a call enters the system at time tk and
the number of calls in the system becomes Q, then the next call enters the system at
the time

tk+1 = tk + τk
(
xk, Q/n

)
, k ≥ 0, (5.35)

and the service rate in the interval [tk, tk+1) is μ(xk, Q/n).
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This system is not a Markov or semi-Markov type system, but the queueing process
has a recurrent structure and can be described in terms of SP. Putm(x, q) = Eτ1(x, q),
and denote

m(q) =
∫

X

m(x, q)π(dx), c(q) =
∫

X

μ(x, q)m(x, q)π(dx),

d2(x, q) = Varτ1(x, q), d2(q) =
∫

X

d2(x, q)π(dx),

e1(q) =
∫

X

μ2(x, q)d2(x, q)π(dx), e2(q) =
∫

X

μ(x, q)d2(x, q)π(dx),

D2(q) = c(q) + e1(q) + 2
((

1 − c(q)
)
/m(q)

)
e2(q)

+
((

1 − c(q)
)
/m(q)

)2
d2(q), g(q) =

(
1 − c(q)

)
/m(q),

α(x, q) = 1 − (m(x, q)/m(q)
)(

1 − c(q) + μ(x, q)m(q)
)
.

STATEMENT 5.6. Assume that

n−1Qn0
P−−→ s0, (5.36)

functions m(x, q) and μ(x, q) uniformly in x satisfy local Lipschitz condition with
respect to q, and for some T > 0 there exists an interval [0, A] such that the equation

dη(t) =
(
1 − c

(
η(t)

))
dt, η(0) = s0,

has a unique solution, η(t) > 0, t ∈ (0, A), and∫ A

0

m
(
η(t)

)
dt > T.

Then relation (5.11) holds where function s(t) satisfies the differential equation

ds(t) =
(
1 − c

(
s(t)

))
m
(
s(t)

)−1dt, s(0) = s0.

In addition, let functions c(q) and m(q) be continuously differentiable, the vari-
ables τ2(x, q) be uniformly integrable with respect to q, functions d2(x, q) be contin-
uous in q and

n−1/2
(
Qn(0) − ns0

) w=⇒ γ0.

Then the sequence of processes γn(t) = n−1/2(Qn(nt) − ns(t)) J-converges in
interval [0, T ] to the diffusion process γ(t) satisfying the following SDE:

dζ(t) = g′
(
η(t)

)
ζ(t)dt+m

(
η(t)

)−1(
D2
(
η(t)

)
+B2

(
η(t)

))−1/2dw(t),

ζ(0) = ζ0,
(5.37)
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where

B2(q) = E

(
α2
(
x0, q0

)
+ 2

∞∑
k=1

α
(
x0, q0

)
α
(
q, xk

))

and the expectation is calculated given that P (x0 ∈ A) = π(A), A ∈ BX .

Proof. First we construct an auxiliary SP (xn(t), ζn(t)) according to relations (1.3)
and (1.4). Let us choose the switching times tnk, k > 0, using relation (5.35). Let
{Π(k)

μ(x,q)(t), k ≥ 0}, be the family of Poisson processes independent in k. Denote

ζnk(t, x, q) = 1 − Π(k)
μ(x,q)(t), and define the recurrent sequences in the following

way: tn0 = 0, Sn0 = Qn0, and

tn,k+1 = tnk + τk
(
xk, Snk/n

)
, k ≥ 0,

Sn,k+1 = Snk + ξnk

(
xk, Snk/n

)
, k ≥ 0,

(5.38)

where ξnk(x, q) = ζnk(τk(x, q), x, q). Put

ζn(t) = Snk + ζnk

(
t− tnk, xk, Snk

)
,

xn(t) = xk, as tnk ≤ t < tn,k+1, t ≥ 0.
(5.39)

Also define the embedded RPSM Sn(t):

Sn(t) = Snk as tnk ≤ t < tn,k+1, t ≥ 0. (5.40)

By definition, if we construct the trajectories of process ζn(t) and queueing process
Qn(t) on the same probability space, then in interval [0, T ], whereQn(·) > 0, process
Qn(t) satisfies the same recurrent relations (5.38) and (5.39). Thus, both trajectories
coincide in this interval. Therefore, using the approach described in Theorem 5.1, we
first prove AP and DA for the normalized embedded process Sn(t). Furthermore, as
the trajectory of the queueing process in each interval (tnk, tn,k+1) is monotonically
decreasing, Statement 4.2 implies that the normalized trajectories of Sn(t) and ζn(t)
asymptotically have the same behavior. Finally, according to Theorem 5.1, in any
interval [0, T ] such that s(t) > 0, 0 ≤ t ≤ T , the normalized processes ζn(t) and
Qn(t) asymptotically have the same behavior.

To prove AP for process Sn(t) we need to check the conditions of Theorem 4.5.
It is easy to see that Eξnk(nq, x) = 1 − μ(x, q)m(x, q). Calculating other charac-
teristics in relations (4.49) we can see that all conditions of Theorem 4.5 are satisfied
and relation (5.11) is true. The second part of Theorem 5.6 on the DA follows from
Theorem 4.6.
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Consider some particular examples.

EXAMPLE 5.1. Let τ1(x, q) = τ(x), μ(x, q) = qμ. Then the system above is equiva-
lent to the system SM/M/∞ with semi-Markov input, exponential service with rate
μ and an infinite number of servers. In this case m(q) = m and it is easy to calculate
that s(t) = 1/(mμ)− (1/(mμ)−s0)e−μt, and g′(q) = −μ,D2(q) = μmq+d2/m2,
α(x, q) = (m−Eτ(x))/m. As s(t) > 0 for any t > 0, then the convergence holds in
any interval.

EXAMPLE 5.2. Let τ1(x, q) = τ(x), μ(x, q) = μ. Then the system above is equivalent
to the system SM/M/1/∞ with semi-Markov input, one server with service rate
μ and an infinite number of waiting places. In this case it is easy to calculate that
s(t) = s0 + (1/m − μ)t. In the overloaded case (1/m ≥ μ) the average input rate is
no less than the service rate and the convergence holds in any interval. If 1/m < μ,
the convergence holds only in the interval [0, T∗) where T∗ = s0(μ− 1/m)−1.

5.3.5. System GQ/MQ/1/∞
Consider a system GQ/MQ/1/∞ with the recurrent input depending on the value

of the queue. In fact this system is a simplification of the system SMQ/MSM,Q/1/∞
considered in section 5.3.4 as we omit the additional Markov environment. There is
one server and an infinite number of waiting places. Function μ(α), α ≥ 0, and the
family of non-negative random variables {τ(α), α ≥ 0} are given. The characteristics
of the system depend on the scaling factor n in the following way: if a call enters the
system at time tnk and Qn(tnk + 0) = Q, then the next call enters the system at time

tnk+1 = tnk + τ(Q/n)

and the service rate in the interval (tnk, tnk+1) is μ(Q/n).

Suppose that there exists a function d2(q) = Eτ2(q), q ≥ 0. Put

m(q) = Eτ(q), d2(q) = Varτ(q), b(q) = 1 − μ(q)m(q),

b̃(q) = b(q)/m(q), D2(q) = μ(q)m(q) + d2(q)/m(q)2.

STATEMENT 5.7. Let condition (5.7) hold, functions m(q) and μ(q) satisfy a local
Lipschitz condition and for some T > 0 there exists an interval [0, A] such that the
equation

dη(t) = b
(
η(t)

)
dt, η(0) = s0,

has a unique solution, η(t) > 0, t ∈ (0, A), and∫ A

0

m
(
η(t)

)
dt > T.
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Then relation (5.11) holds where

ds(t) = b
(
s(t)

)
m
(
s(t)

)−1dt, s(0) = s0.

If functions b(q) and m(q) are continuously differentiable, variables τ(q)2 are
uniformly integrable with respect to q, function d(q) is continuous in q and equation
(5.12) holds, then the sequence of processes γn(t) = n−1/2(Qn(nt) − ns(t)) J-
converges in interval [0, T ] to the diffusion process γ(t) satisfying the following SDE:

dγ(t) = b̃′
(
s(t)

)
γ(t)dt+m

(
s(t)

)−1/2
D
(
s(t)

)
dw(t), γ(0) = γ0.

Proof. We use the same approach as in the previous theorems and construct an auxil-
iary SP (xn(t), ζn(t)) according to relations (1.3), (1.4). The switching times are the
values tnk, variables τnk(nq) have the same distribution as variable τ(q), and vari-
ables ξnk(nq) have the same distribution as variable

ξ(q) = 1 − Πμ(q)

(
τ(q)

)
.

It is obvious that Eξ(q) = b(q). Calculating other characteristics and following
the lines of proof of Theorem 5.1 and Statement 5.6 we prove Statement 5.7.

Note that the result of Statement 5.7 is also valid if the service rate at each time t
may depend on the normalized value of the queue in the form μ(n−1Qn(t)).

5.3.6. A system with unreliable servers

To illustrate the wide range of possibilities of the suggested approach let us con-
sider a system GI/MQ/r/∞ with unreliable servers. Calls enter the system one at a
time according to a renewal process where the interarrival times are iidrv τk, k ≥ 1.
There are r identical servers which are subject to random failures and an infinite num-
ber of waiting places. Let the non-negative functions {μ(q), q > 0}, and the values
{νi, i = 1, r, κi, i = 0, r − 1} be given. Denote by Qn(t), t ≥ 0, the number of
calls in the system at time t. Assume that the service rate depends on the queue size
in the following way: if a call enters the system at time tk and Qn(tk + 0) = Q, then
each operating server in the interval (tk, tk+1) has a service rate μ(Q/n).

Let y(t) be a number of operating (not failed) servers at time t. If y(t) = i, then
each operating server has a failure rate νi. If at the failure instant there is a call on
service, then this call goes back to the queue. Each failed server has a repair rate κi.
After repair a server immediately takes a call for service if there are calls waiting in
the queue. By construction, process y(t) does not depend on the value of the queue
and on index n and is a Birth-and-Death process with state space {0, 1, . . . , r} and
birth and death rates (r − i)κi and iνi, respectively. Assume that νi > 0, i = 1, r,
κi > 0, i = 0, r − 1. Denote by ρi, i = 0, r, a stationary distribution of y(t). Put
m = Eτ1, ρ̂ =

∑r
i=1 iρi.
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STATEMENT 5.8. Suppose that function μ(q), q > 0, is locally Lipschitz, m > 0,

n−1Qn(0) P−−→ s0 > 0, a unique solution of the equation

ds(t) =
(
m−1 − ρ̂μ

(
s(t)

))
dt, s(0) = s0 (5.41)

exists in an interval [0, T ], and s(t) > 0, t ∈ [0, T ]. Then equation (5.11) holds.

Proof. Denote by yi(t) a Birth-and-Death process y(t) with the initial state i. Let
Πi(t, yi(·), q), t ≥ 0, be a Poisson process modulated by yi(t) in the following way:
Πi(0, yi(·), q) = 0, and if at time t, yi(t) = j, then the local rate of a jump at time
t is jμ(q). Denote by x(t), t ≥ 0, an embedded SMP with state space {0, 1, . . . , r}
which is constructed with the help of y(t) in the following way: the times of jumps
are chosen as the arrival times of calls tk, k ≥ 0. If y(tk + 0) = i, then we put
x(tk + 0) = i. Sojourn times in any state have the same distribution as variable τ1,
and transition probabilities pij of the embedded Markov chain xk = x(tk + 0) are
calculated in the following way:

pij = P
(
y
(
τ1 + 0

)
= j | y(0) = i

)
, i, j = 0, r.

Let us introduce the family of jointly independent in index k ≥ 0 random processes
ζnk(t, i, Q), having the same distribution as the process 1 − Πi(t, yi(·), Q/n), t ≥ 0,
i = 0, r, Q > 0.

Now let (x(t), Q̃n(t)), t ≥ 0, be an auxiliary RPSM which is constructed with
the help of x(t) and processes {ζnk(t, i, Q); t ≥ 0}, k > 0, according to equation
(1.14). By definition a trajectory of queue Qn(t) coincides with Q̃n(t) in the domain
Q̃n(t) > 0, t ∈ [0, T ]. Then, using the same arguments as in the proof of Theorem
5.1, we see that it is enough to prove the AP for Q̃n(t). Let us use Theorem 4.5. In
our case ξn1(i, nq) = 1 − Πi(τ1, yi(·), q). It is easy to calculate, that the stationary
distribution of the embedded MP xk = y(tk + 0) is also ρi, i = 0, r, and for any
t > 0,

r∑
i=0

EΠi

(
t, yi(·), q

)
ρi = tρ̂μ(q).

Therefore,
∑r

i=0 ρiEξn1(i, nq) = 1 −mρ̂μ(q). All other conditions of Theorem
4.5 are satisfied, and equation (4.57) has the form of equation (5.41).

If a service rate depends on the number of operating devices (equal to μi(q) when
y(t) = i), then equation (5.11) also holds, where in equation (5.41) the expression
ρ̂μ(s(t)) should be changed to μ̂(s(t)) =

∑r
i=1 ρiiμi(s(t)).

Using Theorem 4.6 we can also prove DA for Qn(t).
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Results of Statement 5.8 can be extended to the system GQ/MQ/r/∞ with inter-
arrival times and rates νi, κi, also depending on the current size of the queueQn(t)/n.
In this case it is not possible to construct an auxiliary SMP, which stands for the exter-
nal environment, because sojourn times and transition probabilities may depend on the
queue. However, it is possible to use a general representation of the queue in terms of
SP and also use AP for so-called quasi-ergodic MP (e.g. section 3.3 and [ANI 92a]).

More examples of non-Markov and even non-semi-Markov models of the types
GQ/MQ/1/∞, SMQ/MQ/1/∞ and (GQ/MQ/1/∞)r are considered in [ANI 93,
ANI 94a, ANI 95, ANI 99b, ANI 00, ANI 02, ANI 92b].

5.3.7. Polling systems

Consider a polling system defined in section 2.2.4. The system consists of r sta-
tions and a single moving server. Suppose that the service rates depend on the normal-
ized size of the queue in the following way: if upon the arrival at station j at time tk
a server sees Qj calls waiting there, then the service rate in the time interval of the
length κk(j) is μj(Qj/n). Denote by Qn(i, t) a number of calls at station i at time
t, Qn(t) = (Qn(1, t), . . . , Qn(r, t)). We keep all notations of section 2.2.4. Suppose
that an MP with transition probabilities pij , i, j = 1, r, is ergodic with stationary
distribution πi.

STATEMENT 5.9. Assume that for any i = 1, r, the values mi = Eκ1(i) and
m̃i = Eκ̃1(i) exist, the functions μi(q), q > 0, satisfy a local Lipschitz condition,

Qn(0) P−−→ s0 = (s01, . . . , s0r), a unique solution of the equation

dsi(t) =
(
λi − ρ̂iμi

(
si(t)

))
dt, si(0) = s0i, (5.42)

exists in an interval [0, T ] at each i = 1, r, and si(t) > 0, t ∈ [0, T ], where

ρ̂i = πimi

(
r∑

j=1

πj

(
mj + m̃j

))−1

.

Then relation (5.4) holds with s(t) = (si(t), i = 1, r).

Proof. Let us construct an auxiliary PSMS. Let Πk(t, i, λi) and Π̃k(t, i, μi) be the
Poisson processes, which are independent at different k, i, with parameters λi and
μi, respectively. We introduce processes ζnk(t, i, Q) = (ζ(j)

nk (t, i, Qj), j = 1, r) as
follows:

ζ
(i)
nk

(
t, i, Qi

)
= Πk

(
t, i, λi

)− Π̃k

(
t, i, μi

(
Qi/n

))
, as 0 ≤ t ≤ κk(i);
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ζ
(i)
nk

(
t, i, Qi

)
=Πk

(
t, i, λi

)−Π̃k

(
κk(i), i, μi

(
Qi/n

))
, as κk(i)<t≤κk(i)+κ̃k(i);

ζ
(j)
nk

(
t, i, Qj

)
= Πk

(
t, j, λj

)
, as 0 ≤ t ≤ κk(i) + κ̃k(i), j = 1, r, j �= i.

Denote by (x(t), Q̃n(t)), t ≥ 0, an auxiliary PSMS constructed according to equa-
tion (1.14) by the introduced processes and SMP x(t), introduced in section 2.2.4. Fol-
lowing the lines of proof of Theorem 5.1 we see that by the construction, if in some
interval [0, T ], Q̃n(t) > 0 in each component, then the trajectory of Q̃n(t) coincides
with the trajectory of the queueing process Qn(t). Therefore, it is enough to prove AP
for Q̃n(t).

Now we can use Theorem 4.5 and Corollary 4.4. In this case ξn(i,Q) =
ζn1(κ1(i) + κ̃1(i), i, Q) and τn(i) = κ1(i) + κ̃1(i). It is not so hard to check all
conditions of Theorem 4.5 and calculate that the function m−1b(q) in equation (4.57)
has the form (λi − ρ̂iμi(qi), i = 1, r). Thus, relation (5.4) is proved.

The interval [0, T ] where the convergence holds, depends on the representation
of the service rate. For example, if μi(q) = αi + μiq and ρ̂iαi < λi, i = 1, r,
then relation (5.4) holds for any T > 0, and equation (5.42) has a point of stability
s∗ = ((λi − ρ̂iαi)/μi, i = 1, r).

NOTE 5.3. Using Theorem 4.6 and Corollary 4.5 we can also prove that the sequence
γn(t) = n−1/2(Qn(nt) − ns(t)) J-converges in DT to the diffusion process γ(t)
satisfying the equation:

dγ(t) = G
(
s(t)

)
γ(t)dt+m−1/2B

(
s(t)

)
dw(t), γ(0) = γ0,

where G(q) is a diagonal matrix with elements −ρ̂iμ
′
i(qi), and matrix B2(q) is cal-

culated by vectors ξn(i,Q) and the embedded MP, x(tk + 0), k ≥ 0, according to
relations (4.66), (4.70).

Note that using this approach some other examples of queueing systemsGQ/MQ/
1/∞, SMQ/MQ/1/∞ and networks (GQ/MQ/1/∞)r are considered in [ANI 95,
ANI 97].

5.4. Retrial queueing systems

Retrial queues are comparatively a new direction in queueing models. Over recent
years there have appeared many publications concerning the development of approx-
imating methods and analysis of steady-state behavior for different classes of retrial
queueing models (see reviews by Yang and Templeton [YAN 87], Falin [FAL 90] and
Kulkarni and Liang [KUL 97], the book by Falin and Templeton [FAL 97] and other
papers [ART 99, FAL 95, ART 96, MAR 95].
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This is a wide and fruitful direction of applications of limit theorems for SP.
Note that AP and DA type theorems for different classes of overloaded retrial queue-
ing models M/G/1/w.r, M/M/m/w.r and MQ/G/1/w.r with a state-dependent
Markov arrival process, general or exponential service and an asymptotically small
rate of retrial calls are studied in [ANI 99a, ANI 99c, ANI 01].

In retrial systems customers finding the server busy may join the special retrial
queue and repeat their attempts for service after some random time. Consider several
examples of retrial queueing systems.

5.4.1. Retrial system MQ/G/1/w.r

This system is described in section 2.2.5. There is one server and an infinite num-
ber of waiting places. Calls enter the system one at a time. If the server is free it
immediately takes the call for service. If the server is busy the call will wait in a
queue.

Suppose that system characteristics depend on a parameter n, n → ∞. Let
λ(q), ν(q), q ≥ 0, be given non-negative functions. Denote by Qn(t) the number
of calls in the queue at time t. Let tn1 < tn2 < · · · be sequential points of service
completion, tn0 = 0. Denote Qnk = Qn(tnk + 0) and assume that in the interval
[tnk, tnk+1) an input flow is a Poisson flow with parameter λ(Qnk/n) and each
call in the queue independently of other calls with local rate n−1ν(Qnk/n) may
re-apply for service. If the server is free, it immediately takes the call for service. If
the server is busy, the call remains in the queue and repeats its attempts for service
in the same way. A service time κn does not depend on the type of a call (if the call
appears from the input flow or from the orbit), and has a general distribution function
Bn(x) = P(κn ≤ x) with finite moments of the first and second order mn and m(2)

n .
Denote Λ(q) = λ(q) + qν(q).

THEOREM 5.3. 1) If functions λ(q), ν(q) are locally Lipschitz, λ(q) > 0, ν(q) > 0,

q ≥ 0, Λ(q) ≤ L(1 + q), as n→ ∞, mn → m, n−1Qn(0) P−−→ s0, and variables κn

are uniformly integrable, that means,

lim
L→∞

lim sup
n→∞

Eκnχ
(
κn > L

)
= 0,

then for any T > 0, relation (5.11) is true, where function s(t) satisfies the equation:

ds(t) =
(
λ
(
s(t)

)−m
(
s(t)

)−1
)
dt, s(0) = s0, (5.43)

with m(q) = m+ (λ(q) + qν(q))−1.

2) If in addition functions λ(·) and ν(·) are continuously differentiable and as
n→ ∞,

√
n
(
mn −m

) −→ 0, m(2)
n −→ m(2), n−1/2

(
Qn(0) − ns0

) w=⇒ ζ0,
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and variables κ2
n are uniformly integrable, that means,

lim
L→∞

lim sup
n→∞

Eκ2
nχ
(
κn > L

)
= 0,

then the sequence of processes ζn(t) = n−1/2(Qn(nt) − ns(t)) for any T > 0 J-
converges in DT to a diffusion process ζ(t) satisfying the following SDE:

dζ(t) = g
(
s(t)

)
ζ(t)dt+m

(
s(t)

)−1/2
D
(
s(t)

)
dw(t), ζ(0) = ζ0.

Here g(q) = d
dq (λ(q) −m(q)−1),

D2(q) = λ(q)m(q) + σ(q)2m(q)−2 − 2λ(q)m(q)−1
(
λ(q) + qν(q)

)−2
,

σ2(q) = σ2 +
(
λ(q) + qν(q)

)−2
, σ2 = m(2) −m2.

NOTE 5.4. As function s(t) has a continuous derivative and for any t such that
s(t) = 0, relation s′(t) = λ(0) − λ(0)(1 + λ(0)m)−1 > 0 is true, then the
assumption s0 ≥ 0 implies that the solution of equation (5.43) is strictly positive in
any interval [0, T ].

Proof. We represent the process Qn(t) as an SP as it was described in section 2.2.5.
Let us choose times tnk as switching times. Denote τnk(nq) = tnk+1 − tnk given that
Qnk = nq. Then

P
(
τnk(nq) ≤ x

)
= P

(
η
(
Λ(q)

)
+ κn ≤ x

)
,

where η(Λ(q)) is an independent of κn exponentially distributed random variable with
parameter Λ(q). Let ξnk(Qnk) = Qnk+1 −Qnk. Then

P
(
ξnk

(
Qnk

) ≤ x | Qnk = nq, κn = z
)

=
(
λ(q) + qν(q)

)−1(
qν(q)P

(
Πλ(q)(z) − 1 ≤ x

)
+ λ(q)P

(
Πλ(q)(z) ≤ x

))
,

where Πb(t) stands for a Poisson process with parameter b.

Now we can construct a PSMS Q̃n(t) with the help of processes ζnk(t, q) defined
according to relations (2.6). This process is equivalent to the queueing process Qn(t)
in the region Qn(t) > 0 if we construct both processes on the same probability space
in the same way as was done in Theorem 5.1.

Now let us introduce an embedded process Q̂n(t) = Qnk as tnk ≤ t < tnk+1.
Process Q̂n(t) is an RPSM constructed with the help of variables τnk(nq), ξnk(nq).
It is easy to calculate the first and second moments of these variables and check the
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conditions of Theorem 4.3. Thus, relation (5.11) holds for the process Q̂n(t). Further-
more, as in our case the trajectory of Qn(t) in each interval (tnk, tnk+1) is monotoni-
cally increasing, according to Statement 4.2, the normalized trajectories of Q̃n(t) and
Q̂n(t) asymptotically have the same behavior. Finally, according to Theorem 5.1, in
any interval [0, T ] such that s(t) > 0, 0 ≤ t ≤ T , the normalized processes Q̃n(t) and
Qn(t) asymptotically have the same behavior. This finally implies the statement of the
first part of Theorem 5.3. To prove the second part of Theorem 5.3 we need to use the
notation used in equations (4.30) and (4.31). It is easy to check conditions (4.32) and
(4.33). Condition (4.35) follows from the condition of the uniform integrability of the
variables κn. Finally this implies the statement of the second part of Theorem 5.3.

EXAMPLE 5.3. If λ(q) ≡ λ, ν(q) ≡ ν, then our system is equivalent to a classical
retrial system with Poisson input, constant retrial rate and general service time. In
particular, if λm < 1, there exists a stationary point s∗ of equation (5.43): as t→ ∞,
s(t) → s∗ = λ2m((1 − λm)ν)−1. In a stationary case (when s0 = s∗), s(t) ≡ s∗,
and process ζ(t) satisfies the equation:

dζ(t) = −(1 − λm)2νζ(t)dt+ λ
√
λσ2 + 2m− λm2dw(t), ζ(0) = ζ0. (5.44)

This is an Ornstein-Uhlenbeck process. Solving equation (5.44) we obtain:

ζ(t) = e−atζ0 + b

∫ t

0

e−a(t−u)dw(u),

where a = (1 − λm)2ν, b2 = λ2(λσ2 + 2m− λm2).

Note that as t → ∞, the distribution of ζ(t) weakly converges to a Gaussian
distribution with parameters (0, b2(2a)−1). Thus, in a stationary case at large n and t
we can use the approximation:

Qn(nt) ≈ ns∗ +
√
nb(2a)−1/2N (0, 1).

The result of Theorem 5.3 is also true if functions λ(·), ν(·) depend on the number
of calls Qn(t) at current time t.

Using Theorems 4.5, 4.6 these results can be extended to the case when there are
additional Markov switches at times tnk, and to the case when the server is not reliable
[ANI 91, ANI 94b].

Similar results (AP and DA) for a system MQ/G/1/w.r which is described as a
one-server system with multiple Poisson input (a call of type i has an input rate λi,
i = 1, . . . , r, r < ∞), general service depending on the type of a call, and rates of
repeated calls in the queue {νi(q), q ∈ Rr

+} depending on the current vector of all
waiting calls are considered in the following section.
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5.4.2. System M̄/Ḡ/1/w.r

Let us consider a one-server system with multiple Poisson input (a call of type
i has the input rate λi, i = 1, r, r < ∞). Let a family of distribution functions
{Fi(x), i = 1, r}, (Fi(0) = 0), the values {qi, i = 1, r}, (0 ≤ qi ≤ 1), and a
family of continuous functions {νi(s̄), i = 1, r, s̄ ∈ Rr

+} also be given. The service
discipline is organized in the following way. If a call of type i enters the system and
finds the server idle, then it goes directly to the server and the service time is an
independent random variable κi with distribution function Fi(x). Calls waiting to try
the service again are said to be in “orbit”. If the incoming call finds the server busy it
goes directly into “orbit”.

Denote Q̄n(t) = {Q(i)
n (t), i = 1, r}, where Q(i)

n (t) is the number of calls of the
type i in the orbit. If Q̄n(t) = ns̄, then in the small interval [t, t+h] each call in orbit,
independently of others, can re-apply for service with probability 1

nν(s̄)h + o(h). If
a call finds the server idle, then the server immediately takes the call and the service
time is κi. If a call finds the server busy, then it returns to orbit.

Let s̄ = (s1, s2, . . . , sr) be a column-vector. By symbol s̄∗ we denote a conjugate
vector. Suppose that there exist the means Eκi = mi, i = 1, r. Let us introduce the
following values:

λ(s̄) =
r∑

i=1

(
λi + siνi(s̄)

)
, m̂ =

r∑
i=1

miλi. (5.45)

Let λ̄ and ᾱ(s̄) also be the column-vectors with entries λi and miνi(s̄), respec-
tively. Let us introduce matrixM = λ̄ᾱ(s̄)∗. Denote by I andG the diagonal matrices
with the elements 1 and νi(s̄), respectively, and put

g(s̄) = 1 + m̂+
(
ᾱ(s̄), s̄

)
, Ā(s̄) = m̂λ̄+ (M −G)s̄. (5.46)

Now we prove two theorems on the asymptotic behavior of vector Q̄n(nt).

THEOREM 5.4 (AP). Suppose that n−1Q̄n(0) P−−→ s̄0, functions νi(s̄) satisfy the local
Lipschitz condition and

mi > 0, i = 1, r. (5.47)

Then, as n→ ∞, for any T > 0,

sup
0≤t≤T

∣∣n−1Q̄n(nt) − s̄(t)
∣∣ P−−→ 0, (5.48)
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where s̄(t) satisfies the system of differential equations

ds̄(t) = g
(
s̄(t)

)−1
Ā
(
s(t)

)
dt, s̄(0) = s̄0, (5.49)

and a solution to equation (5.49) exists in each interval and is unique.

Proof. Let us represent process Q̄n(t) as an SP. Denote by tn1 < tn2 < tn3 < · · · the
sequential times of service completion. We consider these times as switching times.
Denote Q̄nk = Q̄n(tnk), k > 0, and introduce the family of random variables τn(s̄)
such that P{τn(s̄) ≤ x} = P{tnk+1 − tnk ≤ x | Q̄nk = ns̄}.

If the server is idle, given that Q̄nk = ns̄, we have two flows of calls at the server:
in the first flow the call of type i has the rate λi, the second flow is formed by the calls
from orbit and the call of type i can appear with the rate siνi(s̄). Using the proper-
ties of the minimum of independent exponential random variables we can represent
variable τn(s̄) in the form

τn(s̄) = η
(
λ(s̄)

)
+ κ(s̄), (5.50)

where η(λ(s̄)) is an exponential random variable with parameter λ(s̄) and κ(s̄) is an
independent of η(λ(s̄)) variable and can be represented in the form:

κ(s̄) =
{
κj with probability λ(s̄)−1

(
λj + sjνj(s̄)

)
, j = 1, r.

Introduce indicators χj1(s̄) (χj2(s̄)) of the following events: after an idle period
a call of type j which comes from the input flow (from orbit, respectively) takes the
server. This means,

P
{
χj1(s̄) = 1

}
= 1 − P

{
χj1(s̄) = 0

}
= λjλ(s̄)−1,

P
{
χj2(s̄) = 1

}
= 1 − P

{
χj2(s̄) = 0

}
= sjνj(s̄)λ(s̄)−1.

According to these notations we can write that

τn(s̄) = η
(
λ(s̄)

)
+

r∑
j=1

(
χj1(s̄) + χj2(s̄)

)
κj . (5.51)

Let us construct an auxiliary SP describing the behavior of Qn(t). In this case
there is no discrete component x(t). Let us define the family of processes ζnk(t, s̄). By
definition, the orbit changes according to the following processes: in the idle interval
there is no change, and in the busy period there is a Poisson flow with parameter λi

of calls of type i. Denote by Π̄(k)
ai (t) = (Π(k)

ai (t), i = 1, r), k ≥ 0, the vector-valued
jointly independent at different k Poisson processes, where components Π(k)

ai (t) are
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independent Poisson processes with parameters ai. Suppose without loss of generality
that at time tn0 = 0 the server is idle. Let us introduce the following process in the
interval [tn0, tn1)

ζ̄n0(t, s̄) = 0 as t < η
(
λ(s̄)

)
,

ζ̄n0(t, s̄) = −
r∑

j=1

ējχj2(s̄) +
r∑

j=1

(
χj1(s̄) + χj2(s̄)

)
Π̄(j)

λi
(t)

as η
(
λ(s̄)

)
< t ≤ τn(s̄),

(5.52)

where ēj is the column vector with jth entry equal to 1 and others equal to 0. In each
following interval [tnk, tnk+1) process ζ̄nk(t, s̄) is constructed in the same way.

Then process Q̄n(t) is equivalent to an SP constructed by the families ζ̄nk(t, s̄)
according to formulae (1.6) and (1.7). Let us introduce the family of vector-valued
variables ξ̄n(s̄) as follows:

P
{
ξ̄n(s̄) ≤ x

}
= P

{
Q̄nk+1 − Q̄nk ≤ x | Q̄nk = ns̄

}
.

We can then represent ξ̄n(s̄) in the form

ξ̄n(s̄) = −
r∑

j=1

ējχj2(s̄) +
r∑

j=1

(
χj1(s̄) + χj2(s̄)

)
Π̄(j)

λi

(
κj

)
. (5.53)

Now we use Theorem 4.9. For simplicity we omit index k and index n where it is
possible. It is easy to calculate that

m(s̄) = Eτn(s̄) = λ(s̄)−1

(
1 +

r∑
i=1

(
λi + siνi(s̄)

)
mi

)
= λ(s̄)−1g(s̄),

b̄(s̄) = Eξ̄n(s̄) = a(s̄)−1
(
m̂λ̂+ (M −G)s̄

)
.

(5.54)

Then in our case gn(s̄) ≤ |ξn(s̄)| + 1 and condition (4.103) automatically takes
place according to Statement 4.1 as the trajectories of each component of the pro-
cess ζ̄nk(t, s̄) are monotonically increasing. Now let us prove that the convergence in
equation (5.48) takes place for any T > 0. It is easy to see that

m(s̄) ≥ λ(s̄)−1 + min
i
mi ≥ min

i
mi

and according to condition (5.47),
∫∞
0
m(η(u))du = +∞.

Note that the function Ā(s̄) = m(s̄)−1b(s̄) satisfies the local Lipschitz condition
and has no more than linear growth. This means that the solution to equation (5.49)
exists in each interval and is unique, and that finally implies Theorem 5.4.
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Let us consider as an example a one-dimensional case (only one type of call). We
keep the previous notations and just omit index i and symbol bar .̄ Then

λ(s) = λ+ sν, m(s) = λ(s)−1 +m,

g(s) = 1 + λm+ νms, A(s) = λ2m+ (λm− 1)sν(s).
(5.55)

COROLLARY 5.4. Suppose that Eκ = m > 0, n−1Qn(0) P−−→ s0, and function
ν(s) satisfies a local Lipschitz condition. Then relation (5.48) takes places where in
equation (5.49) the functions g(s), A(s) are given by expression (5.55).

If λm < 1 and sν(s) → ∞ as s→ ∞, then equation (5.49) has a point of stability
s∗ which is the minimal solution of equation sν(s) = (1 − λm)−1λ2m. In particular
if ν(s) ≡ ν, then s∗ = (1 − λm)−1ν−1λ2m and s(t) → s∗ as t→ ∞.

In the case where λm = 1 we obtain unusual behavior for s(t):

s(t) = (mν)−1
(√

2λ2m2νt+
(
1 + λm+mνs0

)2 − 1 − λm
)
.

Now consider the diffusion approximation. Let us keep the notation of Theorem
5.4. Suppose that there exist second moments Eκ2

i , i = 1, r. Put σ2
i = Varκi and

introduce the following variables:

m̂(s̄) =
r∑

i=1

misiνi, αj(s̄) = λ(s̄)−1
(
λj + sjνj

)
,

σ̂2(s̄) =
r∑

j=1

αj(s̄)

(
σ2

j +
(
mj −

r∑
i=1

αi(s̄)mi

)2
)
.

(5.56)

Denote f(s̄) = λ(s̄)−1(m̂+ m̂(s̄)) and introduce vectors:

j̄(s̄) = −g(s̄)−1f(s̄)λ̄+ λ(s̄)−1Gs̄, ā(s̄) = g(s̄)−1(λ̄+Gs̄).

Let β̄(s̄) and β̄m(s̄) be the column vectors with components βi(s̄) and βi(s̄)mi,
respectively, where βi(s̄) = λ(s̄)−1siνi(s̄). We putB(s̄) = j̄(s̄)β̄(s̄)∗ + ā(s̄)β̄m(s̄)∗.
In addition, let Λ and Λ1(s̄) be diagonal matrices with elements on the diagonal λi

and piλi + siνi, respectively. Denote

D2(s̄) = g(s̄)−2σ̂2(s̄)(λ̄+Gs̄)(λ̄+Gs̄)∗ + λ(s̄)−2Gs̄s̄∗G

+ g(s̄)−2λ(s̄)−2
(
λ(s̄)f(s̄)λ̄−Gs̄

)(
λ(s̄)f(s̄)λ̄−Gs̄

)∗
−B(s̄) −B(s̄)∗ + λ(s̄)−1Λ1(s̄) + f(s̄)Λ.

(5.57)
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Furthermore, suppose that functions νi(s̄) are continuously differentiable and
denote by Q(s̄) = (g(s̄)−1A(s̄))′ a matrix derivative of the vector g(s̄)−1A(s̄). Put

γ̄n(t) = n−1/2
(
Q̄n(nt) − ns̄(t)

)
, t ∈ [0, T ].

THEOREM 5.5 (DA). Suppose that the conditions of Theorem 5.4 hold and
n−1/2(Q̄n(0) − s̄0)

w=⇒ γ̄0.

Then the sequence of processes γ̄n(t) J-converges in any interval [0, T ] to the
diffusion process γ̄(t) satisfying the following stochastic differential equation:

dγ̄(t) = Q
(
s̄(t)

)
γ̄(t)dt+D

(
s̄(t)

)
m
(
s̄(t)

)−1/2dw̄(t), γ̄(0) = γ̄0, (5.58)

where function s̄(·) satisfies equation (5.49), functionm(s̄) is given in equation (5.54)
and w̄(t) is the standard Wiener process in Rr.

Proof. We use the same representation for variables τn(s̄) and ξn(s̄) (see equations
(5.51), (5.53)) and Theorems 4.10 and 4.3. Let us calculate the variance of the variable

ρ̄n(s̄) = ξ̄n(s̄) − b̄n(s̄) − g(s̄)−1Ā(s̄)
(
τn(s̄) −m(s̄)

)
(see equation (5.54)). For convenience we can split ρ̄n(s̄) into two independent parts:
ρ̄
(1)
n (s̄) = −g(s̄)−1Ā(s̄)(ηn(λ(s̄)) − λ(s̄)−1), and the remaining part. After calcula-

tions we obtain that Eρ̄n(s̄)ρ̄n(s̄)∗ = D2(s̄). This implies the statement of Theorem
5.5.

NOTE 5.5. If equation (5.49) has the point of stability s̄∗ and s̄0 = s̄∗, then we have
a so-called quasi-stationary regime where s̄(t) ≡ s̄∗ and process γ̄(t) in Theorem 5.5
satisfies the equation:

dγ̄(t) = Q
(
s̄∗
)
γ̄(t)dt+D

(
s̄∗
)
m
(
s̄∗
)−1/2dw(t), γ̄(0) = γ̄0,

where γ̄(t) is an Ornstein-Uhlenbeck process.

Note that similar models for the one-dimensional case were studied in [ANI 91,
ANI 94b].

5.4.3. Retrial system M/M/m/w.r

Now consider a retrial system withm identical servers and service rate μ. An input
is a Poisson flow of identical calls with parameter λ. Denote by Rn(t) a number of
busy servers at time t. Let the families {pi(s), qi(s), ri(s), i = 0, 1, . . . ,m}, and
{ν(s), α(s), g(s)}, s ≥ 0, of continuous non-negative functions be given. Here for
any s ≥ 0, i = 0, 1, . . . ,m, pi(s) + qi(s) + ri(s) = 1, α(s) + g(s) = 1.

Denote by Qn(t) the number of waiting calls at time t (calls in orbit). The service
process in the system is described in the following way: if a call enters the system
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at time t and (Rn(t), Qn(t)) = (i, nq) (i < m), then with probability pi(q) it is
immediately taken for service, with probability qi(q) the call goes to the queue, and
with probability ri(q) the call gets a refusal and leaves the system (if i = m, then we
put pm(q) ≡ 0). If Qn(t) = nq, each call in the queue independently of others can
re-apply for service with local rate n−1ν(q). If a call finds a idle server, the service
immediately begins. If a call finds all servers busy, then it either returns to the orbit
with probability α(q) or with probability g(q) the call leaves the system.

We study the AP for the process Qn(nt)/n. Note that the process (Rn(t), Qn(t))
is an MP and we can represent it as an RPSM. Denote

ρ(j, s) = ĉ(s)−1 1
j!μj

j−1∏
i=0

(
pi(s)λ+ sν(s)

)
, j = 0,m, (5.59)

where

ĉ(s) =
m∑

j=0

1
j!μj

j−1∏
i=0

(
pi(s)λ+ sν(s)

)
and we set

∏−1
i=0 = 1. Let us define the function

b̂(s) = λ

m∑
i=0

ρ(i, s)qi(s) − sν(s)
(
1 − (1 − g(s)

)
ρ(m, s)

)
. (5.60)

THEOREM 5.6. Suppose that n−1Q̄n(0) P−−→ s̄0, the functions pi(s), qi(s), g(s), ν(s)
satisfy the local Lipschitz condition, for any s > 0, ν(s) > 0, and the function ν(s) is
bounded. Then as n→ ∞, for any T > 0,

sup
0≤t≤T

∣∣n−1Qn(nt) − s(t)
∣∣ P−−→ 0 (5.61)

where

s(0) = s0, ds(t) = b̂
(
s(t)

)
dt, (5.62)

and a solution of equation (5.62) exists in each interval and is unique.

Proof. At first we represent a process (Rn(t), Qn(t)) as an SP. In our case the pro-
cess (Rn(t), Qn(t)) is an MP with values in {0, 1, . . . ,m} × {0, 1, . . .}. Denote by
tn1 < tn2 < · · · the sequential times of any transition in the system. Note that some
transitions may not cause a change of state but they are related to some service pro-
cesses (for example loss of an input call). We consider times tn1 < tn2 < · · · as
switching times. By the constriction, process (Rn(t), Qn(t)) is an RPSM with feed-
back between both components. In scale of time nt the first component is quickly
varying and we use Theorem 4.7, section 4.5.
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We can always define process (Rn(t), Qn(t)) as a right-continuous process. Let
us calculate its transition rates. Put λi(s) = λ + iμ + sν(s), i ≤ m. If Qn(t) = ns,
then transition rates do not depend on n and we omit index n for simplicity. Let
λ((i, s), (j, y)) denote the transition rate from state (Rn(t), Qn(t)) = (i, ns) to state
(j, ny). Then:

λ
(
(i, s), (j, y)

)
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

iμ if j = i− 1, y = s;
pi(s)λ if j = i+ 1, y = s;
ri(s)λ if j = i, y = s;
qi(s)λ if j = i, y = s+ 1;
sν(s) if j = i+ 1, y = s− 1;
0 otherwise

0 ≤ i < m;

λ
(
(m, s), (j, y)

)
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

mμ if j = m− 1, y = s;
rm(s)λ if j = m, y = s;
qm(s)λ if j = m, y = s+ 1;
g(s)sν(s) if j = m, y = s− 1;
α(s)sν(s) if j = m, y = s;
0 otherwise.

Let us introduce the family of random variables ξ(i, s) such that

P
{
ξ(i, s) ∈ C

}
= P

{
Qn

(
tn2

)−Qn

(
tn1

) ∈ C | (Rn

(
tn1

)
, Qn

(
tn1

))
= (i, ns)

}
.

Then variable ξ(i, s) can be represented in the form: for i < m,

ξ(i, s) =

⎧⎪⎨⎪⎩
1 with probability λi(s)−1qi(s);
−1 with probability λi(s)−1sν(s);
0 otherwise,

and at i = m,

ξ(m, s) =

⎧⎪⎨⎪⎩
1 with probability λm(s)−1qm(s);
−1 with probability λm(s)−1g(s)sν(s);
0 otherwise.

Now we can describe process (Rn(t), Qn(t)) as an SP (see relations (4.92) and
(4.93)). In this case variable τnk(i, s) has an exponential distribution with parameter
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λi(s) and variable ξnk(i, s) has the same distribution as variable ξ(i, s) introduced
above. Furthermore, at each fixed s ≥ 0, denote by x̃k(s), k ≥ 0, an MP in discrete
time with transition probabilities

pij(s) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
λi(s)−1iμ if j = i− 1;
λi(s)−1(ri(s) + qi(s))λ if j = i;
λi(s)−1(pi(s)λ+ sν(s)) if j = i+ 1;
0 otherwise

i = 0,m− 1;

pmj(s) =

⎧⎪⎨⎪⎩
λm(s)−1mμ if j = m− 1;
λm(s)−1

(
λ+ sν(s)

)
if j = m;

0 otherwise.

As can be seen, at any s > 0, the state space of x̃k(s) forms one essential class.
Denote by {π(i, s), i = 0,m}, a stationary distribution for x̃k(s), k ≥ 0. It is easy
to see that in any bounded region {δ ≤ s ≤ L} (δ > 0) process x̃k(s) is uniformly
ergodic. Let us introduce the functions:

m(s) =
m∑

i=0

π(i, s)λi(s)−1, q̂(s) =
m∑

i=0

π(i, s)qi(s)λi(s)−1,

b(s) = λq̂(s) − sν(s)m(s) + sν(s)
(
1 − g(s)

)
π(m, s)λm(s)−1.

(5.63)

Denote b̃(s) = m(s)−1b(s). According to Theorem 4.7, relation (5.61) holds
where s(t) is a solution to equation (5.62) (see also (4.95)). Furthermore, as func-
tion ν(s) is bounded, then for some c0 > 0, lim infs→∞ sm(s) > c0. This relation
implies that ∫ ∞

0

m
(
η(u)

)
du = +∞

and the convergence in equation (5.61) holds for any T > 0.

Now let us calculate the function b̃(s) in the explicit form. Note that the val-
ues m(s)−1π(i, s)λ(i, s)−1, i = 0,m, at each fixed s are the stationary probabili-
ties of an MP in continuous time x̃(t, s), t ≥ 0, which is given by transition rates
ãij(s) = λ(i, s)pij(s) (here we allow transitions back to the same state). However,
process x̃(t, s), t ≥ 0, is equivalent to the Birth-and-Death process x(t, s) with birth
and death rates in the state i, ci(s) and di(s), respectively, where ci(s) = piλ+sν(s),
i < m, di(s) = iμ, i ≤ m. Therefore, the stationary probabilities of x̃(t, s) are
defined by expression (5.59), and after some algebra we find that b̃(s) = b̂(s). This
finally proves Theorem 5.6.

Let us study the cases when equation (5.62) has a point of stability.
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CASE 1. Suppose that

inf
s≥0

g(s) = g0 > 0, inf
s≥0

ν(s) = ν0 > 0,
m∑

i=0

qi(0) > 0.

This means that there exists a flow of lost calls in the state m (when all servers are
busy). Then b̂(0) > 0 and b̂(s) ≤ λ − sν0g0. Thus, b̂(s) → −∞ as s → ∞. Denote
by s∗ the minimal root of the equation

b̂(s) = 0 (5.64)

in the region (0,∞) which exists according to continuity of the function b̂(s). In some
small neighborhood of s∗, b̂(s) > 0 as s < s∗ and b̂(s) < 0 as s > s∗. This means
that point s∗ is the point of stability for the solutions with the initial value s0 in a
neighborhood of s∗.

Note that in this case the stable solution exists for any values of λ and μ. This fact
can be explained in the following way: if s is large, then the flow of lost calls also has
a large rate no less than sν0g0.

CASE 2. Suppose that g(s) ≡ 0, qm(s) ≡ 1,
∑m

i=0 qi(0) > 0, sν(s) → ∞ as s→ ∞,
and

λ < mμ. (5.65)

This means that if a call finds all servers busy, it goes with probability one to the
orbit and there is no flow of lost calls in state m. It is not difficult to calculate that:

lim
s→∞ ρ(m, s) = 1, lim

s→∞ b̂(s) = λ−mμ. (5.66)

As b̂(0) > 0, relations (5.65) and (5.66) imply that the minimal root of equation (5.64)
exists and it is the point of stability.

In particular, if m = 1, functions pi(·), qi(·), νi(·) do not depend on s, and
g(s) ≡ 0, then:

b̂(s) =
λ2 + sν(λ− μ)
λ+ μ+ sν

,

which is in agreement with equation (5.55) for the case q = 1, p = 0, m = λ−1.

These results show that the technique based on limit theorems of AP and DA types
for SP provides us with the new effective approach for studying transient and stable
operating regimes for rather complex retrial queueing systems in overloading condi-
tions.

Using this approach, AP for the number of calls in orbit in the overloading case for
the Markov multiserver retrial queues with negative arrivals was proved in [ANI 01].
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5.5. Queueing networks

5.5.1. State-dependent Markov network (MQ/MQ/1/∞)r

Consider a queueing network (MQ/MQ/1/∞)r which consists of r nodes with
one server in each node and an infinite number of waiting places. Denote by Qn(i, t)
the number of calls in the ith node at time t and let Qn(t) = (Qn(i, t), i = 1, r) be
the column vector.

We assume that the time goes to infinity in the scale nt and consider the AP and
DA for the normalized vector-valued queueing process Qn(nt). Let the functions
{λi(q), μi(q), pij(q), i = 1, r, j = 0, r, q ∈ [0,∞)r} be given. The network is
operating in the following way. If at some time-point u, Qn(u) = Q, then the local
input rate in the ith node is λi(Q/n) and the local service rate is μi(Q/n). If at this
time a call has completed service in node i, then either with probability pij(Q/n) it
goes from ith to jth node, j = 1, r or with probability pi0(Q/n) it leaves the network.
This network belongs to Jackson type networks.

Let λ(q) = (λ1(q), . . . , λr(q)), μ(q) = (μ1(q), . . . , μr(q)) be the column vector-
valued functions,

P (q) =
∥∥pij(q)

∥∥
i,j=1,r

, a(q) =
r∑

i=1

(
λi(q) + μi(q)

)
,

and for a vector-valued function f(q) = (f1(q), . . . , fr(q)) with q = (q1, . . . , qr) we
denote by f ′(q) the matrix derivative: f ′(q) = ‖∂fi(q)/∂qj‖i,j=1,r.

THEOREM 5.7. Assume that as n→ ∞,

n−1Qn(0) P−−→ s0, (5.67)

functions λ(q), μ(q), P (q), satisfy a local Lipschitz condition, and there exists A > 0
such that the system of differential equations

dη(t) =
(
λ
(
η(t)

)
+
(
P ∗(η(t))− I

)
μ
(
η(t)

))
a
(
η(t)

)−1dt, η(0) = s0,

has a unique solution η(t) such that η(t) > 0 in each component, t ∈ (0, A), and∫ A

0
a(η(t))−1dt > T .

Then

sup
0≤t≤T

∣∣n−1Qn(nt) − s(t)
∣∣ P−−→ 0, (5.68)

where the vector-valued function s(t) satisfies the equation:

ds(t) =
(
λ
(
s(t)

)
+
(
P ∗(s(t))− I

)
μ
(
s(t)

))
dt, s(0) = s0. (5.69)
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If in addition

n−1/2
(
Qn(0) − ns0

) w=⇒ γ0, (5.70)

and functions λ(q), μ(q), P (q) are continuously differentiable, then the sequence of
processes

γn(t) = n−1/2
(
Qn(nt) − ns(t)

)
J-converges in interval [0, T ] to a multidimensional diffusion process γ(t) satisfy-

ing SDE

dγ(t) = G
(
s(t)

)
γ(t)dt+B

(
s(t)

)
dω(t), γ(0) = γ0. (5.71)

Here

G(q) =
(
λ(q) +

(
P ∗(q) − I

)
μ(q)

)′
, B(q)2 =

∥∥bij(q)∥∥i,j=1,r
,

bij(q) = −μi(q)pij(q) − μj(q)pji(q), i �= j,

bii(q) = −2μi(q)pii(q) + λi(q) + μi(q) +
∑

k

μk(q)pki(q), i = 1, r,

and P ∗ is a transposed matrix.

Proof. In this case the process Qn(t) is an MP which can be represented as a simple
RPSM. Switching times tnk are the times of sequential changes of the states of process
Qn(t). Then variable τn1(nq) has an exponential distribution with parameter a(q) and
the vector-valued variable ξn1(nq) does not depend on τn1(nq) and can be represented
in the form:

ξn1(nq) =

⎧⎪⎨⎪⎩
ej with probab. λj(q)a(q)−1,

ej − ei with probab. μi(q)pij(q)a(q)−1,

−ei, with probab. μi(q)pi0(q)a(q)−1,

i, j = 1,m, i �= j,

where ei is the column-vector with ith component equal to 1 and other components
equal to 0.

Calculating the characteristics of these variables, following the lines of proof of
Theorem 5.1 and using the results of Theorems 4.3 and 4.4 we prove the statements
of both parts of the theorem.

Let us consider an example, when λi(q) = λi, μi(q) = μiqi, pij(q) = pij ,
i = 1, r, j = 0, r. This network is equivalent to the classical network (M/M/∞)r. In
that case equation (5.69) has the form

ds(t) =
(
λ+ (P ∗ − I)As(t)

)
dt, (5.72)

where λ = (λ1, . . . , λr), and A is a diagonal matrix with entries μi, i = 1, r.
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Suppose that matrix P ∗ − I is invertible. Iterating equation (5.72) we obtain the
representation

s(t) = q0 + exp
{
(P ∗ − I)At

}(
s0 − q0

)
,

where q0 is the stationary point: q0 = A−1(I − P ∗)−1λ.

Equation (5.71) has the form

dγ(t) = (P ∗ − I)Aγ(t)dt+B
(
s(t)

)
dw(t). (5.73)

If s0 = q0, then for all t > 0, s(t) = q0 and we have a quasi-stationary regime
in the sense that for any t > 0, Qn(nt)/n ≈ q0. In this case equation (5.73) has the
stationary form with the matrix of diffusion B = B(q0).

These results can be extended to the networks with impatient calls, unreliable
servers and batch entry and service.

5.5.2. Markov state-dependent networks with batches

Consider a queueing network (MQ,B/MQ,B/1/∞)r with batch state-dependent
arrival process and service. It consists of r nodes with one server at each node and an
infinite number of waiting places. The local characteristics of the network depend on
a scaling parameter n. Denote by Qn(i, t) a number of calls at node i at time t and put
Qn(t) = (Qn(i, t), i = 1, r). Let the following variables be given:

1) non-negative functions λi(q), μi(q) and νi(q), i = 1, r, where q = (q1, . . . , qr);
2) families of integer random variables δi(q), γi(q) with values in {0, 1, . . .} and

variables βi(q) with values in {0,±1, . . .}, i = 1, r;

3) a family of stochastic matrices P (q) = ‖pij(q)‖i=1,r, j=1,r+1;

4) the initial vector Qn(0).

The system operates as follows. If at time t, Qn(t) = nq, then:

1) with local arrival rate λi(q), δi(q) calls may enter node i, i = 1, r;

2) with local rate μi(q), min{γi(q), qi} calls may complete service at node i and
all of them either with probability pij(q) go to node j, j = 1, r, or with probability
pi,r+1(q) leave the network;

3) each call in the queue at node i, independently of others with local rate
n−1νi(q), may be transformed into max{βi(q), 1 − nqi} calls, i = 1, r.

In this case process Qn(t), t ≥ 0, is a multidimensional MP. Suppose that there
exist the 1st and 2nd moment functions of the introduced variables. Denote

mi(q) = Eδi(q), gi(q) = Eγi(q), ei(q) = Eβi(q) − 1,
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Λ(q) =
r∑

i=1

(
λi(q) + μi(q) + qiνi(q)

)
, a2

i (q) = Eδ2i (q),

c2i (q) = Eγ2
i (q), d2

i (q) = E
(
βi(q) − 1

)2
, i = 1, r.

Let us introduce the following column-vector functions:

m(q) =
(
λ1(q)m1(q), . . . , λr(q)mr(q)

)
, g(q) =

(
μ1(q)g1(q), . . . , μr(q)gr(q)

)
,

e(q) =
(
q(1)ν1(q), . . . , q(r)νr(q)

)
, b(q) = m(q) − (I − P0(q)∗

)
g(q) + e(q),

where I is the unit matrix, P0(q) = ‖pij(q)‖i,j=1,r, and symbol “∗” denotes the
transposition operation.

Let G(q) = b
′
(q) be the matrix of partial derivatives of b(q), and B2(q) =

‖bij(q)‖i,j=1,r be the matrix with the following elements:

bij(q) = −μi(q)pij(q)c2i (q) − μj(q)pji(q)c2j (q), i �= j,

bii(q) = −2μi(q)pii(q)c2i (q) + λi(q)a2
i (q) + μi(q)c2i (q)

+
r∑

k=1

μk(q)pki(q)c2k(q) + qiνi(q)d2
i (q), i = 1, r.

Denote by s(t) a solution of a system of differential equations

s(0) = s0, ds(t) = b
(
s(t)

)
dt. (5.74)

THEOREM 5.8. 1) Suppose that in any bounded and closed domain in int{Rr
+} the

variables δi(q), γi(q), βi(q), i = 1, r, are integrable uniformly in q, functions λi(q),
μi(q), νi(q), mi(q), gi(q), ei(q), i = 1, r, P (q) satisfy a local Lipschitz condition,

Λ(q) > 0, n−1Qn(0) P−−→ s0 > 0, the equation

dη(t) = b
(
η(t)

)
Λ
(
η(t)

)−1dt, η(0) = s0,

has a unique solution η(t), and there exists T > 0 such that s(t) > 0 in each compo-
nent as t ∈ [0, T ], and

∫∞
0

Λ(η(t))−1dt > T .

Then

sup
0≤t≤T

∣∣n−1Qn(nt) − s(t)
∣∣ P−−→ 0. (5.75)

2) If in addition in any bounded and closed domain in int{Rr
+} the random vari-

ables δi(q)2, γi(q)2, βi(q)2, i = 1, r, are integrable uniformly in q, functions λi(q),
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μi(q), νi(q), mi(q), gi(q), ei(q), i = 1, r, P (q) are continuously differentiable, and

n−1/2
(
Qn(0) − ns0

) w=⇒ γ0,

then the sequence γn(t) = n−1/2(Qn(nt) − ns(t)) J-converges in Dr
T to the multi-

dimensional diffusion process γ(t):

dγ(t) = G
(
s(t)

)
γ(t)dt+B

(
s(t)

)
dw(t), γ(0) = γ0, (5.76)

where B(q)B(q)∗ = B2(q), and w(t) is a standard Wiener process in Rr.

Proof. First, we define an auxiliary RPSM Q̃n(t) by analogy to Theorem 5.1. This
is an MP which is defined by the families of random variables {(τnk(nq), ξnk(nq))},
k ≥ 0. Here τn1(nq) has an exponential distribution with parameter Λ(q), ξn1(nq)
does not depend on τn1(nq), and

ξn1(nq) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

δi(q)ei, with probab. λi(q)Λ(q)−1

γi(q)
(
ej − ei

)
, with probab. pij(q)μi(q)Λ(q)−1

−γi(q)ei, with probab. pi,r+1(q)μi(q)Λ(q)−1(
βi(q) − 1

)
ei, with probab. qiνi(q)Λ(q)−1,

i, j = 1, r.

Calculating moment characteristics of these variables and using Theorems 4.3, 4.4
on AP and DA, we obtain the statement of Theorem 5.8 for process Q̃n(t).

Now we follow the same lines as in Theorem 5.1 and use the equivalence of tra-
jectories of Q̃n(t) and Qn(t). Note that the RPSM defined above is equivalent to the
value of queue only in the region Qn(t) ≥ 0. But the condition η(t) > 0, t ∈ (0, A),
together with relation (5.75) implies that in each interval [α, β], 0 < α, β < A,

P
{
Qn(nt) > 0, α ≤ t ≤ β

} −→ 1

and therefore the processQn(t) is asymptotically equivalent to the value of queue.

In particular, if λi(q) ≡ 0, pir+1(q) ≡ 0, i = 1, r, this network is closed.

EXAMPLE 5.4. Let λi(q) ≡ λi, μi(q) ≡ μiqi, pij(q) ≡ pij for q ≥ 0, i = 1, r,
j = 1, r + 1. Then our network is equivalent to a classical network (M/M/∞)r. In
this case

ds(t) =
(
λ+

(
P ∗

0 − I
)
As(t)

)
dt, (5.77)

where λ = (λ1, . . . , λr), A is a diagonal matrix with elements μi, i = 1, r, and
P0 = ‖pij‖i,j=1,r.
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Suppose that matrix P ∗
0 −I is invertible. Then, iterating equation (5.77), we obtain

a representation s(t) = q∗+exp{(P ∗
0 −I)At}(s0−q∗), where q∗ = A−1(I−P ∗

0 )−1λ
(q∗ is the stationary point). Equation (5.76) has the form

dγ(t) =
(
P ∗

0 − I
)
Aγ(t)dt+B

(
s(t)

)
dw(t). (5.78)

If s0 =q∗, then for all t>0, s(t)≡q∗, and we have a quasi-stationary regime with
the stationary form for equation (5.78) where the matrix of diffusion B(·) = B(q∗).

The general construction of our network provides us with the opportunity to con-
sider networks with impatient calls and also unreliable servers. Some other examples
of Markov state-dependent models are studied in [ANI 92b]. Markov models with
state-dependent routing (overloaded and heavy traffic conditions) are considered in
[BAS 89]. In the case, when calls arrive and are served one at a time without trans-
formation, equations (5.74) and (5.76) are in agreement with the results [MAN 98b],
where state-dependent networks (Mξ/Mξ/1)K in heavy traffic conditions are studied.

5.6. Non-Markov queueing networks

We now consider a fluid limit (AP) and DA for some classes of non-Markov mod-
els considered in section 2.3.2. The method of analysis involves several stages. First,
we represent a queueing process as an equivalent SP by choosing in the appropriate
way switching times and constructing corresponding processes in switching intervals.
As in general we have a truncation by the level zero, these processes in most cases are
not so simple. At the next stage we construct an auxiliary SP which is asymptotically
equivalent to the queueing process, and the basic processes in switching intervals are
constructed without truncation. At the last stage we prove AP and DA for the auxiliary
SP using limit theorems for SP.

5.6.1. A network (MSM,Q/MSM,Q/1/∞)r with semi-Markov switching

Consider a queueing network (MSM,Q/MSM,Q/1/∞)r described in section
2.3.2.1. Suppose that characteristics of the network depend on parameter n in the
following way. An SMP x(t) and the variables introduced in the section do not
depend on n. However, if at the time t, x(t) = x and Qn(t)/n = q, then the local
arrival and service rates and transition probabilities as well as random sizes of
batches η(x, q), κi(x, q) depend on the pair (x, q). We keep the notations given
in section 2.3.2.1. Denote as before by t1 < t2 < · · · the times of sequential
jumps of x(t). Suppose that the embedded MP xk = x(tk), k ≥ 0, is ergodic with
stationary distribution πx, x ∈ X = {1, 2, . . . , d}. Let Q(i)

n (t) be the total amount
of work (size of queue) at node i at time t, and Qn0 be the initial value. Let us put
Qn(t) = (Q(1)

n (t), . . . , Q(r)
n (t)), t ≥ 0, and for any x ∈ X , i = 1, r, q ∈ Rr,

introduce the following functions:

m(x) = Eτ(x), P0(x, q) = ‖pij(x, q)‖i,j=1,r, a(x, q) = Eη(x, q),
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gi(x, q) = Eκi(x, q), g(x, q) =
(
μ1(x, q)g1(x, q), . . . , μr(x, q)gr(x, q)

)
,

m =
∑
x∈X

m(x)πx, c(x, q) = λ(x, q)a(x, q) +
(
P0(x, q)∗ − I

)
g(x, q),

b(q) =
∑
x∈X

m(x)c(x, q)πx, d2(x) = Varτ(x), d2
i (x, q) = Eκ2

i (x, q),

J2(x, q) = λ(x, q)Eη(x, q)η(x, q)∗.

Let F 2(x, q) = ‖fij(x, q)‖i,j=1,r be the matrix with the following entries:

fij(x, q) = −μi(x, q)pij(x, q)d2
i (x, q)

− μj(x, q)pji(x, q)d2
j (x, q), i, j = 1, r, i �= j;

fii(x, q) = μi(x, q)
(
1 − 2pii(x, q)

)
d2

i (x, q)

+
r∑

k=1

μk(x, q)pki(x, q)d2
k(x, q).

Denote

D2(x, q) = d2(x)
(
c(x, q) −m−1b(q)

)(
c(x, q) −m−1b(q)

)∗
+m(x)

(
F 2(x, q) + J2(x, q)

)
,

D2(q) =
∑
x∈X

D2(x, q)πx,

(5.79)

γ(x, q) = m(x)
(
c(x, q) −m−1b(q)

)
. (5.80)

Let matrix B2(q) be calculated using variables γ(x, q) with the help of MP xk

according to equations (4.71) and (4.72) in Theorem 4.6. We put H2(q) = D2(q) +
B2(q). Define H(q) according to the relation H(q)H(q)∗ = H2(q). Let s(t) be a
solution to the equation

ds(t) = m−1b
(
s(t)

)
dt, s(0) = s0. (5.81)

THEOREM 5.9. 1) Assume that the functions λ(x, q), μi(x, q), a(x, q), gi(x, q),
pij(x, q) for any x ∈ X , i = 1, r, j = 1, r + 1, are locally Lipschitz with respect
to q ∈ int{Rm

+}, and Eτ(x)2 < ∞, x ∈ X . Also let m > 0, for any bounded and
closed domain G ∈ int{Rm

+},

Eκi(x, q)2 ≤ CG, E
∣∣η(x, q)∣∣2 ≤ CG, i = 1, r, x ∈ X, q ∈ G, (5.82)

where CG < ∞, function b(q) has no more than linear growth, n−1Qn(0) P−−→
s0 > 0, and there exists T > 0 such that s(t) > 0, t ∈ [0, T ], in each component.
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Then
sup

0≤t≤T

∣∣n−1Qn(nt) − s(t)
∣∣ P−−→ 0. (5.83)

where s(t) is defined in equation (5.81).

2) Assume in addition that there exists a continuous matrix derivativeG(q)=b
′
(q),

q ∈ int{Rm
+}, Eτ(x)3 < ∞, x ∈ X , and for any bounded and closed domain G ∈

int{Rm
+},

Eκi(x, q)3 ≤ CG, E
∣∣η(x, q)∣∣3 ≤ CG, i = 1, r, x ∈ X, q ∈ G. (5.84)

Also let

n−1/2
(
Qn(0) − ns(0)

) w=⇒ γ0, (5.85)

and function H2(q) is continuous.

Then the sequence γn(t) = n−1/2(Qn(nt) − ns(t)) J-converges in Dr
T to the

diffusion process γ(t):

dγ(t) = G
(
s(t)

)
γ(t)dt+m−1/2H

(
s(t)

)
dw(t), γ(0) = γ0. (5.86)

Proof. First, we consider an auxiliary queueing network Q̃N switched by SMP x(t).
The network is described with the help of the families of functions and random vari-
ables λ(x, q), μi(x, q), η(x, q), κi(x, q), pij(x, q), x ∈ X , i = 1, r, j = 1, r + 1,
introduced in section 2.3.2.1, in the following way: in each interval [tk, tk+1) the
rates λ(·), μ(·), probabilities pij(·) and variables η(·), κi(·) depend only on the values
x(tk) = x and q = Qn(tk)/n at the initial point tk. This means that, at given values
x(tk) = x, Qn(tk)/n = q, the parameters of the network in interval [tk, tk+1) do not
depend on the changes of the current size of the queue. This network is a bit simpler,
but we prove that asymptotically the behavior of the normalized queue is equivalent
to the behavior of the normalized queue in the initial network.

Let us construct a corresponding PSMS. Denote by Πa(t, ξ) a compound Poisson
process with parameter a and a size of a jump ξ (sizes of different jumps are inde-
pendent random variables). Denote by Πa(t, ξ) a vector-valued compound Poisson
process with a size of a jump ξ. Put

ζ̃(t, x, q) = Πλ(x,q)

(
t, η(x, q)

)
+

r∑
i,j=1

Πμi(x,q)pij(x,q)

(
t, κi(x, q)

)(
ej − ei

)
−

r∑
i=1

Πμi(x,q)pi,r+1(x,q)

(
t, κi(x, q)

)
ei, t ≥ 0,

(5.87)
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where all introduced Poisson processes are independent. Let us introduce a family of
processes ζ̃nk(t, x, nq), k > 0 which are independent at different k, such that their
distributions coincide with the distribution of ζ̃(t, x, q). Denote by {(x(t), Q̃n(t)),
t ≥ 0} an auxiliary PSMS, which is constructed with the help of SMP x(t) and
processes ζ̃nk(t, x, nq) according to relations (1.14). By analogy to the proof of The-
orem 5.1 we can define Q̃n(t) in the whole space Rr. First we prove AP for Q̃n(t).
Let us check the conditions of Theorem 4.5 and Corollary 4.4. In our notation the
distribution of ξn(x, nq) coincides with that of ζ̃(τ(x), x, q). Conditions (4.51) and
(4.52) are automatically satisfied. Furthermore, for any random variables τ > 0 and
ξ with the properties Eτ2 < ∞, E|ξ|2 < ∞, we can calculate that EΠ2

a(τ, ξ) ≤
aEτE|ξ|2 + a2(Eξ)2Eτ2. Using Chebyshev’s inequality we obtain

nP
(
n−1 sup

t≤τ

∣∣Πa(t, ξ)
∣∣ > ε

)
≤ nP

(
Πa

(
τ, |ξ|) > nε

)
≤ n(nε)−2EΠ2

a

(
τ, |ξ|) −→ 0,

for any ε > 0 as n → ∞. This implies condition (4.109). As is easy to calculate,
Eζ̃(τ(x), x, q) = c(x, q)m(x). Using Theorem 4.5 we find that Q̃n(t) satisfies rela-
tion (5.83) with s(t) defined in relation (5.81). Now, following the same lines as in
the proof of Theorem 5.1 we find that the multidimensional process generated by the
queue in system Q̃N also satisfies relation (5.83).

Now let us consider the initial network. First, we introduce independent families
of multi-dimensional MP {γnk(t, x, nq), t ≥ 0, x ∈ X, q ∈ Rr

+}, k ≥ 0, with
values in Rr

+ in the same way as was done in section 2.3.2.1. Put γnk(0, x, nq) = nq.
If γnk(t, x, nq) = ns, then with the local rate Λ(x, s) = λ(x, s) +

∑r
i=1 μi(x, s)

the process can make a jump of the size δ(x, s). Here δ(x, s) is defined in equation

(2.7). Denote ζnk(t, x, nq) = γnk(t, x, nq) − nq. Let ˜̃Qn(t) be an auxiliary PSMS
defined with the help of x(t) and processes ζnk(t, x, nq) according to relations (1.14).
Again we can define this process in the whole space Rr. Note that by construction the

trajectory of ˜̃Qn(t) coincides with the trajectory of queue Qn(t) on any interval [0, T ]

such that ˜̃Qn(t) > 0, t ∈ [0, T ].

Let us prove that ˜̃Qn(t) also satisfies equation (5.83) with s(t) defined in equation
(5.81). Again we need to check the conditions of Theorem 4.5 and Corollary 4.4. Note
that ξn(x, nq) = ζn1(τ(x), x, nq). Let us follow the same steps as in [ANI 96] [proof
of Theorem 1 and Lemmas 1,2]. Using condition (5.82) we can prove that for any
q ∈ Rr, Eξn(x, nq) → Eζ̃1(τ(x), x, q) (see (5.87)) and check other conditions of

Theorem 4.5. This implies equation (5.83) for ˜̃Qn(t). Now, by analogy to the proof of
Theorem 5.1, we get that the asymptotic behavior of the queueing process Qn(t) and

RPSM ˜̃
Qn(t) is the same, and the first part of Theorem 5.9 is proved.
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To prove DA we use Theorem 4.6 and Corollary 4.5. In the same way we see that it

is enough to calculate the characteristics of the auxiliary RPSM ˜̃
Qn(t) defined above.

To find the function D2
n(x, α) (see (4.66)) we can again use Theorem 1 and Lemmas

1, 2 in [ANI 96]. Using condition (5.84) we can prove that for any q ∈ Rr as n→ ∞,

Eξn(x, nq)ξn(x, nq)∗ −→ Eζ̃
(
τ(x), x, q

)
ζ̃
(
τ(x), x, q

)∗
.

To calculate D2(x, q) we note that in notations of Theorem 5.9,

ρn1(·) = ζ̃
(
τ(x), x, q

)−m(x)c(x, q) −m−1b(q)
(
τ(x) −m(x)

)
(see equation (5.87)). Therefore, we can calculate that

D2(x, q) = m(x)

(
λ(x, q)Eη(x, q)η(x, q)∗

+
r∑

i,j=1

μi(x, q)pij(x, q)d2
i (x, q)

(
ej − ei

)(
ej − ei

)∗
+

r∑
i=1

μi(x, q)pi,r+1d
2
i (x, q)eie

∗
i

)
+ d2(x)

(
c̄(x, q̄) −m−1b̄(q̄)

)(
c̄(x, q̄) −m−1b̄(q̄)

)∗
,

and after some algebra we obtain the expression forD2(x, q) given in (5.79). All other
conditions of Theorem 4.6 are also satisfied.

Note that in the case when λ(x, q) ≡ 0 and pi,r+1(x, q) ≡ 0 for all i = 1, r,
x ∈ X , q, this is a closed network.

Consider as an example a state-dependent system MSM,Q/MSM,Q/1/∞ with
semi-Markov switching. Let x(t), t≥0, be an SMP with state spaceX={1, 2, . . . , d}
and τ(x) be the sojourn time in state x ∈ X . Suppose that the embedded Markov chain
is ergodic and denote by πx, x = 1, . . . , r, its stationary distribution. Let non-negative
functions {λ(x, q), μ(x, q), x ∈ X, q ≥ 0}, also be given. Suppose that calls arrive
and are served one at a time. Denote by Q(t) the total number of calls in the system
at time t. Assume that as x(t) = x, Q(t)/n = q, the arrival rate is λ(x, q) and the
service rate is μ(x, q). This means that, we have a semi-Markov arrival process and a
semi-Markov service. After service completion a call leaves the system. Denote

m(x)=Eτ(x), m =
∑
x∈X

m(x)πx, b(q) =
∑
x∈X

m(x)
(
λ(x, q) − μ(x, q)

)
πx,

d2(x)=Varτ(x), γ(x, q) = m(x)
(
λ(x, q) − μ(x, q) −m−1b(q)

)
,

D2(q)=
∑
x∈X

[
d2(x)

(
λ(x, q) − μ(x, q) −m−1b(q)

)2+m(x)
(
λ(x, q)+μ(x, q)

)]
πx.
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Let function B2(q) be calculated by variables γ(x, q) with the help of MP xk

according to relations (4.72). Denote H2(q) = D2(q) + B2(q) and let s(t) be a
solution to the equation

ds(t) = m−1b
(
s(t)

)
dt, s(0) = s0. (5.88)

COROLLARY 5.5. Suppose that for any x ∈ X functions λ(x, q), μ(x, q) are locally
Lipschitz with respect to q > 0, m > 0, Eτ(x)2 < ∞, b(q) has no more than linear

growth, n−1Qn(0) P−−→ s0 > 0, and there exists T > 0 such that s(t) > 0, t ∈ [0, T ].
Then relation (5.61) holds with s(t) defined in relation (5.88).

If in addition there exists a continuous derivative g(q) = b′(q), q > 0, Eτ(x)3 <
∞, x ∈ X , n−1/2(Qn(0) − ns(0)) w=⇒ γ0, and the function H2(q), q > 0, is
continuous, then the sequence γn(t) = n−1/2(Qn(nt)−ns(t)) J-converges in DT to
the diffusion process γ(t):

dγ(t) = g
(
s(t)

)
γ(t)dt+m−1/2H

(
s(t)

)
dw(t), γ(0) = γ0.

In particular, when λ(x, q) ≡ λ(x), μ(x, q) ≡ qμ(x), our system is equiva-
lent to a system MSM/MSM/∞ in a semi-Markov environment. If we denote λ =
m−1

∑
x∈X m(x)λ(x)πx, μ = m−1

∑
x∈X m(x)μ(x)πx, then equation (5.88) has

the form ds(t) = (λ− μs(t))dt, which coincides with equation (5.16) for the system
M/M/∞ (see section 5.2.2, applications of Theorem 5.2, case 2).

NOTE 5.6. In the same way it is possible to study systems and networks of the type
SM/MSM,Q/1/∞ and (SM/MSM,Q/1/∞)r, where the calls may arrive at the times
of jumps of some SMP x(t), and the instant service rate may depend on x(t) and
the current number of calls (or on the amount of work) in the system. Note that the
diffusion approximation of the system GI/M/1/∞ was considered in [WHI 82].

5.6.2. State-dependent network with recurrent input

Consider a network (GQ/MQ/1/∞)r consisting of r nodes with one server in
each node and an infinite number of waiting places. Let Qn(i, t) be a number of calls
in the ith node at time t and Q̄n(t) = (Qn(i, t), i = 1, r) be a column-vector. Func-
tions μi(ᾱ), qi(ᾱ), pij(ᾱ), i = 1, r, j = 1, r + 1, ᾱ ∈ Rr

+, and the family on non-
negative variables τ(ᾱ) are given. Here

∑r
j=1 qj(ᾱ) =

∑r+1
j=1 pij(ᾱ) = 1 for each

i = 1, r, ᾱ ∈ Rr
+. If a call enters the system at time tnk and Q̄n(tnk + 0) = Q̄,

then this call with probability qj(Q̄/n) enters the jth node, the next call will enter the
system at the time

tnk+1 = tnk + τ(Q̄/n)

and the service rate in the ith node in time interval (tnk, tnk+1) is μi(Q̄/n), i = 1, r.
In addition if a call in this interval completes its service in the ith node, then this call
either with probability pij(Q̄/n) goes to the jth node, j = 1, r, or with probability
pi,r+1(Q̄/n) leaves the network.



170 Switching Processes in Queueing Models

Let q̄(ᾱ) = (q1(ᾱ), . . . , qr(ᾱ)), μ̄(ᾱ) = (μ1(ᾱ), . . . , μr(ᾱ)), be column-vectors,

P (ᾱ) =
∥∥pij(ᾱ)

∥∥
i,j=1,r

.

Denote m(ᾱ) = Eτ(ᾱ), σ2(ᾱ) = Varτ(ᾱ),

b̄(ᾱ) = q̄(ᾱ) +
(
P ∗(ᾱ) − I

)
μ̄(ᾱ), G(ᾱ) = b̄′(ᾱ).

THEOREM 5.10. Let functions m(ᾱ), q̄(α), μ̄(ᾱ), P (ᾱ) satisfy a local Lipschitz con-

dition, n−1Q̄n(0) P−−→ s̄0, variables τ(ᾱ) be uniformly integrable in each bounded
region and for some T > 0 let there exist an interval [0, A] such that the equation

dη̄(t) = b̄
(
η̄(t)

)
dt, η̄(0) = s0

has a unique solution. Let in addition, η̄(t) > 0 in each component, t ∈ (0, A) and∫ A

0
m(η̄(u))du > T .

Thus, relation (5.83) holds with

ds̄(t) = b
(
s̄(t)

)
m
(
s̄(t)

)−1dt, s̄(0) = s̄0.

If functions q̄(ᾱ), μ̄(ᾱ), P (ᾱ) are continuously differentiable, variables τ(ᾱ)2 are
uniformly integrable in each bounded region, function σ(ᾱ) is continuous and equa-
tion (5.85) holds, then the sequence of processes

γ̄n(t) = n−1/2
(
Q̄n(nt) − ns̄(t)

)
J-converges in interval [0, T ] to diffusion process γ̄(t) satisfying the following

stochastic differential equation:

dγ̄(t) = G
(
s̄(t)

)
γ̄(t)dt+m

(
s̄(t)

)−1/2
D
(
s̄(t)

)
dw̄(t), γ̄(0) = γ̄0.

Here D(ᾱ)2 = ‖dij(ᾱ)‖i,j=1,r,

dij(ᾱ) = −m(ᾱ)
(
μi(ᾱ)pij(ᾱ) + μj(ᾱ)pji(ᾱ)

)
+ qi(ᾱ)qj(ᾱ)

(
σ2(ᾱ)m(ᾱ)−2 − 1

)
, i �= j,

dii(ᾱ) = m(ᾱ)

(
r∑

k=1

μk(ᾱ)pki(ᾱ) + μi(ᾱ) − 2μi(ᾱ)pii(ᾱ)

)
+ qi(ᾱ)

+ qi(ᾱ)2
(
σ(ᾱ)2m(ᾱ)−2 − 1

)
, i = 1, r.
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Proof. Let us represent process Qn(t) as an SP. The switching times tnk are the times
of arrivals of calls, variables τnk(nᾱ) are equivalent to τ(ᾱ), and variables ξnk(nᾱ)
can be represented in the form

ξ̄(ᾱ) = δ(ᾱ) −
r∑

k=0

πk +
r∑

j=1

νj ,

where δ(ᾱ) = ei with probability qi(ᾱ), i = 1, r, and πk = (πik(τ(ᾱ)), i = 1, r),
νj = (πij(τ(ᾱ)), i = 1, r), where πij(t) are the Poisson processes with parameters
μi(ᾱ)pij(ᾱ) which are independent at different indexes and independent of τ .

It is easy to see that an RPSM constructed by variables {τ(ᾱ), ξ(ᾱ)} is asymptot-
ically equivalent to Q̄n(t) in the region {Q̄n(t) ≥ 0}. Calculating the moment func-
tions according to Theorems 4.3, 4.4, we obtain that Eξ̄(ᾱ) = b̄(ᾱ) and Eρ̄(ᾱ)ρ̄(ᾱ)∗

= D(ᾱ)2, where

ρ̄(ᾱ) = ξ̄(ᾱ) − b̄(ᾱ) − b̄(ᾱ)
m(ᾱ)

(
τ(ᾱ) −m(ᾱ)

)
.

Our conditions imply the conditions of Theorems 4.3 and 4.4 and finally prove the
statement of Theorem 5.10.

The results of Theorem 5.10 are also valid when the service rates at each time t
are the functions of the form μi(Q̄n(t)/n).

Note that when the variables τ(ᾱ) have the exponential distributions, σ(ᾱ)2 =
m(ᾱ)2 and we obtain the result of Theorem 5.7 for Markov networks (MQ/MQ/
1/∞)r.

Using Theorems 4.5, 4.6, these results can be extended to the state-dependent net-
works with semi-Markov input of the type (SM/MQ/1/∞)r and also to the models
with batch entry and service. The general form of representation of our network also
makes it possible to consider networks with impatient calls and unreliable servers.

These results show that a technique based on limit theorems of AP and DA types
for SPs provides us with a new analytic approach in the approximate modeling of
transient and stable regimes for rather complex queueing models under heavy traffic
conditions. Instead of a direct simulation, we can use a simpler approximate analytic
relation

Qn(nt) ≈ ns(t) +
√
nζ(t),

where the function s̄(t) and the process ζ(t) satisfy the differential and stochastic dif-
ferential equations with coefficients that are calculated using the first and second order
moment functions of the increments of original processes in switching intervals. This
approach also provides us with the possibility to estimate various reliability character-
istics and cost functionals of the system.
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Chapter 6

Systems in Low Traffic Conditions

6.1. Introduction

Real life mathematical models of computing systems, telephone and communica-
tion networks usually have a complex hierarchical structure and operate at different
scales of time. Even for Markov models, exact analytic solutions can be obtained only
for special rare cases. Therefore, asymptotic methods and approximating techniques
play a very important role in investigation and modeling.

In many models of practical interest, usually “small parameters” are present, e.g.,
the rate of incoming calls in a system is much smaller than the rate of service (in
queueing theory it is called “low loading” or “fast service”). These small parameters
give rise to the analysis of so-called flows of rare events in reliability and queue-
ing theory. In applications rare events usually mean different types of failures, exit
times from a particular region, losses of calls, exceeding some level, etc. Any reader
interested in this can find a survey of results devoted to the analysis of rare events in
queueing systems in [KOV 94].

When studying various classes of computer and telecommunication systems we
often encounter cases when there are different scales of time corresponding to different
processes in the system. That means the corresponding stochastic process may have
transition rates or transition probabilities of different orders. To analyze these classes
of models, a novel approach is developed which is based on using the so-called S-sets
(asymptotically connected set) introduced by the author in [ANI 70, ANI 74]. The
method of S-sets allows us to study the asymptotic behavior of the first exit time from
a subset of states of Markov and semi-Markov models. In queueing applications this
means that we can study the asymptotic behavior of the time of the first loss of a call
for Markov and semi-Markov type queueing models with a finite number of states
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and in the case of “fast” service or “low” loading. Various applications of this method
can be found in Anisimov et al. [ANI 87], Anisimov and Sztrik [ANI 89b, ANI 89a,
ANI 89c], Sztrik and Kouvatsos [SZT 91], Anisimov [ANI 97, ANI 00a], Anisimov
and Kurtulus [ANI 01] and Sztrik [SZT 92].

This chapter is devoted to the asymptotic analysis of the special type rare events for
Markov and semi-Markov processes with finite state space – first exit time from a sub-
set of states, and applications to the analysis of the first loss of a call in queueing mod-
els with transition rates of a different order. First, we study the asymptotic behavior of
the first exit time from the fixed subset of states of a Markov or semi-Markov process.
Then we investigate the asymptotic behavior of the time of the first loss of a call for
some types of Markov and semi-Markov queueing models and for several classes of
Markov multiserver retrial queueing models. Note that some results devoted to the
asymptotic analysis and Poisson approximation of flows of rare events on trajectories
of the processes with discrete components are also obtained in [ANI 70, ANI 74].

The basic assumptions are that the rate of service is large (“fast” service of “low”
traffic), or the retrial rate is large. We assume that the characteristics of the system
depend on a particular scaling parameter n and we analyze the system as n → ∞.
The method of S-sets and the properties of a special type of S-set called a “monotone
structure” are used to prove the exponential approximation of the time of a first loss
of a call under the appropriate scaling and the Poisson approximation of the flow of
lost calls.

6.2. Analysis of the first exit time from the subset of states

The presentation of the following sections mainly follows the author’s papers
[ANI 70, ANI 74, ANI 97]. An important notion of an S-set (asymptotically con-
nected set) is introduced and an exponential approximation for the first exit time from
the S-set is considered. A special class of hierarchical type S-sets, a monotone struc-
ture, is studied. The results of this part provide the reader with the analytical technique
for the analysis and simulation of reliability characteristics of hierarchical Markov and
semi-Markov models, and, in particular, queueing models.

6.2.1. Definition of S-set

Let xnk, k ≥ 0, for each n = 1, 2, . . . be an MP with finite state space X = {0, 1,
2, . . . , r} given by a matrix of one-step transition probabilities Pn = ‖pn(i, j)‖i,j=0,r.
Let X0 be a particular fixed subset of X . Without loss of generality we can take
X0 = {1, 2, . . . , r}. Denote by

νn(i) = min
{
k : k > 0, xnk �∈ X0

}
, i ∈ X0, (6.1)

the first exit time from X0 starting from state i ∈ X0.
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DEFINITION 6.1. The subset X0 is called an S-set if for any i, j ∈ X0, as n→ ∞,

P
{

there exists k, k < νn(i) such that xnk = j | xn0 = i
} −→ 1.

This means that as n → ∞ the probabilities of exit from the states of a subset X0

tend to zero and the probabilities of transitions between the states in X0 are changing
in such a way that starting from any state the process will visit all states in X0 before
exit with probability tending to one.

6.2.2. An asymptotic behavior of the first exit time

Now consider the first exit time from the subset of states of an SMP. Let xn(t) be
an SMP with finite state space X = {0, 1, . . . , r} given by the embedded MP xnk and
by the family of sojourn times {τn(i), i ∈ X}. Let X0 = {1, 2, . . . , r}. Given that
xn(0) = i ∈ X0, denote by

Ωn(i) = inf
{
t : t > 0, xn(t) �∈ X0

}
(6.2)

the first exit time from the subset X0 starting from state i ∈ X0.

Consider the limit behavior of the variables νn(i) and Ωn(i). Let us construct an
auxiliary MP x̃nk with state spaceX0 and matrix of transition probabilities P̃n(X0) =
‖p̃n(i, j)‖, i, j ∈ X0, where

p̃n(i, j) = pn(i, j)pn

(
i,X0

)−1
, i, j ∈ X0,

pn

(
i,X0

)
=
∑
l∈X0

pn(i, l).

Suppose that the subset X0 forms an S-set. Denote by π̃n(i), i ∈ X0, a stationary
distribution for MP x̃nk (which exists at least at large enough n) and define

gn

(
X0

)
=
∑
i∈X0

π̃n(i)
(
1 − pn

(
i,X0

))
, (6.3)

where gn(X0) means the stationary (or aggregated) probability of exit from X0.

THEOREM 6.1. Let the set X0 form an S-set and there exist a normalizing factor βn

and functions ai(θ) (ai(±0) = 0) such that as n→ ∞,

gn

(
X0

)−1(1 − E exp
{− βnθτn(i)

}) −→ ai(θ), i ∈ X0. (6.4)

Then for any initial state i0 ∈ X0,

lim
n→∞E exp

{− βnθΩn

(
i0
)}

=
(
1 +A(θ)

)−1
,
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where

A(θ) = lim
n→∞

∑
i∈X0

π̃n(i)ai(θ). (6.5)

The proof can be found in [ANI 70, ANI 74], Anisimov et al. [ANI 87]. It is based
on the asymptotic analysis of the matrix equation for the characteristic function of the
normalized vector {βnΩn(i), i ∈ X0}, the recurrent aggregation technique, and uses
the representation (

I − P̃n

(
X0

))−1 = gn

(
X0

)−1Π̃n

(
X0

)
,

where I is the unit matrix, and Π̃n(X0) = ‖π̃n(i)(1 + oij(1))‖, i, j ∈ X0.

An algorithm on how to check whether a particular subset forms an S-set or not is
also given in these papers.

Note that the asymptotic distribution of the exit time from the S-set does not
depend on the initial state. This fact allows us to consider an asymptotic aggregation
of the state space of S-sets and will be used in the following chapters.

Consider the exit time νn(i) from a subset of an MP. In this case we can take
τn(i) ≡ 1 and, as a consequence, the following result is true:

COROLLARY 6.1. If the set X0 forms an S-set, then for any i0 ∈ X0,

lim
n→∞P

{
gn

(
X0

)
νn

(
i0
)
> t
}

= exp{−t}, t > 0. (6.6)

This means that the exponential approximation of the first exit time from any sub-
set forming an S-set is valid with the natural rate which is the stationary probability of
exit. In [ANI 88a] the proximity estimates of the rate of convergence in (6.6) are also
given.

Now consider the exponential approximation of the exit time Ωn(i0) from a subset
of an SMP.

COROLLARY 6.2. Suppose that the expectations of sojourn times mn(i) = Eτn(i)
exist, mn(i) → mi, i ∈ X0, and for any i ∈ X0, Eτn(i)2 < C <∞. Denote

M = lim
n→∞

∑
i∈X0

π̃n(i)mn(i).

If the set X0 forms an S-set, then for any i0 ∈ X0 the variable gn(X0)Ωn(i0)
weakly converges to the exponential random variable with parameter M−1.

The proof follows from relations (6.4), (6.5) where in this case ai(θ) = miθ,
i ∈ X0.
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Now consider as important for queueing applications the case when xn(t), t ≥ 0,
is a continuous time MP.

COROLLARY 6.3. Suppose that the process xn(t), t ≥ 0, is a continuous time MP
given by the embedded MP with matrix of transition probabilities Pn and by exit rates
λn(i), i = 1, r, the set X0 forms an S-set and, as n→ ∞,

min
i
λn(i) �−→ 0,

∑
i∈X0

π̃n(i)/λn(i) �−→ 0.

Then the distribution of βnΩn(i0) weakly converges to the exponential distribution
with parameter 1 where

βn = gn

(
X0

)( ∑
i∈X0

π̃n(i)/λn(i)

)−1

.

Note that in this case βn is asymptotically equivalent to the expression

βn ≈ Λ̃n

(
X0

)
=
∑
i∈X0

ρ̃n(i)
∑

k �∈X0

λn(i, k),

where λn(i, j), i, j ∈ X0, i �= j, are the transition rates of xn(·) and ρ̃n(i), i ∈ X0,
is the stationary distribution of the auxiliary continuous time MP with state space X0

and transition rates λn(i, j), i, j ∈ X0, i �= j.

Note that the value Λ̃n(X0) represents the stationary (aggregated) rate of exit from
X0.

These results show that for finding a normalizing coefficient and the parameter in
exponential approximation of exit time from the subset we need to estimate the main
order of stationary probabilities π̃n(i), i ∈ X0, for the auxiliary MP x̃nk. In practical
applications it can be a separate, rather complicated problem.

Suppose now that after leaving the subsetX0 the system returns again toX0 after a
random time. Denote by Yn(t) the number of exits (which corresponds to the number
of lost calls) in the interval [0, t]. Using the asymptotic exponentiality of exit time the
following statement can be proved:

STATEMENT 6.1. If the return time to X0 is stochastically bounded uniformly in n,
then for any initial state i ∈ X0 the process Yn(β−1

n t) J-converges to an ordinary
Poisson process. The parameter of this process is the same as the parameter of the
exponential distribution in the approximation of exit time.
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6.2.3. State space forming a monotone structure

Now we consider an important class of MPs where the state space forms a special
monotone structure introduced in [ANI 87] (see also [ANI 97, ANI 00a]). In this case
it is possible to derive the explicit formulae for the main order terms of the stationary
probabilities of the S-set. Models of this type usually appear at the asymptotic analysis
of wide classes of queueing models and reliability models with transition rates of
different orders (fast service, low input, etc.).

Let xnk, k ≥ 0, be an MP with finite state space X . Suppose that X can be
represented in the form X = ∪m+1

s=0 (Xs, s), where Xs, s = 0, 1, . . . ,m + 1, are
some subsets. The individual states can be represented in the form {(l, q)}. Consider
a subset of states Z = {(i, s), i ∈ Xs, s = 0,m}. Denote by pn((i, s), (j, q)), the
one-step transition probabilities.

DEFINITION 6.2. The subset Z = {(i, s), i ∈ Xs, s = 0,m} is called a monotone
structure of the order m if the following asymptotic relations hold:

1. pn((i, s), (j, s + 1)) = εn(s)aij(s)(1 + o(1)), i ∈ Xs, j ∈ Xs+1, s = 0,m,
where εn(s) → 0 for any s;

2. pn((i, s), (j, s+ k)) = 0, i ∈ Xs, j ∈ Xs+k, s = 0,m− 2, k > 1;

3. pn((i, s), (j, s)) = pij(s)(1 + o(1)), i, j ∈ Xs, s = 0,m,

where for each s = 1,m the matrix I − P (s) is invertible, and P (0) is an irreducible
matrix with stationary distribution πi, i ∈ X0 (here P (s) = ‖pij(s)‖, i, j ∈ Xs), I is
the unit matrix and o(1) → 0 as n→ ∞.

Figure 6.1 provides an illustration of the state space of the monotone structure.

εn(q)

P (q)n P (q+1)nnP (0)

εn(0)

Zq+1ZqZ0

nP (m)

εn(q+1)

Zm

. . . . .

O(1) O(1)

. . . .

Z

Figure 6.1. Monotone structure
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Let us call the subset of states Zq = {(i, q), i ∈ Xq} a q-level. Denote

pn

(
(i, s), Z

)
=

∑
(l,g)∈Z

pn

(
(i, s), (l, g)

)
,

and

bi =
∑

k∈Xm+1

aik(m).

Denote also by πn(s) = (πn(i, s), i ∈ Xs), s = 0,m, π = (πi, i ∈ X0) and
b = (bi, i ∈ Xm) the row-vectors, where πn(i, s) is a stationary probability of the
state (i, s) for the MP with state space Z and matrix of transition probabilities

P̃n(Z) =
∥∥∥pn

(
(i, s), (j, q)

)
pn

(
(i, s), Z

)−1
∥∥∥, (i, s), (j, q) ∈ Z.

THEOREM 6.2. If the state space Z = {(i, s), i ∈ Xs, s = 0,m} forms a monotone
structure, then it also forms an S-set and for any q = 1,m the following representa-
tions hold:

πn(q) = π

(
q−1∏
j=0

A(j)
(
I − P (j + 1)

)−1
εn(j)

)(
1 + o(1)

)
, (6.7)

and

gn(Z) = π

(
m−1∏
j=0

A(j)
(
I − P (j + 1)

)−1
εn(j)

)
εn(m)b

∗(
1 + o(1)

)
, (6.8)

where A(s) = ‖aij(s)‖, i, j ∈ Xs, b
∗

is the transposed vector to b,
∏s

j=k C(j) =
C(k)C(k + 1) · · ·C(s) as k ≤ s, and o(1) → 0.

The proof is provided recursively to the order of the monotone structure. The main
problem is in the approximation of the stationary probabilities. First, it can be shown
that as n→ ∞,

πn(i, q) = O

(
q−1∏
s=0

εn(s)

)
, i = 1, r, q > 0.

Then from the matrix equation for stationary probabilities

πn(q) = πn(q)Pn(q) + πn(q − 1)εn(q − 1)A(q − 1) +O

(
q∏

s=0

εn(s)

)
, (6.9)

where Pn(q) = ‖pn((i, q), (j, q))‖, i, j ∈ Xq, we obtain

πn(q) = πn(q − 1)A(q − 1)
(
I − Pn(q)

)−1
εn(q − 1)

(
1 + o(1)

)
,

and this implies (6.7). The expression for gn(Z) follows from (6.3).
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6.2.4. Exit time as the time of first jump of the process of sums with Markov switch-
ing

Now let us consider an equivalent representation of the first exit time in terms of
the first time of occurrence of the Bernoulli event on the trajectory of some auxiliary
MP, which is useful for future exposition. We introduce an auxiliary MP x̃nk with
state space X0 and matrix of transition probabilities P̃n(X0) = ‖p̃n(i, j)‖, i, j ∈ X0,
where

p̃n(i, j) = pn(i, j)pn

(
i,X0

)−1
, i, j ∈ X0, (6.10)

and pn(i,X0) is defined as pn(i,X0) =
∑

l∈X0
pn(i, l).

Let us define a family of jointly independent random indicators {χn(i, k), i ∈ X0,
k ≥ 0} such that P(χn(i, k) = 1) = 1 − P(χn(i, k) = 0) = 1 − pn(i,X0), and
construct a process of Bernoulli variables on the trajectory of x̃nk in the form:

yn(m) =
m∑

k=0

χn

(
x̃nk, k

)
, m ≥ 0. (6.11)

Let ν̃n(i) be the time of the first jump of yn(m) given that x̃n0 = i ∈ X0:

ν̃n(i) = min
{
m : m > 0, yn(m− 1) = 1

}
(6.12)

Comparing the distributions νn(i) and ν̃n(i), we can straightforwardly prove:

STATEMENT 6.2. For any i ∈ X0, the distributions of the variables νn(i) and ν̃n(i)
coincide.

A similar result is valid for SMP. Let us define an accumulating process
ηn(m) on the trajectory of the auxiliary embedded MP x̃nk given by transition
probabilities p̃n(i, j), i, j ∈ X0 (see (6.10)) using the sojourn times of the SMP
zn(t). For this purpose we introduce a family of jointly independent random variables
{τn(i, k), i ∈ X0, k ≥ 0} such that for any i, k the distribution of τn(i, k) coincides
with the distribution of a sojourn time τn(i). Let

ηn(m) =
m∑

k=0

τn
(
x̃nk, k

)
, m ≥ 0, (6.13)

and let Ω̃n(i) be the value of yn(·) stopped at the time ν̃n(i) (see (6.12)) of the first
jump of yn(m) given that x̃n0 = i ∈ X0:

Ω̃n(i) = ηn

(
ν̃n(i)

)
.

Comparing the distributions of the variables Ωn(i) in (6.2) and Ω̃n(i), we can
straightforwardly prove the following statement (see [ANI 87]).
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STATEMENT 6.3. For any i ∈ X0, the distributions of the variables Ωn(i) and Ω̃n(i)
coincide.

These results mean that the problems of asymptotic analysis of the variables Ωn(j)
and Ω̃n(j) are equivalent and open the possibility of using limit theorems for accu-
mulative type processes with Markov switching for studying the asymptotic behavior
of exit time. For example, the asymptotic analysis of flows of rare events constructed
on the trajectories of stochastic systems (or switched by some random environment)
is given in Chapter 3 (see also [ANI 83, ANI 88b, ANI 00a]). In the case when the
switching system satisfies an asymptotically mixing condition, the Poisson approxi-
mation is proved. This implies the exponential approximation for the time of the first
jump.

These results allow us to study the asymptotic behavior of the time of first loss of a
call for wide classes of queueing systems and networks with a finite number of states
and fast service or low loading (see [ANI 87, ANI 89b, ANI 89a, ANI 89c, ANI 00a,
ANI 97]). Note that the asymptotic behavior of first exit time from a fixed subset of
states for Markov and semi-Markov processes was studied independently by the author
[ANI 70, ANI 74, ANI 87] and by Korolyuk and his pupils [KOR 69, KOR 93].

In addition we note that, as follows from Theorem 6.1, the asymptotic behavior
of the exit time from the S-set does not depend on the initial state. This provides us
with the possibility of studying models of the asymptotic aggregation of state space in
Chapter 8 (see also [ANI 73, ANI 87]).

6.3. Markov queueing systems with fast service

In this section we consider several examples of queueing systems in the conditions
of “fast” service (or “low” traffic) illustrating the use of the S-sets technique. We
study the time of the first loss of a call in the system and derive the parameter of the
approximating exponential distribution using the notion of a monotone structure.

6.3.1. M/M/s/m systems

Consider a traditional Markov queueing system with losses. The calls arrive at the
system according to a Poisson flow with rate λ. There are s independent identical
servers with service rate μn where the service rate depends on a parameter n. The
system has m waiting places. The call entering the system occupies the server or joins
the queue if the server is busy. If all servers and all waiting positions are busy, the call
is lost. On service completion the call leaves the system and the server immediately
takes the next call from the queue if there are some waiting calls. Otherwise it waits
for the next arriving call.

Suppose that the service is asymptotically fast, i.e., μn = nμ where n → ∞.
Denote by Qn(t) the number of calls in the system at time t. Let Ωn(q) be the time
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of the first loss of a call given that Qn(0) = q. We study the asymptotic behavior of
Ωn(q) as n→ ∞.

It is easy to see that the process Qn(t) is a Birth and Death process with state
space Z = {0, 1, . . . , s+m} and birth and death rates in state q, λ and min(q, s)μn,
respectively. Consider an auxiliary system with an infinite number of waiting places
and denote by Q̂n(t) the number of calls in this system at time t. Then Q̂n(t) is a
Birth-and-Death process with state space Z = {0, 1, . . .}. Given that Qn(0) = q, we
can represent Ωn(q) as the first exit time from a subset {0, 1, . . . , s+m}:

Ωn(q) = min
{
t : t > 0, Q̂n(t) > s+m

}
.

Let pn(q, s) be the transition probabilities of the embedded MP. Then pn(q, q+1)
= λ(λ+ min(q, s)μn)−1, and for q > 0, pn(q, q + 1) ≈ n−1λ/(min(q, s)μ). There-
fore, the state spaceZ forms a monotone structure of the order s+m−1, where 0-level
is the subset Z0 = {0, 1}, q-level is the subset Zq = {q + 1}, 0 < q ≤ s + m − 1,
aij(q) = a(q) = λ/(min(q + 1, s)μ), q = 0, 1, . . . , and εn(q) = n−1.

Let πn(k), k ≥ 0, be the stationary distribution for the embedded MP. We can
easily see that limits limn→∞ πn(k) = πk, k = 0, 1, exist and π0 = π1 = 1/2. Then,
using the matrix relation in Theorem 6.2, we obtain

πn(k) =
1

nk−1
πn(1)

λk−1

(k − 1)!μk−1

(
1 + o(1)

)
, if 1 < k ≤ s,

πn(k) =
1

nk−1
πn(1)

λk−1

s!sk−sμk−1

(
1 + o(1)

)
, if k > s,

and

gn(Z) =
1

ns+m
G
(
1 + o(1)

)
,

where:

G =
λs+m

2s!smμs+m
.

Finally, Theorem 6.1 implies that for any i0 ∈ Z,

n−(s+m)GΩn(i0)
w=⇒ M̂η1,

where

M̂ = lim
n→∞

∑
i∈Z0

πn(i)Eτn(i),
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η1 is exponentially distributed with parameter 1, and τn(i) is the sojourn time in state
i which is exponentially distributed with parameter λ+nmin(i, s)μ. It is easy to cal-
culate that M̂ = 1/(2λ). Rearranging the terms we get n−(s+m)Ωn(i) ≈ G−1Mη1.
From the above relations, by setting βn = n−(s+m), we obtain the following result:

COROLLARY 6.4. For the systemM/M/s/m under the assumption of fast service for
any q ≤ s+m,

lim
n→∞P

{
n−m−sΩn(q) ≥ t

}
= exp{−Λt}, t > 0,

where Λ = (s!sm)−1λρs+m, ρ = λ/μ.

Correspondingly, the flow of lost calls in the interval [0, nm+st] weakly converges
to a Poisson process with parameter Λ.

6.3.1.1. System MM/M/l/m in a Markov environment

As an illustration of the wide possibilities of this technique which also allows
us to consider an asymptotic aggregation of the state space of a system, consider an
example given in [ANI 97]. Let x(t), t ≥ 0, be a continuous time MP with finite state
space {1, 2, . . . , r} given by the transition rates {aij , i = 1, r, j = 1, r, i �= j}.
Denote aii =

∑
j �=i aij . Let the non-negative values {λk, k = 1, r} also be given.

The arrival process is switched by an MP x(t): as x(t) = k, the instantaneous arrival
rate is λk. We can also call this a Markov modulated arrival process [NEU 89]. The
system has l labeled servers and the server i has the service rate μn(i), i = 1, l. The
system also hasmwaiting places. The call entering the system either occupies the free
server with a minimal label or joins the queue if no servers are available. After service
completion, the first waiting call in the queue immediately goes for service if there are
waiting calls. Otherwise, the server waits for the next call to arrive. If all servers and
all waiting places are busy, the new arriving call is lost. We suppose that the service is
asymptotically fast in the sense that

μn(i) = nμi, i = 1, l, (6.14)

where n → ∞. Denote by Qn(t) the number of calls in the system at time t. Let
Ωn(k, j) be the time of the first loss of a call given that x(0) = k, Qn(0) = j. We
study the asymptotic behavior of Ωn(k, j) as n→ ∞.

To describe the system as a multicomponent MP, we introduce the indicator of the
state of the ith server: δi(t) = 1, if at time t, ith server is occupied, and δi(t) = 0
otherwise. Consider a multicomponent process zn(t) = (x(t), Qn(t), δi(t), i = 1, l),
t ≥ 0. This process is a homogenous MP in continuous time with state space I =
{(i, q, j1, . . . , jl), i ∈ {1, 2, . . . , r}, q ∈ {0, . . . , l +m}}, where the components ji,
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i = 1, l, take values 0 or 1. Introduce subsets:

Is =

{(
i, s, j1, . . . , jl

)
: i ∈ {1, 2, . . . , r},

l∑
k=1

jk = s

}
as s ≤ l,

Is =
{
(i, s, 1, 1, . . . , 1) : i ∈ {1, 2, . . . , r}} as l < s ≤ l +m.

If j1 = j2 = · · · = js = 1, js+1 = js+2 = · · · = jl = 0, and s ≤ l, denote for
simplicity the state (i, q, 1, 1, . . . , 1, 0, . . . , 0, 0) as (i, s). The state (i, s, 1, 1, . . . , 1)
at l < s ≤ l +m is also denoted as (i, s).

Then we can calculate the transition probabilities of the embedded MP between
states (i, s): if 0 < s < l +m

pn

(
(i, s), (j, s)

)
= aijcn(s); pn

(
(i, s), (i, s+ 1)

)
= λicn(s);

pn

(
(i, s), (i, s− 1)

)
= n

(
sl∑

k=1

μk

)
cn(s),

where

cn(s) =

(
λi + aii + n

sl∑
k=1

μk

)−1

, sl = min(s, l).

It is not difficult to calculate the transition probabilities between other states and
to see that the state space I forms a monotone structure of the order l+m− 1, where
0-level is the subset Z0 = I0 ∪ I1, q-level is the subset Zq = Iq+1, 0 < q ≤ l + m,
and we can choose εn(q) = 1/n.

It is also easy to see that for 0 < q ≤ l + m the transition probabilities at any
level Zq tend to zero. This means that in Definition 6.2 of a monotone structure
P (q) = 0 as 0 < q ≤ l + m. Let {πn(i, s, j1, . . . , jl)} be the stationary proba-
bilities of the embedded MP. Using the structure of transition probabilities we can
calculate in a recursive way in q = 1, 2, . . . that for each level Zq, q > 0, for the
states in the form (i, q), i = 1, r, πn(i, q) = O(n−q+1), and for other states at this
level πn(i, q, . . .) = O(n−q). This means that the subset of states {(i, q), i = 1, r}
accumulates the main order of stationary probabilities at the q-level. As from 0-level
to the 1-level the process can only come through the states (i, 1, 1) (we denoted them
as (i, 1)), we obtain from (6.7) that for q > 1, i = 1, r,

πn(i, q) = n−q+1πn(i, 1)λq−1
i

q−1∏
s=1

(
sl∑

k=1

μk

)−1(
1 + o(1)

)
. (6.15)
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As the level Z0 forms in a limit one essential class, then the limits

lim
n→∞πn(i, s) = π(i, s), i = 1, r, s = 0, 1,

exist and satisfy the system of equations:

π(i, 0) =
∑
k �=i

π(k, 0)
aki

λk + akk
+ π(i, 1);

π(i, 1) = π(i, 0)
λi

λi + aii
, i = 1, r.

(6.16)

These equations yield

π(i, 0) = Bπi

(
λi + aii

)
; π(i, 1) = Bπiλi, i = 1, r,

where B = (
∑r

k=1 πk(2λk + akk))−1, and πi, i = 1, r, is the stationary distribution
of an MP x(t). Finally (6.15) implies:

πn(i, q) = n−q+1Bπiλ
q
i

q−1∏
s=1

(
sl∑

k=1

μk

)−1(
1 + o(1)

)
, i = 1, r, q > 0,

and

gn(Z) = n−l−mB

(
l∑

k=1

μk

)−m−1 l−1∏
s=1

(
s∑

j=1

μj

)−1 r∑
i=1

πiλ
l+m+1
i

(
1 + o(1)

)
,

(6.17)

where
∏0

1 = 1. Set βn = n−l−m. As in each state of the type (i, q, . . .), q > 0, the
sojourn time has an exponential distribution with parameter tending to ∞, using the
Corollary 6.2 and formulae (6.15)–(6.17) we prove the following result:

COROLLARY 6.5. For the system MM/M/l̄/m under assumptions (6.14) of fast ser-
vice for any i = 1, r, q ≤ l+m, the variable n−l−mΩn(i, q) weakly converges to the
exponential random variable with parameter

Λ =

(
l∑

k=1

μk

)−m−1 l−1∏
s=1

(
s∑

j=1

μj

)−1 r∑
i=1

πiλ
l+m+1
i ,

and the flow of lost calls yn(nl+mt), t ≥ 0, weakly converges to a Poisson process
with parameter Λ.
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In particular for the system M/M/l/m with Poisson arrival process with parame-
ter λ and l identical servers with service rate nμ we obtain

Λ = l−m(l!)−1λ(λ/μ)l+m.

This is in agreement with the result of Corollary 6.4.

6.3.2. Semi-Markov queueing systems with fast service

Consider a system SM/M/l/mwith semi-Markov type input and losses. Let x(t),
t ≥ 0, be the right-continuous SMP with finite number of states {1, 2, . . . , r} given
by the family of sojourn times {τi, i = 1, r} and embedded MP xk, k ≥ 0, with
transition probability matrix P = ‖pij‖i,j=1,r. Also let 0 = t0 ≤ t1 ≤ t2 ≤ · · · be
the times of sequential jumps of x(t). Suppose that the calls enter the system one at a
time at the times tk. The system has l servers (for simplicity we suppose that they are
identical), m waiting places and exponential service with parameter nμ, μ > 0.

Denote as before byQn(t) the number of calls in the system at time t and study the
asymptotic behavior of Ωn(k, q) (the time of the first loss of a call given that x(0) = k,
Qn(0) = q). Let us consider the two-component process ξn(t) = (x(t), Qn(t)).
This process can be represented as an SP (more general example was considered
in section 2.2.2.1). Since calls can be lost only at times tk we can consider more
simple embedded SMP zn(t) = (x(t), Q̄n(t)), where in the interval t ∈ [tk, tk+1),
Q̄n(t) = Qn(tk + 0).

For the process zn(t) we introduce the embedded MP znk = (xk, Qnk), where
Qnk = Qn(tk + 0). Let pn((i, s), (j, q)) be the transition probability from state (i, s)
to (j, q) for the process znk and τn((i, s), (j, q)) be the time of this transition for the
process zn(t). Denote Gi(x) = P{τi < x}, i = 1, r. We suppose that

Gi(+0) = 0, i = 1, r. (6.18)

Let us introduce the values

vn(i, s) =
∫ ∞

0

exp
(− nμslx

)
dGi(x), i = 1, r, s > 0,

where sl = min(s, l). It is easy to see that limn→∞ vn(i, s) = 0, s > 0, and

pn

(
(i, s), (j, s+ 1)

)
= pijvn(i, s), i, j = 1, r, s > 0;

lim
n→∞ pn

(
(i, s), (j, s)

)
= 0, i, j = 1, r, s > 1;

pn

(
(i, s), (j, s+ 2)

) ≡ 0, i, j = 1, r, s ≥ 0;

pn

(
(i, 1), (j, 1)

)
= pij

(
1 − vn(i, 1)

)
, i, j = 1, r.

(6.19)
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Thus, the state space of the process znk forms a monotone structure of the order
l+m−1 and the level q is a subset Zq = {(i, q+1), i = 1, r}, q = 0, 1, . . . , l+m−1.
Suppose that there exist constants b(i, s) and a normalizing factor γn → 0 such that,
as n→ ∞,

vn(i, s) = γnb(i, s)
(
1 + o(1)

)
, i = 1, r, s > 0. (6.20)

Thus, (6.19) implies

πn(i, 1) = πi

(
1 + o(1)

)
, i = 1, r,

where πn(i, s) is the stationary distribution for the process znk and πi is the stationary
distribution for the MP xk.

Further we denote A(s) = ‖pijb(i, s)‖, i, j = 1, r, s > 0. Then according to
Theorem 6.2 we obtain that

π̄n(s) = γs−1
n π̄A(1) · · ·A(s− 1)

(
1 + o(1)

)
, s > 0,

and

gn = γl+m
n π̄A(1) · · ·A(l − 1)A(l)m+11̄

(
1 + o(1)

)
, s > 0,

where π̄n(s) = (πn(i, s), i = 1, r), π̄ = (πi, i = 1, r) are row-vectors, 1̄ is the unit
column-vector.

Now we need to check conditions (6.4). Suppose that there exist 0 < α ≤ 1 and
constants ci, i = 1, r, such that

E exp
(− θτi

)
= 1 − ciθ

α + o
(
θα
)
, i = 1, r. (6.21)

Using the inequality∫ ∞

−∞
f(x)g(x)dF (x) ≤

∫ ∞

−∞
f(x)dF (x)

∫ ∞

−∞
g(y)dF (y),

which is true for any distribution function F (x) and any functions f(x) ≥ 0,
g(x) ≥ 0, where f(x) and g(x) are non-increasing functions, it is possible to prove
that as n→ ∞,

E exp
(− βnθτn

(
(i, 1), (j, 1)

))
= 1 − γl+m

n ciθ
α + o

(
γl+m

n

)
,

and

pn

(
(i, s), (j, q)

)(
1 − E exp

(
βnθτn

(
(i, s), (j, q)

)))
= O

(
γl+m

n

)
for any i = 1, r, j = 1, r, 0 ≤ q ≤ s+ 1, where βn = γ

l+m
α

n .

Thus, according to Theorem 6.1 we obtain the following result.
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THEOREM 6.3. Under the assumptions (6.18), (6.20), (6.21) for any k = 1, r,
q ≤ l +m, as n→ ∞, the asymptotic relation

E exp
(− θγ

l+m
α

n Ωn(k, q)
) −→ (

1 +Mθα
)−1

,

is true, where

M =

(
r∑

i=1

πici

)(
π̄A(1) · · ·A(l − 1)A(l)m+11̄

)−1
,

and the flow of lost calls in the interval [0, γ−
l+m

α
n t] weakly converges to a recurrent

flow with the Laplace transformation of the interval-arrival time (1 +Mθα)−1.

In particular for the system GI/M/1/m with recurrent input M = cb−m−1.

Some others models of renewable systems with fast service or fast repair were
considered in [ANI 87, ANI 89a, ANI 89b, ANI 89c]. Note that Theorem 6.1 implies
that the asymptotic distribution of the sojourn time in an S-set does not depend on
the initial state. This allows us to study the models of asymptotic aggregation of state
space [ANI 73, ANI 78, ANI 87, ANI 88b]. We also acknowledge other techniques of
studying rare events in queueing systems (e.g. [SOL 71, KOV 80, KOV 94]).

In conclusion of this section we stress that the asymptotic behavior of the time of
first loss of a call is not invariant concerning the mean characteristics of the input flow
and service time. In fact, this behavior is determined by the normalizing coefficient
γn and by the value M . The value M is determined by the behavior of the functions
Gi(x) as x → ∞. If the mean values of the variables τi exist, then M is invariant
concerning the means. However, the order of γn is determined by the behavior of
Gi(x) in the vicinity of zero. For example, if Gi(x) ∼ xα as x→ 0, then γn ∼ c/nα.
Therefore, it is not difficult to construct three queueing models with the same means
of the times τi such that for one system the variable Ωn(k, q)/n converges to the
exponential distribution with a parameter λ (0 < λ < ∞), and for two other systems
Ωn(k, q)/n converges to zero and to ∞, respectively.

6.4. Single-server retrial queueing model

In the following sections we consider the applications of the method of S-sets to
the asymptotic analysis of retrial queueing systems. The presentation follows [ANI 01,
ANI 00b].

Consider a single-server retrial queueing model with m waiting places for calls
in the retrial group and losses. It operates in the following way. The arrival process
is a Poisson process with rate λ. Arriving calls are identified as primary calls. If the
server is free, then the arriving call immediately goes to service. After service comple-
tion the call leaves the system, otherwise, if the server is busy and there are less than



Systems in Low Traffic Conditions 191

m calls waiting in the retrial group, the arriving call joins a retrial group (orbit) and
becomes a source of repeated calls – secondary calls. On the other hand, if a primary
arriving call finds the server and all of the waiting positions in the orbit occupied,
the call will be lost. Each call in the orbit produces a Poisson process of repeated
attempts with rate ν. If a secondary call finds the server free, the service immediately
starts and after completion of service the call leaves the system. We assume for sim-
plicity that the distribution of service time is exponential with parameter μ for both
primary and secondary calls and the input flow of primary calls, attempts for service
of different retrial calls and service times are jointly independent. This model is called
an M/M/1/m/wr retrial model. A similar system with m servers was described in
section 5.4.3.

This section deals with the analysis of the time of first loss of a call in
M/M/1/m/wr queueing model. The method of analysis is based on the results of
the asymptotic behavior of the first exit time from the fixed subset of states forming a
monotone structure given in the previous sections. First, we consider the asymptotic
behavior of the system under the assumption of fast service. Then we consider the
system under the assumption of both a fast service and large retrial rate. Finally, we
consider the system operating in a Markov environment and under the assumption of
fast service. We derive the expressions for the parameter of exponential distribution
in asymptotic approximation of the time of first loss of a call for these models.

Suppose that the service rate μ = μn and the retrial rate of secondary calls ν = νn

may depend on some scaling factor n, n→ ∞. Without loss of generality we assume
that the arrival rate λ does not depend on n. Consider the following cases:

Case 1: μn = nμ (fast service), νn = ν (usual retrial rate), n→ ∞.

Case 2: μn = nμ (fast service), νn = Vnν (large retrial rate), n→ ∞, Vn → ∞.

Denote by Qn(t), t ≥ 0, the number of sources of repeated calls (the number of
calls in the orbit) at time t, and let the component δn(t) denote the state of service at
time t (δn(t) = 1 if at time t the server is occupied and δn(t) = 0 otherwise).

Let Ωn(j, q) be the time of first loss of a call given the Qn(0) = q and δn(0) = j,
0 ≤ q ≤ m, j = 0, 1, and Yn(t) be the number of lost calls on the interval [0, t]. We
study the asymptotic behavior of Ωn(j, q) as n→ ∞.

6.4.1. Case 1: fast service

THEOREM 6.4. For the model described above under the assumption of fast service
(case 1), if λ > 0, μ > 0, ν > 0, then for any initial state (j, q), 0 ≤ q ≤ m, j = 0, 1,
the distribution of the normalized random variable n−m−1Ωn(j, q) weakly converges
to the exponential distribution:

lim
n→∞P

{
n−m−1Ωn(j, q) ≥ t

}
= exp{−Λt}, t > 0,
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where

Λ =
λρm+1

m!νm

m∏
k=1

(λ+ kν), ρ = λ/μ. (6.22)

Proof. Consider a multicomponent process zn(t) = (δn(t), Qn(t)), t ≥ 0. Process
zn(t) is a continuous time homogenous MP with state space

Z =
{
(j, q), j = 0, 1, q = 0, 1, . . . ,m

}
and describes the queueing process in the system. Denote by Q̂n(t) the number
of retrial calls in the auxiliary system with infinite number of waiting places in
the orbit and put ẑn(t) = (δn(t), Q̂n(t)). Then ẑn(t) is an MP with state space
{0, 1} × {0, 1, . . .} and Ωn(j, q) is the first exit time of ẑn(t) from the subset Z:

Ωn(j, q) = min
{
t : t > 0, Q̂n(t) > m given Q̂n(0) = q, δn(0) = j

}
.

Transition rates of the process zn(t) can be easily calculated and it can be seen
that the subset Z forms a monotone structure (see Definition 6.2) where at each fixed
q = 0, 1, . . . ,m, the subset Zq = {(j, q), j = 0, 1} forms q-level. The monotone
structure for the model and corresponding transition probabilities are shown in Fig-
ure 6.2 where αq, βq and εn(q) are defined as

αq =
qν

λ+ qν
, βq =

λ

λ+ qν
, εn(q) =

1
n

λ

μ
.

A sojourn time in state (j, q) for the process ẑn(t) has an exponential distribution
with parameter

Λn(j, q) =

{
λ+ nμ if j = 1,
λ+ qν if j = 0.

The transition probabilities are:

pn

(
(1, q), (1, q + 1)

) ≈ 1
n

λ

μ
−→ 0, pn

(
(0, q), (1, q − 1)

)
=

qν

λ+ qν
,

pn

(
(0, q), (1, q)

)
=

λ

λ+ qν
, pn

(
(1, q), (0, q)

)
=

nμ

λ+ nμ
−→ 1.

Now we can directly apply matrix relations of Theorem 6.2. Denote by πn(q) =
(πn(0, q), πn(1, q)) the stationary distribution of the embedded Markov process for
zn(t) and let πi = π(i, 0), i = 0, 1 (π = (π0, π1)) be the limiting stationary distri-
bution for the states of Z0 = {(0, 0), (1, 0)} (0-level). Since Z0 forms one essential
class in the limit, these limiting probabilities exist and we can easy calculate that
π0 = π1 = 1/2.
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β q-1

αq αq+1

β q β q+1

εn(q-1) εn(q)

. . . . . . . . . . . . 

(0,q-1) (0,q) (0,q+1)

(1,q-1) (1,q) (1,q+1)

level-(q-1) level-(q) level-(q+1)

~1 ~1 ~1

Figure 6.2. Monotone structure for single-server model with fast service

In matrix relations (6.7) of Theorem 6.2, the matrices A(j) and P (j) are

A(j) =
[
0 0
0 λ/μ

]
, P (j) =

⎡⎣0
λ

λ+ jν

1 0

⎤⎦ .
Therefore, the stationary distribution of the states of the embedded MP for zn(t)

can be represented as

πn(q) = π

q−1∏
j=0

⎛⎜⎝[0 0
0 λ/μ

]⎛⎝I −
⎡⎣0

λ

λ+ (j + 1)ν
1 0

⎤⎦⎞⎠−1

1
n

⎞⎟⎠(1 + o(1)
)
.

Rearranging terms, we obtain

πn(q) = π

q−1∏
j=0

⎛⎝[0 0
0 λ/μ

]
λ+ (j + 1)ν

(j + 1)ν

⎡⎣1
λ

λ+ (j + 1)ν
1 1

⎤⎦ 1
n

⎞⎠(1 + o(1)
)
.

After some algebra we obtain

πn(q) =
1
nq
π1

ρq

q!νq

q∏
j=1

(λ+ jν)e
(
1 + o(1)

)
, q = 1, 2, . . . ,
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where ρ = λ/μ and e is the unit vector. Note that

πn(q) = O

(
q−1∏
s=0

εn(s)

)
.

The expression for gn(Z) can be obtained in the same way:

gn(Z) =
1

nm+1
π1
ρm+1

m!νm

m∏
j=1

(λ+ jν)
(
1 + o(1)

)
=

1
nm+1

G
(
1 + o(1)

)
.

If we set the normalizing coefficient βn = n−m−1 in relation (6.4), then we obtain:

a(j,q)(θ) =

⎧⎪⎨⎪⎩
0 as q > 0, j = 0, 1,
0 as q = 0, j = 1,
G−1λ−1θ as q = 0, j = 0.

Therefore, for the value A(θ) in (6.5) we obtain: A(θ) = π0(Gλ)−1θ. This means
that the limiting distribution is exponential with parameter Λ = π0(Gλ)−1. After
simple transformations we obtain expression (6.22).

6.4.1.1. State-dependent case

These results can be extended to the case when the arrival, service and retrial rates
may depend on the size of the queue. This means, the values λ(k), μ(k), k = 0,m,
and ν(k), k = 1,m, are given. At Qn(t) = k, the instantaneous arrival rate is λ(k),
the instantaneous service rate is nμ(k) as k = 0,m, and the instantaneous retrial rate
is ν(k) as k = 1,m. In this case using the same technique we obtain the following
statement:

STATEMENT 6.4. Assume that
∏m

k=0(λ(k)μ(k))
∏m

j=1 ν(j) > 0. Then for the state-
dependent retrial model M/M1/m/wr in the case of fast service the distribution of
the variable n−m−1Ωn(j, q) weakly converges to the exponential distribution with
parameter

Λ = λ(0)
1
m!

m∏
k=0

λ(k)
μ(k)

m−1∏
k=0

λ(k) + (k + 1)ν(k + 1)
ν(k + 1)

.

Denote by Yn(t) the number of lost calls.

NOTE 6.1. In both cases (homogenous or state-dependent model) process Y (nm+1t)
weakly converges to an ordinary Poisson process with parameter Λ.
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εn(q-1) εn(q)

1~ 1~
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~ 0 ~ 0 ~ 0

. . . . . . . . . . . . 
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(1,q-1) (1,q) (1,q+1)

level-(q-1) level-(q) level-(q+1)

Figure 6.3. Monotone structure for a single-server model with large service and retrial rates

6.4.2. Case 2: fast service and large retrial rate

Now we consider the system with a single server andm waiting places in orbit and
suppose that the service and retrial rates are both large in the sense that μn = nμ and
νn = Vnν. Again we study the asymptotic behavior of the time Ωn(j, q) of the first
lost of a call as n→ ∞, Vn → ∞.

THEOREM 6.5. For the system described above (case 2), under the assumption that
the service and retrial rates are asymptotically large, if λ > 0, μ > 0, ν > 0, then
for any initial state the distribution of the normalized variable n−m−1Ωn(j, q) weakly
converges to the exponential distribution with parameter Λ:

lim
n→∞P

{
n−m−1Ωn(j, q) > t

}
= exp{−Λt}, t ≥ 0,

where Λ = λ(λ/μ)m+1.

Proof. The proof is similar to the proof of Theorem 6.4. Consider an auxiliary mul-
ticomponent MP ẑn(t) = (δn(t), Q̂n(t)), t ≥ 0. It can easily be seen that the sub-
set Z forms a monotone structure and at each fixed q = 0, 1, . . . ,m the subset
Zq = {(j, q), j = 0, 1} forms q-level. Figure 6.3 illustrates the monotone structure
of the model and corresponding transition probabilities.

In each state (j, q) the process ẑn(t) spends an exponential time with parameter

Λn(j, q) =

{
λ+ nμ if j = 1,
λ+ qVnν if j = 0.
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Denote as before ρ = λ/μ. The transition probabilities for the process are as
follows:

pn

(
(1, q), (1, q + 1)

) ≈ 1
n
ρ −→ 0, pn

(
(0, q), (1, q − 1)

)
=

qVnν

λ+ qVnν
−→ 1,

pn

(
(0, q), (1, q)

)
=

λ

λ+ qVnν
, pn

(
(1, q), (0, q)

)
=

nμ

λ+ nμ
−→ 1.

Denote by πn(q) = (πn(0, q), πn(1, q)), q ≥ 0, the stationary distribution of the
embedded Markov process for ẑn(t), and let πj = π0(j, 0), j = 0, 1, (π = (π0, π1))
be the limiting stationary probabilities of the level Z0. Again we can easily calculate
that π0 = π1 = 1/2.

In the matrix relations of Theorem 6.2, matrices A(j) and P (j + 1) are:

A(j) =
[
0 0
0 ρ

]
, P (j + 1) =

[
0 0
1 0

]
.

After some algebra the expressions for πn(q) and gn(Z) are obtained as

πn(q) = π1
1
nq
ρqe
(
1 + o(1)

)
,

gn(Z) =
1

nm+1
π1ρ

m+1
(
1 + o(1)

)
.

Setting βn = n−m−1 we obtain the parameter of the limiting exponential distribu-
tion Λ = λρm+1.

Note that in this case the answer does not depend on the value ν > 0. However, if
ν = 0 or ν = νn → 0, the answer will be different.

Now consider a state-dependent case. Suppose that as Qn(t) = q, the instanta-
neous arrival rate is λ(q), the instantaneous service rate is nμ(q), q = 0,m, and at
q = 1,m the instantaneous retrial rate is Vnν(q). Here n→ ∞, Vn → ∞.

NOTE 6.2. Suppose that
∏m

k=0(λ(k)μ(k))
∏m

j=1 ν(j) > 0. Then at the assumption
of large service and retrial rates, the statement of Theorem 6.5 also holds where the
parameter of exponential distribution becomes

Λ = λ(0)
m∏

k=0

λ(k)
μ(k)

,

and the process Y (nm+1t) weakly converges in any finite interval to an ordinary Pois-
son process with parameter Λ.

In this case the result also does not depend on values ν(j) > 0, j = 1,m.
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6.4.3. State-dependent model in a Markov environment

Consider a Markov retrial queueing model of the type MM/MM/1/m/wr.
It consists of one server and m waiting places in orbit. In addition to the system
M/M/1/m/wr described in the previous section, this system operates in a Markov
environment x(t), t ≥ 0, where x(t) is an ergodic MP with finite state space
X = {1, 2, . . . , r} given by the initial state x0 and transitions rates aij , i, j ∈ X ,
i �= j. Denote by πi, i = 1, r, the stationary distribution of x(t). Let λ(i, q), ν(i, q),
μ(i, q), i ∈ X , q = 0,m, be given non-negative functions. Consider the case of
fast service. Denote by Qn(t) the number of waiting calls in the retrial queue at
time t. Fast service here means that if x(t) = i and Qn(t) = q, then λ(i, q) is the
instantaneous input rate, ν(i, q) is the instantaneous retrial rate and nμ(i, q) is the
instantaneous service rate, where n is a scaling factor (n → ∞). In addition, denote
by Yn(t) the number of lost calls in the interval [0, t].

Let Ωn(i, j, q) be the time of the first loss of a call given x(0) = i, Qn(0) = q and
δn(0) = j. The asymptotic behavior of Ωn(i, j, q) as n→ ∞ is studied.

THEOREM 6.6. Suppose that:

max
i=1,r

λ(i, q) > 0, q = 0,m; max
i=1,r

ν(i, q) > 0, q = 1,m;

min
i=1,r, q=0,m

μ(i, q) > 0,
(6.23)

and the condition of fast service holds. Then for any initial state (i, j, q) ∈ Z,

lim
n→∞P

{
n−m−1Ωn(i, j, q) ≥ t

}
= exp{−Λt}, t ≥ 0, (6.24)

where

Λ = πΛG(0)
(
I −B(1) − Λ(1)

)−1(I −B(1))G(1) · · ·
· · ·G(m− 1)

(
I −B(m) − Λ(m)

)−1(
I −B(m)

)
G(m)e,

(6.25)

π is a row vector (π1, . . . , πr), Λ and G(q), q = 0,m, are diagonal matrices with
diagonal elements λ(i, 0) and λ(i, q)/μ(i, q) correspondingly, B(q) is defined as

B(q) =
∥∥∥∥ aij

(
1 − δij

)
λ(i, q) + aii + qν(i, q)

∥∥∥∥, i, j = 1, r, q = 1,m,

where δij is Kronecker symbol, δij = 1 if i = j, δij = 0 if i �= j, and Λ(q) is defined
as

Λ(q) =
∥∥∥∥ λ(i, q)δij
λ(i, q) + aii + qν(i, q)

∥∥∥∥, i, j = 1, r, q = 1,m.
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Proof. Consider a multicomponent process zn(t) = (x(t), δn(t), Qn(t)), t ≥ 0. The
process zn(t) is a homogenous MP in continuous time and the state space

Z =
{
(i, j, q), i ∈ X, j = 0, 1, q = 0,m

}
.

Denote by ẑn(t) = (x(t), δn(t), Q̂n(t)), t ≥ 0, an auxiliary MP, where Q̂n(t) is
the number of waiting calls in the orbit for a system with an infinite number of waiting
places. Then Ωn(i, j, q) is the exit time of the process ẑn(t) from the subset Z.

The transitions rates for the process ẑn(t) can be easily calculated and it can be
seen that the subset Z forms a monotone structure where at each fixed q = 0, 1, . . . ,m
the subset Zq = {(i, j, q), i = 1, r, j = 0, 1} forms q-level. The monotone structure
and corresponding transition probabilities for this model are shown in Figure 6.4.

In each state (i, j, q) the process ẑn(t) spends an exponential time with parameter

Λn(i, j, q) =

{
λ(i, q) + nμ(i, q) + aii if j = 1,
λ(i, q) + qν(i, q) + aii if j = 0,

where aii =
∑

k �=i aik. The transition probabilities for the embedded Markov process
are as follows:

pn

(
(i, 1, q), (i, 1, q + 1)

)
=

λ(i, q)
λ(i, q) + aii + nμ(i, q)

≈ 1
n

λ(i, q)
μ(i, q)

, i = 1, r,

pn

(
(i, 0, q), (i, 1, q − 1)

)
=

qν(i, q)
λ(i, q) + aii + qν(i, q)

,

pn

(
(i, 0, q), (i, 1, q)

)
=

λ(i, q)
λ(i, q) + aii + qν(i, q)

,

pn

(
(i, 0, q), (k, 0, q)

)
=

aik

λ(i, q) + aii + qν(i, q)
, i �= k,

pn

(
(i, 1, q), (i, 0, q)

)
=

nμ(i, q)
λ(i, q) + aii + nμ(i, q)

−→ 1,

pn

(
(i, 1, q), (k, 1, q)

)
=

aik

λ(i, q) + aii + nμ(i, q)
−→ 0, i �= k.

Now we can directly apply matrix relations of Theorem 6.2. Denote by πn(j, q) =
(πn(i, j, q), i ∈ X, j = 0, 1, q = 0, 1, . . . ,m) the stationary distribution of the
embedded Markov process for zn(t). In Theorem 6.2 the matrices A(j) and P (j) are
defined as:

A(j) =
[
0 0
0 G(j)

]
, P (j) =

[
B(j) Λ(j)

I 0

]
.
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Figure 6.4. Monotone structure for a single-server system
in a Markov environment and fast service

Denote πn(q) = (πn(0, q), πn(1, q)), where πn(0, q) = (π(i, 0, q), i = 1, r) and
πn(1, q) = (π(i, 1, q), i = 1, r), q = 0,m, are row vectors.

Using the formula from [GAN 98] we obtain

(
I − P (q)

)−1 =

[(
I −B(q) − Λ(q)

)−1 (
I −B(q) − Λ(q)

)−1Λ(q)(
I −B(q) − Λ(q)

)−1 (
I −B(q) − Λ(q)

)−1(
I −B(q)

)
]
.
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Now applying Theorem 6.2 we can write the expression for the stationary proba-
bility of the exit in the matrix form

gn(Z) =
1

nm+1
π(1, 0)

(
m−1∏
j=0

G(j)K(j + 1)
(
I −B(j + 1)

))
G(m)

(
1 + o(1)

)
,

where K(j) = (I −B(j) − Λ(j))−1 and π(1, 0) = limn→∞ πn(1, 0).

Since the level Z0 forms in a limit one essential class, the stationary probabilities
π(i, j, 0) of state (i, j, 0) ∈ Z0 exist and satisfy the system of equations:

π(i, 0, 0) =
∑
k �=i

π(k, 0, 0)
aki

λ(k, 0) + akk
+ π(i, 1, 0),

π(i, 1, 0) = π(i, 0, 0)
λ(i, 0)

λ(i, 0) + aii
, i = 1, r.

Denote B =
∑r

k=1 πk(2λ(k, 0) + akk). It can be easily shown that

π(i, 0, 0) = B−1
(
λ(i, 0) + aii

)
πi, π(i, 1, 0) = B−1λ(i, 0)πi, i = 1, r.

Finally, setting βn = n−m−1, we obtain the parameter of exponential distribution
in the form (6.25).

Note that the process Y (nm+1t) weakly converges to an ordinary Poisson Process
with parameter Λ.

We mention that if for some q-level, ν(i, q) = 0 for all i = 1, r, then Z does not
form a monotone structure and the result will be different.

In the same way we can consider the case of large service and large retrial rates.
This means that in the previous system, given that x(t) = i, Qn(t) = q, the instanta-
neous retrial rate is Vnν(i, q), i = 1, r, q = 0, 1, . . ., where Vn → ∞.

STATEMENT 6.5. Suppose that maxi=1,r λ(i, q) > 0, q = 0,m, and for all i = 1, r,
ν(i, q) > 0, q = 1,m; μ(i, q) > 0, q = 0,m.

Then in the case of large service and large retrial rates, relation (6.24) is true
where

Λ = πΛG(0)G(1) · · ·G(m)e.

Note that in this case the answer also does not depend on the values ν(i, q) > 0.

It is also possible to study the mixed case when some of values ν(i, q) may be equal
to zero. Consider the model with large instantaneous retrial rate Vnν(i, q), i = 1, r,
q = 0, 1, . . . .
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STATEMENT 6.6. Suppose that in our notation relation (6.23) holds. Then relation
(6.24) is true, Λ is calculated according to (6.25) where corresponding matrices are
calculated as follows: Λ and G(q) are the same diagonal matrices, B(q) = ‖bij(q)‖,
where

bij(q) = aij

(
1 − δij

)(
λ(i, q) + aii

)−1
, if ν(i, q) = 0; bij(q) = 0, if ν(i, q) > 0,

and Λ(q) is a diagonal matrix with diagonal elements

λii(q) = λ(i, q)
(
λ(i, q) + aii

)−1
, if ν(i, q) = 0; λij(q) = 0, if ν(i, q) > 0.

In this case the answer also does not depend on values ν(i, q), but it depends on
the structure of the set where ν(i, q) > 0.

6.5. Multiserver retrial queueing models

Consider a model with s identical servers and m waiting places for repeated calls.
An arrival process is a Poisson process with rate λ. If an arriving primary call finds a
server free, it immediately occupies a server and after completion of service leaves the
system. Otherwise, if all servers are engaged, an arriving primary call goes into orbit
and produces a source of repeated calls with rate νn until it finds a free server after
one or more attempts. However, if there are no free waiting places, the primary call is
lost. Again we assume that the service rate is μn for both primary and secondary calls.

The operation of the system can be described using the two-component process
(Nn(t), Qn(t)), where Nn(t) is the number of busy servers and Qn(t) is the number
of calls in the retrial queue at time t. Under the above assumptions this process is an
MP with state space S = {0, 1, . . . , s} × {0, 1, . . . ,m}.

We study a multiserver retrial queueing model of the type M/M/s/m and derive
the expression for the parameter of a limiting exponential distribution for the time of
the first loss of a call. Consider again two cases:

Case 1: μn = nμ (fast service), νn = ν (usual retrial rate), n→ ∞.

Case 2: μn = nμ (fast service), νn = Vnν (large retrial rate), n→ ∞, Vn → ∞.

Let Ωn(j, q) be the time of the first loss of a call given as Qn(0) = q and
Nn(0) = j.

THEOREM 6.7. For the model described above under the assumption of fast service
(case 1) if λ > 0, μ > 0, ν > 0, then for any initial state the distribution of the
variable n−s−mΩn(j, q) weakly converges to the exponential distribution

lim
n→∞P

{
n−s−mΩn(j, q) ≥ t

}
= exp{−Λt}, t > 0,

where Λ = λρs+m

s!sm , ρ = λ/μ.
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Proof. Consider a two-component process (Nn(t), Qn(t)). It is a homogenous MP in
continuous time with state space Z = {(j, q), j = 0, s, q = 0,m}. We again consider
an auxiliary MP (Nn(t), Q̂n(t)), where Q̂n(t) is the number of retrial calls in the orbit
for the system with an infinite buffer, and mention that Ωn(j, q) is the exit time of this
process from the subset Z. In each state (j, q) the process spends an exponential time
with parameter

Λn(j, q) =

{
λ+ snμ if j = s;

λ+ jnμ+ qν if j ∈ {0, 1, 2, . . . , s− 1}.

We can easily calculate the transition probabilities for an embedded MP and verify
that the subset Z forms a monotone structure with the following levels: Z0 = {(0, 0),
(1, 0)}, Z1 = {(2, 0)}, . . ., Zs−1 = {(s, 0)}, and Zs−1+q = {(j, q), j = 0, s},
q = 1, 2, . . . ,m.

Figure 6.5 illustrates the monotone structure and corresponding probabilities for a
two-server model, where αq, βq, aq, bq and εn(q) are defined as: αq = qν(λ+ qν)−1,
βq = λ(λ+ qν)−1, aq = qρ/n→ 0, bq = ρ/n→ 0, εn(q) = ρ/(2n) → 0.

Denote by πn(i, q), i ∈ {0, . . . , s}, q ∈ {0, . . . ,m}, the stationary distribution of
the embedded MP for (Nn(t), Q̂n(t)). Consider first 0-level Z0. As it forms in a limit
one essential class, we denote πi = limn→∞ πn(i, 0), i = 0, 1, and easily obtain that
π0 = π1 = 1/2. Furthermore, we mention that the set {(i, 0), i = 0, 1, . . . , s} also
forms a monotone structure and from representation (6.7) we obtain

πn(i, 0) =
1
2

1
ni−1

ρi−1

(i− 1)!
(
1 + o(1)

)
, i = 2, 3, . . . , s.

Denote now πn(q) = (πn(i, q), i = 0, 1, . . . , s) for q = s, s+1, . . . , s+m. Taking
into account the structure of transition probabilities (see Figure 6.5) and relation (6.9)
we obtain recursively for any q = 1, 2, . . . ,m,

πn(s, q) ≈ ρ

ns
πn(s, q − 1),

πn(s, q) ≈ πn(s− 1, q) ≈ · · · ≈ πn(2, q),

πn(1, q) ≈ πn(2, q) + πn(0, q)
λ

λ+ qν
,

πn(0, q) ≈ πn(1, q).

(6.26)
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Figure 6.5. Monotone structure for two-server model with fast service

Finally, for any q = 1, 2, . . . ,m:

πn(s, q) ≈ πn(s, 0)
(
ρ

ns

)q

=
1
2

1
ns+q−1

ρs+q−1

s!sq−1

(
1 + o(1)

)
,

πn(i, q) ≈ πn(s, q), i = 2, . . . , s− 1,

πn(0, q) ≈ πn(1, q) ≈ πn(s, q)
λ+ qν

qν
.

(6.27)
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As gn(Z) ≈ πn(s,m) ρ
ns , we obtain

gn(Z) =
1
2

1
ns+m

ρs+m

s!sm

(
1 + o(1)

)
, (6.28)

and setting βn = n−m−s, similar to the proof of Theorem 6.4 we obtain the parameter
of exponential distribution as

Λ = λ
ρs+m

s!sm
.

Now, consider the case where the service and retrial rates are large in the sense
that μn = nμ and νn = Vnν (case 2).

THEOREM 6.8. As λ > 0, μ > 0, ν > 0, under the assumption of large service
and retrial rates (case 2) for any initial state the distribution of the variable
n−s−mΩn(j, q) weakly converges to the exponential distribution with parameter

Λ = λρs+m

s!sm , where ρ = λ/μ.

Proof. The proof follows the same lines as in Theorem 6.7. We consider an auxiliary
multicomponent process (Nn(t), Q̂n(t)). Again it can be seen that the subset Z forms
a monotone structure with the same levels as above for case 1. In each state (j, q) the
process spends an exponential time with parameter

Λ(j, q) =

{
λ+ snμ if j = s,

λ+ jnμ+ qnν if j ∈ (0, 1, . . . , s− 1).

In the same way we can prove relations (6.26), (6.27) and show that

πn(s, q) ≈ πn(s− 1, q) ≈ · · · ≈ πn(1, q) ≈ πn(0, q).

Finally we obtain expression (6.28) and the statement of Theorem 6.8 is true.

Note that the value of parameter Λ calculated in Theorem 6.8 is the same as the
value of the parameter calculated in Theorem 6.7. In both cases the result does not
depend on the retrial rate if νn �→ 0.
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Chapter 7

Flows of Rare Events in Low and Heavy
Traffic Conditions

7.1. Introduction

At the investigation of complex technical systems and computing networks var-
ious events related to failures, changes of the operational regime, exceeding some
level, etc., usually have small probabilities (or rates) and may depend on the current
state of the system. This implies a significance of the analysis of flows of rare events.
Different asymptotic approaches to reliability analysis of various classes of stochastic
systems are studied in Korolyuk and Turbin [KOR 93], Kovalenko [KOV 80], Anisi-
mov et al. [ANI 87], and Anisimov [ANI 88]. An asymptotic analysis of wide classes
of regenerative queueing models is considered by Soloviev [SOL 70, SOL 71]. A sur-
vey of results devoted to the analysis of rare events in queueing systems is given by
Kovalenko [KOV 94].

In this chapter we consider the asymptotic analysis of flows of rare events switched
by a random environment. The environment may be non-homogenous in time and not
regenerative. In a case when the environment satisfies an asymptotically mixing con-
dition, an approximation by non-homogenous Poisson flows is proved. The approxi-
mation of the time of the first jump by the exponential (in the homogenous case) or
generalized exponential distribution is proved and the proximity estimates are consid-
ered. Therefore, the results of this chapter extend some of the results from section 3.2.1
on the behavior of flows of rare events with switching. Special attention is given to the
case of finite MP with transition rates of different orders. The notions of S-set and
“monotone” structure introduced in Chapter 6 are extended to the non-homogenous
case. The asymptotic behavior of a flow of rare events defines on the Markov pro-
cesses with a state space forming S-sets and the exit time from the S-set are studied.

207
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In the homogenous case corresponding results for S-sets using another technique are
obtained in [ANI 70, ANI 73, ANI 74]. In a case when the environment is a non-
homogenous MP satisfying conditions of the asymptotic aggregation (merging) of a
state space, an approximation of flows of rare events by Poisson flows with Markov
switching is proved.

Note that the asymptotic aggregation of the state space of Markov and semi-
Markov processes and algorithms of the sequential aggregation are studied in [ANI 70,
ANI 73, ANI 74]. For an homogenous MP in continuous time with transition rates of
different order similar results (the analysis of stationary and transient probabilities
in case of the asymptotic aggregation of the state space) are obtained in [COU 77,
BOB 86]. Using the technique of linear operators which are perturbed on the spec-
trum, the models of the asymptotic consolidation of homogenous MP and SMP are
studied in [KOR 93]. In heavy traffic conditions an averaging principle with Poisson
approximation for flows of rare events is proved. The method of proof is based on the
results of [ANI 90, ANI 94, ANI 95] on AP and DA for processes with semi-Markov
switching (see Chapter 4).

Applications to the reliability analysis of state-dependent Markov and semi-
Markov queueing systems of the MSM,Q/MSM,Q/m/k type in light and heavy
traffic conditions are considered. The models of the asymptotic consolidation and the
case of highly reliable servers are studied as well.

These results provide us with the approximative analytic approach in modeling of
reliability characteristics of rather complex queueing models in transient and stable
regimes under light and heavy traffic conditions.

7.2. Flows of rare events in systems with mixing

In various models the analysis of reliability is essentially related to analysis of
flows of rare events on the trajectory of a system. In some cases rare events can appear
only in some region of the state space and this region may be accessible with small
probability.

Let for any n > 0, xn(t), t ≥ 0, be a random process with state space X and
{qn(x, t), x ∈ X, t ≥ 0} be non-negative functions such that qn(x, t) ≡ 0 as x �∈ Zn,
where Zn ⊂ X . Denote by (xn(t),Πn(t)), t ≥ 0, a two-component process, where
Πn(t) is a Poisson process switched by xn(t). This means that if at time t, xn(t) = x,
then the instantaneous rate of jump of Πn(t) is qn(x, t). Therefore, the process Πn(t)
is a Poisson process with random rate qn(xn(t), t) and belongs to the class of doubly
stochastic Poisson processes or Cox processes [COX 80]. The rate qn(x, t) can also
be interpreted as the rate of failure in state x at time t. Then Πn(t) is the total number
of failures in the interval [0, t].
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Let us study the behavior of Πn(t). Suppose that xn(t) satisfies an asymptotically
mixing condition in Zn and introduce a strong mixing coefficient:

ϕn

(
u,Zn

)
= sup

t≥0
sup

A1,A2⊂Zn

∣∣P{xn(t) ∈ A1, xn(t+ u) ∈ A2

}
− P

{
xn(t) ∈ A1

}
P
{
xn(t+ u) ∈ A2

}∣∣. (7.1)

Put

Λn(t) = E
∫ Vnt

0

qn
(
xn(v), v

)
dv,

and let Π̂n(t) be a non-homogenous Poisson process with cumulative rate Λn(t), i.e.,

E exp
{
iθΠ̂n(t)

}
= exp

{(
eiθ − 1

)
Λn(t)

}
, t > 0.

For a fixed T > 0, denote qn = supt∈[0,T ] supx∈Zn
qn(x, t).

THEOREM 7.1. Assume that as n→ ∞, Vn → ∞ and

αn = Vnq
2
n

∫ VnT

0

ϕn

(
u,Zn

)
du −→ 0 (7.2)

then the finite-dimensional distributions of processes Πn(Vnt) and Π̂n(t) in the inter-
val [0, T ] are asymptotically equivalent.

Proof. According to the construction of Πn(·), for any t > 0,

E exp
{− θΠn

(
Vnt
)}

= E exp
{(
e−θ − 1

) ∫ Vnt

0

qn
(
xn(v), v

)
dv
}
.

Taking into account the inequality∣∣∣∣ ∫
Y

f(y)P (dy) −
∫

Y

f(y)Q(dy)
∣∣∣∣ ≤ sup

y∈Y
f(y) sup

A∈BY

∣∣P (A) −Q(A)
∣∣ (7.3)

valid for any non-negative bounded function f(y) and any non-negative measures
P (·), Q(·) on Y , we easily obtain that as u < v,∣∣Eqn(xn(u), u

)
qn
(
xn(v), v

)− Eqn
(
xn(u), u

)
Eqn

(
xn(v), v

)∣∣≤q2nϕn

(
v − u,Zn

)
.

Using the inequality |e−a−e−b| ≤ |a−b|, a, b > 0, and condition (7.2), we obtain∣∣E exp
{− θΠn

(
Vnt
)}− exp

{(
e−θ − 1

)
Λn(t)

}∣∣
≤ ∣∣e−θ − 1

∣∣2(E
(∫ Vnt

0

qn
(
xn(v), v

)
dv − Λn(t)

)2
)1/2

= O
(√
αn

) −→ 0.
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This relation proves the equivalence of one-dimensional distributions of Πn(Vnt)
and Π̂n(t). By analogy the equivalence of finite-dimensional distributions can be
proved.

NOTE 7.1. In particular if qn = O(1/Vn), then (7.2) is satisfied if there exists such a
non-random sequence rn, that, as n→ ∞,

V −1
n rn −→ 0, sup

u≥rn

ϕn

(
u,Zn

) −→ 0. (7.4)

NOTE 7.2. Let (7.2) hold and there exist a continuous function Λ0(t) such that for any
t ∈ [0, T ],

lim
n→∞Λn(t) = Λ0(t).

Then the sequence of processes Πn(Vnt) J-converges in [0, T ] to the Poisson pro-
cess Π0(t) with cumulative rate Λ0(t).

This means that the flows of rare events in systems with mixing can be approx-
imated by Poisson processes with average cumulative rates. Denote now by νn the
time of the first jump of Πn(t) (this can be interpreted as the time of the first fail-
ure). It is also possible to investigate the rate of convergence of νn to the generalized
exponential distribution and obtain low and upper boundaries.

STATEMENT 7.1. For any t > 0,

exp
{− Λn(t)

} ≤ P
{
νn > Vnt

} ≤ exp
{− Λn(t)

}(
1 +Q

(
Λn(t)

)
αn(t)t

)
, (7.5)

where Q(a) = (a2/2)−1(ea − 1 − a) and αn(t) = Vnq
2
n

∫ Vnt

0
ϕn(u,Zn)du.

Proof. It is true that

P
{
νn > Vnt

}
= E exp

{
−
∫ Vnt

0

qn
(
xn(v), v

)
dv
}
. (7.6)

Note that ex ≤ 1+x+x2/2 as x ≤ 0, and ex ≤ 1+x+x2Q(a)/2 as 0 ≤ x ≤ a.
Since ex ≥ 1 + x and Q(a) ≥ 1 as a > 0, it follows that as −∞ < x ≤ a,

1 + x ≤ ex ≤ 1 + x+ x2Q(a)/2. (7.7)

Therefore, for any non-negative random variable ζ such that Eζ = a, and Varζ = σ2,
we obtain from (7.7), by putting x = a − ζ, taking expectation of both parts and
multiplying by e−a, that

e−a ≤ Ee−ζ ≤ e−a
(
1 + σ2Q(a)/2

)
.
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Using representation (7.6), considering ζ =
∫ Vnt

0
qn(xn(v), v)dv and putting

a = Eζ = Λn(t) we obtain (7.5). Note that in this case, Varζ ≤ 2αn(t)t.

If

αn(t)t/Λn(t)2 −→ 0, (7.8)

as n→ ∞, then relation (7.5) implies

sup
t≥0

∣∣P{νn > Vnt
}− exp

{− Λn(t)
}∣∣ −→ 0. (7.9)

Condition (7.8) is valid for wide classes of Markov models satisfying a strong
mixing condition. In this case as usual for some q < 1, ϕn(u) ≤ Cqu, therefore
relation (7.4) is true and the integral

∫∞
0
ϕn(u)du < C < ∞. Thus, in this case

αn(t) < CVnq
2
n.

Similar results can be obtained for discrete time models.

The main problem in applications is to evaluate the function Λn(·) and the
coefficient ϕn(u,Zn). In the following sections we consider homogenous and
non-homogenous finite Markov processes and show that Λn(·) can be replaced
by an equivalent function calculated with the help of stationary or quasi-stationary
distribution.

7.3. Asymptotically connected sets (Vn-S-sets)

Now consider the extension of the notion of the S-set given in section 6.2. We now
introduce the important notion of Vn-S-set. Let xn(t), t ≥ 0, be an MP in discrete or
continuous time with finite state space X = {1, 2, . . . , r}. Let X0 ⊂ X be a fixed
subset.

DEFINITION 7.1. The subset X0 is called a Vn-S-set if as n→ ∞ for any i ∈ X0,

P
{
xn(t) ∈ X0 for all t ≤ Vn | xn(0) = i

} −→ 1,

and for any i, j ∈ X0,

P
{

there exists u, u < Vn such that xn(u) = j | xn(0) = i
} −→ 1.

This means that in the interval [0, Vn] the process remains in X0 with a probability
close to one and all states in X0 asymptotically communicate. In particular, the total
state space X may form a Vn-S-set. In this case (7.4) is satisfied.

7.3.1. Homogenous case

Now consider discrete time and suppose that xnk, k ≥ 0, is a homogenous MP
with finite state space X . Let {χnk(i), i ∈ X}, k ≥ 0, be the jointly independent
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families of rare indicators, i.e. P(χnk(i) = 1) = 1 − P(χnk(i) = 0) = qn(i), where
qn(i) → 0, i ∈ X . Let

Πn

(
Vnt
)

=
[Vnt]∑
k=0

χnk

(
xnk

)
.

Suppose thatX forms a Vn-S-set. Denote by πn(i), i ∈ X , the stationary distribu-
tion of xnk which exists at large n given this assumption. PutAn =

∑
i∈X πn(i)qn(i).

As a consequence of Theorem 7.1 we can prove the following.

STATEMENT 7.2. If lim supn→∞ VnAn < ∞, then the finite-dimensional distribu-
tions of the process Πn(Vnt) and the Poisson process with parameter VnAn are
asymptotically equivalent.

Moreover, it can also be proved using the sequential algorithm of testing that if a
set forms an Vn-S-set [ANI 70, ANI 74], then Vnπn(i) → ∞, i ∈ X .

These results also provide us with the possibility of studying the exit time from the
subset as the exit time can be represented as the time of the first jump of the auxiliary
stepwise process of the sum of indicators.

LetX0 be a fixed subset ofX . Let us recall Definition 6.1 of an S-set. Consider an
auxiliary MP x̃nk with state space X0 and matrix of transition probabilities P̃n(X0)=
‖pn(i, j)pn(i,X0)−1‖, i, j∈X0, where pn(i,X0)=

∑
l∈X0

pn(i, l). Denote by π̃n(i),
i ∈ X0, its stationary distribution (which exists at least at large enough n) and define
the stationary probability of exit gn(X0) =

∑
i∈X0

π̃n(i)(1 − pn(i,X0)) (see also
section 6.2, relation (6.3)).

It is useful to know that if the subsetX0 is an S-set for the initial process xnk, then
it forms a gn(X0)−1-S-set for the auxiliary MP x̃nk. It is also always possible to find
Vn such that Vngn(X0) → 0 and X0 forms a Vn-S-set for xnk.

Let us recall the notion of a monotone structure for the process in discrete time in
section 6.2.3 and consider a similar definition for the process in continuous time. Let
xn(t), t ≥ 0, be an MP with finite state space Z which can be represented in the form:
Z = {(i, s), i ∈ Xs, s = 0, r}, with transition rates μn((i, s), (j, q)).

DEFINITION 7.2. The state space Z is called a “monotone structure” of the order r
if as n→ ∞ the following asymptotic relations hold:

1. μn((i, s), (j, s + 1)) = εn(s)aij(s)(1 + o(1)), i ∈ Xs, j ∈ Xs+1, where
εn(s) → 0, s = 0, r − 1;

2. μn((i, s), (j, s+ k)) = 0, i ∈ Xs, j ∈ Xs+k, s = 0, r − 2, k > 1;

3. μn((i, s), (j, k)) = μij(s, k)(1 + o(1)), i ∈ Xs, j ∈ Xk, s = 0, r, k ≤ s;
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4. for each s = 1, r the matrix G(s) −M(s) is invertible, where G(s) is a diag-

onal matrix with elements μ(s)
i =

∑
m≤s, j∈Xm

μij(s,m), and M(s) = ‖μij(s, s)‖,
i, j ∈ Xs, i �= j, where μii(s, s) ≡ 0, i ∈ Xs;

5. an auxiliary MP with state space {(i, 0), i ∈ X0} and transition rates μij(0, 0)
is irreducible with stationary distribution ρi, i ∈ X0.

We call a subset of states Zq = {(i, q), i ∈ Xq} a q-level, q = 0, r.

Let ρn(s) = (ρn(i, s), i ∈ Xs), s = 0,m, and ρ = (ρi, i ∈ Xs) be the
row-vectors, where ρn(i, s) is the stationary probability of state (i, s). We put
δn(s) =

∏s−1
j=0 εn(j).

THEOREM 7.2. If Z forms a monotone structure, then for any vn → ∞ such that
vnδn(r)−1 → ∞ it also forms vnδn(r)−1-S-set and for any q = 1, r the following
representation holds:

ρn(q) = δn(q)α(q)
(
1 + o(1)

)
,

where α(q) = ρ
∏q−1

j=0 A(j)(G(j + 1) −M(j + 1))−1, A(s) = ‖aij(s)‖, i, j ∈ Xs,∏s
j=k C(j) = C(k)C(k + 1) · · ·C(s).

The proof is provided recursively to the order of the monotone structure and fol-
lows similar lines to the discrete case in section 6.2.3.

NOTE 7.3. If Z forms a monotone structure, then for any level q and for some
0 < a < 1, ϕn(u,Zq) ≤ Cδn(q)au.

Using Note 7.3 we can study flows of rare events of different orders defined on
the monotone structure. Denote by Πn(t) a Poisson process switched by xn(t) in the
following way: in state (i, s) the rate is qn(i, s), where

qn(i, s) = qnbi(s)
r−1∏
j=s

εn(j)
(
1 + o(1)

)
,

bi(s) are some given values and qn → 0 (we set
∏r−1

r = 1). Put Vn = (qnδn(r))−1.

STATEMENT 7.3. If the state space Z forms a monotone structure, then Πn(Vnt) J-
converges to the Poisson process with parameter A =

∑r
s=0(α(s), b(s)), where b(s)

is a column vector with elements bi(s), i ∈ Xs and the vector α(s) is defined in
Theorem 7.2.

In particular, if Z is a subset of the state space and the rate of exit from state
(i, s) is equal to qn(i, s), then using Statement 7.3 we can prove that for any initial
state (i0, s0) ∈ Z the distribution of variable V −1

n Ωn(i0, s0) weakly converges to the
exponential distribution with parameter A, where Ωn(i0, s0) is the exit time from Z
starting from state (i0, s0).
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7.3.2. Non-homogenous case

Let us now extend the notion of the monotone structure to the case where xn(t) is
a non-homogenous MP. Suppose that xn(t) takes values in Z = {(i, s), i∈Xs, s=
0, r} and transition rates at time t are μn((i, s), (j, q), t). Assume that there exists a
normalizing factor Vn such that at each fixed t the rates μn((i, s), (j, q), Vnt) satisfy
all items of Definition 7.2 where the values aij(s)=aij(s, t) and μij(s, k)=μij(s, k, t)
depend on t. This means for instance that μn((i, s), (j, q), Vnt) = εn(s)aij(s, t)(1 +
o(1)) for item 1 in Definition 7.2 of the monotone structure. We denote corresponding
matrices asG(s, t) andM(s, t). Let ρi(t), i ∈ X0, be the stationary distribution of the
auxiliary MP with state space {(i, 0), i ∈ X0} and transition rates μij(0, 0, t), i �= j.

Suppose also that the following condition is satisfied: functions aij(s, t) and
μij(s, k, t) are piecewise continuous in t and if aij(s, 1) > 0, then for some c0 > 0,
aij(s, t) ≥ c0 in an interval [0, T ] (the same for μij(s, k, t)).

Then the set Z in the scale of time Vn forms an inhomogenous in time monotone
structure. Denote

α(q, t) = ρ(t)
q−1∏
j=0

A(j, t)
(
G(j + 1, t) −M(j + 1, t)

)−1
.

THEOREM 7.3. If Z forms an inhomogenous in time monotone structure, then for any
q = 1, r, 0 < t < T ,

P
(
xn

(
Vnt
)

= (i, q), i ∈ Xq

)
= δn(q)α(q, t)(1 + o(1)),

P
(
xn

(
Vnt
)

= (i, 0)
)

= ρi(t)
(
1 + o(1)

)
, i ∈ X0.

(7.10)

Note that the right-hand side in (7.10) stands for quasi-stationary probabilities.

Using this result we can study the behavior of inhomogenous flows of rare events
by analogy to Statement 7.3. Assume that the family of non-negative functions
qn(i, s, t), (i, s) ∈ Z, t ≥ 0, is given. Let Πn(t) be a Poisson type process switched
by a process xn(t): at time t the instantaneous rate of jump if qn(xn(t), s, t). Also let

qn
(
i, s, Vnt

)
= qnbi(s, t)

r−1∏
j=s

εn(j),

where bi(s, t) are given values and Vn = (qnδn(r))−1 → ∞.

STATEMENT 7.4. If Z forms a monotone structure, then Πn(Vnt) converges to a Pois-
son process with instantaneous rate λ̂(t) =

∑r
s=0(α(s, t), b(s, t)), where b(s, t) is a

vector with elements bi(s, t), i ∈ Xs.
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In particular, if Z is a subset of the state space and the rate of exit from state (i, s)
at time t is equal to qn(i, s, t), then

P
{
V −1

n Ωn(i, s) > t
} −→ exp

{
−
∫ t

0

λ̂(u)du
}
. (7.11)

7.4. Heavy traffic conditions

In heavy traffic conditions the trajectory of a system in most cases is non-stable as
the value of the queue usually goes to infinity. We consider the behavior of a flow of
rare events on the trajectory of a switching type system, which satisfies the averaging
principle.

Let for each n > 0, Fnk = {ζnk(t, x, z), t ≥ 0, x ∈ X, z ∈ Rr}, k ≥ 0,
be jointly independent families of random processes in Dr

∞, xn(t), t ≥ 0, be an
independent of Fnk SMP in X which plays the role of a switching environment and
Sn0 be the initial value. Denote by 0 = tn0 < tn1 < · · · the times of sequential jumps
of xn(·), and put xnk = xn(tnk), k ≥ 0. We construct a process with semi-Markov
switching (PSMS) in the following way. Consider a sequence Snk+1 = Snk + ξnk,
where ξnk = ζnk(τnk, xnk, Snk), τnk = tnk+1 − tnk, and let

ζn(t) = Snk + ζnk

(
t− tnk, xnk, Snk

)
as tnk ≤ t < tnk+1, t ≥ 0.

Then the process (xn(t), ζn(t)), t ≥ 0, is a PSMS (see section 1.2.5).

Let qn(x, z), x ∈ X , z ∈ Rr, be a non-negative function. We construct a Pois-
son type process Πn(t) switched by (xn(t), ζn(t)) in the following way: if at time t,
xn(t) = x, ζn(t) = z, then the instantaneous rate of jump of Πn(t) is qn(x, z).

Consider for simplicity the homogenous case (the distributions of the processes
ζnk(·) do not depend on the index k ≥ 0). Let τn(x) be the sojourn time in state x for
the process xn(·). Denote ξn(x, z) = ζn1(τn(x), x, z), and

gn(x, z) = sup
{|ζn1(t, x, z)| : t < τn(x)

}
, x ∈ X, z ∈ Rr.

Suppose that the embedded MP xnk, k ≥ 0, has at each n ≥ 0 the stationary
measure πn(A), A ∈ BX , and put mn(x) = Eτn(x), bn(x, z) = Eξn(x, nz),

mn =
∫

X

mn(x)πn(dx), bn(z) =
∫

X

bn(x, z)πn(dx),

qn(z) =
∫

X

qn(x, nz)πn(dx).
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THEOREM 7.4. Suppose that n−1Sn0
P−−→ s0, there exists a sequence of integers rn

such that n−1rn → 0, supk≥rn
ϕn(k,X) → 0, where ϕn(k,X) is a strong mixing

coefficient for xnk (see (7.1)), for any N > 0, ε > 0,

lim
n→∞ sup

|z|≤N

sup
x
nP
{
n−1gn(x, nz) > ε

}
= 0,

lim sup
n→∞

sup
|z|≤N

sup
x

{
Eτn1(x)χ

(
τn1(x)>L

)
+E

∣∣ξn1(x, nz)
∣∣χ(∣∣ξ(x, nz)∣∣>L)}−→0,

as L→ ∞, for any x as max(|z1|, |z2|) ≤ N ,∣∣bn(x, z1)− bn
(
x, z2

)∣∣ ≤ CN

∣∣z1 − z2
∣∣+ αn(N),∣∣nqn(x, nz1)− nqn

(
x, nz2

)∣∣ ≤ CN

∣∣z1 − z2
∣∣+ αn(N),

where CN are some constants, αn(N) → 0 uniformly in |z1| ≤ N , |z2| ≤ N , also
there exist the functions b(z), q(z) and a constant m such that for any z ∈ Rr,

bn(z) −→ b(z), nqn(z) −→ q(z), mn −→ m > 0,

and b(z) has no more than linear growth.

Then the sequence (n−1ζn(nt),Πn(nt)) J-converges in [0, T ] to the process
(s(t),Π0(t)), where the function s(t) satisfies a differential equation

s(0) = s0, ds(t) = m−1b
(
s(t)

)
dt,

and Π0(t) is a non-homogenous Poisson process with local rate at time t, q(s(t)).

The proof is essentially based on averaging principle type theorems for processes
with semi-Markov switching (see section 4.6).

Going forward we mention that if the state space of xn(t) satisfies conditions of
the asymptotic aggregation of states (see Chapter 8, section 8.4.4, (8.51)), then the
limiting process can be represented as the process (s(t),Π0(t)) switched by MP y(t)
(see Theorem 8.8).

7.5. Flows of rare events in queueing models

In this section, as the applications of the results above, we consider the flows of rare
events for the basic state-dependent queueing systems with Markov or semi-Markov
switching in light and heavy traffic conditions.

7.5.1. Light traffic analysis in models with finite capacity

Consider a non-homogenous state-dependent Markov type queueing model
MM,Q/MM,Q/m/k switched by an external Markov environment. This model is
similar to the one introduced in section 2.2.1.1 in the homogenous case. Let xn(t),
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t ≥ 0, be a non-homogenous MP with values in X = {1, 2, . . . , r} and transition
rates cn(i, j, t), i, j ∈ X , i �= j, t ≥ 0. Let the family of non-negative functions
{λn(i, t, q), μn(i, t, q), q ≥ 0, i ∈ X, t ≥ 0} be given. There are m servers and k
waiting places. Denote by Qn(t) the number of calls in the system at time t. The
system operates in the following way. Calls enter the system one at a time. If at time
t, xn(t) = i and Qn(t) = q, then the instantaneous input rate is λn(i, t, q) and the
incoming call takes an idle server if there is one. If all servers are busy and there are
no more than k +m − 1 calls in the system, the call joins the queue. Otherwise, this
call is lost. An instantaneous service rate for each busy server is μn(i, t, q).

Suppose that the system is in light traffic conditions and in the asymptotic sense
the rates slowly depend on t, i.e.:

λn

(
i, Vnt, q

)
= εnλ0(i, t, q)

(
1 + o(1)

)
, i ∈ X,

μn

(
i, Vnt, q

)
= μ0(i, t, q)

(
1 + o(1)

)
, i ∈ X,

cn
(
i, j, Vnt

)
= cij(t)

(
1 + o(1)

)
, i, j ∈ X, i �= j,

(7.12)

where εn → 0, Vn = ε−k−m−1
n , functions λ0(i, t, q), μ0(i, t, q), cij(t) are continuous,

and the values o(1) → 0 uniformly in t in an interval [0, T ].

Consider at each fixed t an auxiliary homogenous MP x(t)(u) with transition rates
cij(t), i, j ∈ X , and suppose that at each t this process is ergodic with stationary
distribution ρi(t), i ∈ X . Let A(t, q) and G(q, t) be diagonal matrices with elements
λ0(i, t, q) and min(q,m)μ0(i, t, q), respectively, C(t) = ‖cij(t)‖, i, j ∈ X , i �= j,
where we assume cii(t) = −∑j �=i cij(t). Denote by ρ(t) and 1 row vectors with
elements ρi(t) and 1, respectively, and put

λ̂(t) = ρ(t)

(
m+k−1∏

q=0

A(q, t)
(
G(q + 1, t) − C(t)

)−1

)
A(m+ k, t)1.

Let Ωn(i, s) be the time of the first loss of a call given that xn(0) = i, Qn(0) = s,
and Yn(t) be the number of lost calls in the interval [0, t].

Conditions (7.12) and the ergodicity of the process x(t)(u) imply that the state
space of the system forms a monotone structure in the non-homogenous case. More-
over, as the rates cn(·) satisfy conditions (7.12), then the process xn(t) is quasi-ergodic
(see section 3.3 and papers [ANI 83, ANI 88]). Using the results of section 7.2 and
also Theorem 7.3 and Statement 7.4 (see also [ANI 83]) we can prove the following.

STATEMENT 7.5. If conditions (7.12) are satisfied, then relation (7.11) is true and the
process Yn(Vnt) J-converges to the Poisson process with local rate λ̂(t).
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In particular, if there is no Markov switching,

λ̂(t) =

(
m+k−1∏

q=0

λ0(q, t)μ0(q + 1, t)−1

)
λ0(m+ k, t).

NOTE 7.4. If xn(t) satisfies the conditions of asymptotic consolidation in the scale
of time Vn (see section 8.4.4, (8.51), (8.52)), then we can prove J-convergence of
Yn(Vnt) to a Poison process Π(t) switched by limiting aggregated MP. Correspond-
ingly, V −1

n Ωn(i, s) weakly converges to the time of the first jump of Π(t). Some
results in this direction are proved in Chapter 8.

7.5.2. Heavy traffic analysis

Now consider the system MSM,Q/MSM,Q/1/∞ in heavy traffic conditions dis-
cussed in section 5.3.3. For simplicity we study the homogenous case and suppose
that the parameters of the model do not depend on n. The system is switched by a
homogenous SMP x(t), t ≥ 0, with values in X = {1, 2, . . . , r}, where x(t) stands
for the external environment. There is one server and an infinite number of waiting
places. Denote by Q(t) the number of calls in the system at time t. If x(t) = i and
Q(t)/n = z, then input and service rates are λ(i, z) and μ(i, z), respectively.

Suppose that the calls are impatient. This means that each call in the queue
independently of others may get a refusal (be lost) with the local rate n−1q(x(t),
n−1Q(t)), where q(i, z) is a continuous function. Let Yn(t) be the number of lost
calls in the interval [0, t]. Suppose that x(t) is ergodic with stationary distribution ρi,
i ∈ X . Denote

λ̂(z) =
∑
i∈X

λ(i, z)ρi, μ̂(z) =
∑
i∈X

μ(i, z)ρi, q̂(z) =
∑
i∈X

q(i, z)ρi.

STATEMENT 7.6. If Q(0) = nq0, functions λ(i, z), μ(i, z), q(i, z) are locally Lips-
chitz with respect to z, and the function λ̂(z) − μ̂(z) has no more than linear growth,
then Yn(nt) J-converges in [0, T ] to the Poisson process with local rate q̂(s(t)), where
the function s(·) satisfies the following differential equation

s(0) = q0, ds(t) =
(
λ̂
(
s(t)

)− μ̂
(
s(t)

))
dt,

and T is any positive value such that s(t) > 0 in the interval [0, T ].

The proof uses the result of Theorem 7.4 and Statement 5.5, section 5.3.3 and is
based on the convergence of the process Q(nt)/n to s(t).

Similar results can be proved for semi-Markov queueing networks.
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Chapter 8

Asymptotic Aggregation of State Space

8.1. Introduction

Queueing models describing realistic computer networks usually have as usual
rather quite complex structures and high dimensions. Therefore, during the investiga-
tion of such complex stochastic systems the following question is of a definite inter-
est: to find the conditions when a complicated system can be approximated in some
sense by a system with fewer states and a simpler structure, for example, by a Markov
or semi-Markov system. We call this a problem of “asymptotic aggregation of state
space” and “decreasing dimension”.

One of the main problems here is a possible loss of information which may occur
after state aggregation and loss of Markovian property. For example, let us consider a
homogenous Markov chain xk with finite state space I = {1, 2, . . . , r} and a matrix
of one-step transition probabilities P = ‖pij‖i,j∈I . Assume a partition of the set I on
the subsets Ik is given, where ∪kIk = I and Ik ∩ Im = ∅ as k �= m. Let us construct
an aggregated process x̂k, k ≥ 0, as follows:

x̂k = j if xk ∈ Ij , k ≥ 0.

It is well-known [KEM 76] that x̂k is again a Markov process if and only if for any
subsets Ii and Ij ,

p
(
s, Ij

)
= p

(
q, Ij

)
, for any s, q ∈ Ii, (8.1)

where p(s, Ij) =
∑

l∈Ij
psl. In this case, if we denote for any s ∈ Ii, p(Ii, Ij) =

p(s, Ij), then the values p(Ii, Ij) are the transition probabilities of the aggregated
Markov chain x̂k.
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It is difficult to expect that condition (8.1) can be satisfied for many real systems.
Therefore, the aggregated process realistically can only be close in some sense to a
Markov process. However, in the analysis of highly reliable systems and systems with
small probabilities of particular transitions, for example, small probabilities of failures
or the loss of the call, we can come to the problem of asymptotic aggregation (merging
or consolidation) of the state space, which can be formulated as follows.

Assume that the characteristics of the system depend on a small parameter ε in
such a way that the state space can be subdivided on the subsets/regions such that
the transition probabilities between regions tend to zero as ε → 0. The problem is in
the investigation of the conditions when the aggregated process obtained by coupling
the states of each region into one state converges as ε → 0 to a Markov or semi-
Markov process, and also when different accumulative functionals also converge to
corresponding functionals of the aggregated process. From a practical point of view
this means that instead of the initial rather complicated system we can consider the
system which is described by the limiting process and investigate its the characteristics
which mimic with sufficient accuracy the characteristics of the initial system.

The results devoted to the problem of asymptotic aggregation can be condition-
ally divided in three directions. The first direction is the analytic approach based on
the theory of the asymptotic expansions of the perturbed on the spectrum linear oper-
ators. This approach is being systematically developed by Korolyuk and co-authors
[KOR 69, KOR 93, KOR 94, KOR 99, KOR 00, KOR 04, KOR 05] with applications
to asymptotic analysis of time homogenous Markov and semi-Markov processes. A
similar technique is also used by Yin and Zhang [YIN 03] and in [IL’ 99, YIN 03].
A martingale technique is used in [KOR 94] (for finite MPs in [YIN 00]). Another
approach based on direct probabilistic methods is developed by Kovalenko [KOV 75]
where he obtained the proximity estimates of the aggregated processes to the Markov
processes.

The author developed another approach based on the convergence of switching
processes with rare switching [ANI 73, ANI 78, ANI 87a, ANI 88c, ANI 00a,
ANI 00b, ANI 02, ANI 04, ANI 87b]. The advantage of this approach is that it
allows us to study non-homogenous in time processes and even some classes of
non-semi-Markov models for which analytic approaches are not yet developed.

Results on the weak convergence of aggregated processes for Markov and semi-
Markov models are proved in [ANI 75, ANI 78] using constructive methods and
limit theorems for SPs. The weak convergence of accumulative processes defined on
asymptotically aggregated Markov or SMPs to two-component MPs with Markov or
semi-Markov switching was first proved in [ANI 78] for a finite state space and then
extended to a general state space and non-homogenous in time models in [ANI 88c].
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Aggregation models for queueing systems in light and heavy traffic conditions are
also studied in [ANI 98, ANI 00a]; the convergence of SPs in the asymptotic aggrega-
tion scheme to switched diffusion processes is studied in [ANI 00b].

8.2. Aggregation of finite Markov processes (stationary behavior)

In this section we consider the behavior of a stationary distribution for a finite
MP in discrete and continuous time with asymptotically aggregated state space and
prove using the matrix analytic technique that it can be approximated as a product of
stationary probability of the aggregated state (region) of the limiting process and the
stationary probability of a particular state inside the aggregated region.

8.2.1. Discrete time

In the previous sections we consider the dependence of the parameters of the sys-
tem on n where n → ∞. When we talk about small probabilities or low rates, some-
times it might be expedient to consider the dependence on a small parameter ε→ 0. In
fact, this is an equivalent setting as, without loss of generality, we can always consider
in a triangular scheme the dependence on a parameter n → ∞, and consider a small
parameter ε depending on n in such a way that ε = εn → 0. In this section for better
transparency of the model we consider the dependence on a small parameter ε → 0
and omit for simplicity the dependence ε = εn.

Let at each ε > 0, xε(k), k ≥ 0, be a homogenous MP in discrete time with a
finite state space X = {1, 2, . . . , r} and the matrix of transition probabilities

Pε =
∥∥pε(i, j)

∥∥, i, j ∈ X. (8.2)

Suppose that Pε = P0 + εB + o(ε), where the matrix P0 is reducible with m
classes of essential states X1,X2, . . . , Xm, and ε→ 0, i.e.,

P0 =

⎛⎜⎜⎜⎝
P (1) 0 0 · · ·

0 P (2) 0 · · ·
0 · · · · · · 0
· · · 0 0 P (m)

⎞⎟⎟⎟⎠ , (8.3)

each matrix P (k) =‖ p0(i, j) ‖, i, j ∈ Xk, is irreducible, and as ε→ 0,

pε(i, j) = p0(i, j) + εbij + o(ε), i, j = 1, . . . , r, (8.4)

where for all k, p0(i, j) = 0 if i ∈ Xk, j �∈ Xk. Denote by π(k)(i), i ∈ Xk, a
stationary distribution for matrix P (k):

π(k)(i) =
∑

j∈Xk

π(k)(j)p0(j, i), i ∈ Xk, (8.5)
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where
∑

i∈Xk
π(k)(i) = 1 for any k, and put

Aks =
∑

i∈Xk

π(k)(i)
∑

j∈Xs

bij , k, s = 1, . . . ,m, k �= s,

Ai =
∑
l �=i

Ail.

(8.6)

Let y(t), t ≥ 0, be a continuous time MP with state space {1, . . . ,m} and transi-
tion rates Aks, k �= s. Suppose that y(t) is irreducible with stationary distribution ρi,
i = 1, . . . ,m, i.e.

ρiAi =
∑
j �=i

ρjAji,
m∑

i=1

ρi = 1. (8.7)

Denote by πε(i), i ∈ X , a stationary distribution for matrix Pε.

THEOREM 8.1. At our assumptions πε(i), i ∈ X , exists at rather small ε and for any
k = 1, . . . ,m, as i ∈ Xk,

πε(i) = ρk · π(k)(i) +O(ε), i ∈ Xk, k = 1, . . . ,m. (8.8)

NOTE 8.1. This result allows us to decrease the dimension of the initial MP at the
calculation of the stationary distribution: instead of finding a solution of the system
of linear equations of the rank r we can solve m systems of ranks rk, k = 1, . . . ,m,
respectively, (rk is the number of states in Xk) and one system of rank m.

Proof. The values πε(i), i ∈ X , satisfy the system of linear equations (8.5). Using
(8.4) we can re-write it in the form: for any k and i ∈ Xk,

πε(i) =
∑

j∈Xk

πε(j)pε(j, i) + ε
∑
s�=k

∑
j∈Xs

πε(j)bji + o(ε). (8.9)

Now let us seek a solution for πε(i), i ∈ Xk, in the form

πε(i) = ckπ
(k)(i) + εz(k)(i) + o(ε), (8.10)

where
∑

k∈X ck = 1. It is clear that
∑

k

∑
i∈Xk

z(k)(i) = 0. Combining together
(8.9) and (8.10) we obtain

ckπ
(k)(i) + εz(k)(i) =

∑
j∈Xk

(
ckπ

(k)(j)
(
p0(j, i) + εbji

)
+ εz(k)(j)p0(j, i)

)
+ ε

∑
s�=k

∑
j∈Xs

csπ
(s)(j)bji + o(ε).

(8.11)
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Taking into account (8.5) we obtain from (8.11) the system of equations for values
z(k)(i):

z(k)(i) = ck
∑

j∈Xk

π(k)(j)bji +
∑

j∈Xk

z(k)(j)p0(j, i)

+
∑
s�=k

∑
j∈Xs

csπ
(s)(j)bji, i ∈ Xk, k = 1, 2, . . . ,m.

(8.12)

From (8.4) it follows that for any i,
∑

j∈X bij = 0. This means that

−
∑

j∈Xk

bij =
∑
s�=k

∑
l∈Xs

bil. (8.13)

Taking a sum of both parts in (8.12) by i ∈ Xk we obtain∑
i∈Xk

z(k)(i) = ck
∑

j∈Xk

π(k)(j)
∑

i∈Xk

bji +
∑

j∈Xk

z(k)(j)

+
∑
s�=k

∑
j∈Xs

csπ
(s)(j)

∑
i∈Xk

bji.
(8.14)

Finally, using notation (8.6) and property (8.13), we obtain from (8.14):

ckAk =
∑
s�=k

csAsk, k = 1, . . . ,m. (8.15)

However, this system is equivalent to system (8.7) for the stationary distribution
of MP y(·). As

∑
k ck = 1, and the stationary distribution is unique, this implies

ck = ρk, k = 1, . . . ,m, and finally proves (8.8).

It is also possible to take the next step and find the 2nd terms z(k)(i) in (8.8) from
system (8.12).

Note that the asymptotic expansions of the stationary distribution for homogenous
MP with the arbitrary state space using the technique of linear operators perturbed on
the spectrum obtained in [KOR 93].

8.2.2. Hierarchic asymptotic aggregation

These results can be extended to the hierarchic aggregation models (regions Xk

in the limit can be reducible and also consist of several subregions). In this case it
is possible to use the algorithm given in [ANI 70, ANI 73, ANI 74] and recursively
calculate a stationary distribution in each region step by step providing the aggregation
at each step.
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Suppose that instead of (8.4) the following representation holds:

pε(i, j) = p(1)
ε (i, j) + εbij + o(ε), (8.16)

where p(1)
ε (i, j) = 0 if i ∈ Xk, j �∈ Xk,

∑
l∈Xk

p
(1)
ε (i, l) = 1, i ∈ Xk, and each

region Xk can also be divided over subregions X(k)
s , s = 1, . . . , dk, such that

p(1)
ε (i, j) = p0(i, j) + ε1b

(1)
ij + o

(
ε1
)
,

where p0(i, j) = 0 if i ∈ X
(k)
s , j �∈ X

(k)
s , each subregion X(k)

s is irreducible and
ε/ε1 → 0. This means that there is a fast transition process in each subregion X(k)

s , a
slow transition process between regionsX(k)

s , s = 1, . . . , dk, inside each regionX(k),
and an even slower transition process between regions X(k), k = 1, . . . ,m.

Denote by π(i, s, k), i ∈ X
(k)
s , a stationary distribution for matrix

P (s, k) =
∥∥p0(i, j)

∥∥, i, j ∈ X(k)
s ,

and put

A(k)
sq =

∑
i∈X

(k)
s

π(i, s, k)
∑

j∈X
(k)
q

b
(1)
ij ,

A(k)
s =

∑
q �=s

A(k)
sq , s, q = 1, . . . , dk.

Let for any k = 1, . . . ,m, ρ(k)
s , s = 1, . . . , dk, be the stationary distribution

satisfying the system

ρ(k)
s A(k)

s =
∑
q �=s

ρ(k)
q A(k)

qs , s = 1, . . . , dk.

Denote

Akn =
dk∑

s=1

ρ(k)
s

∑
i∈X

(k)
s

π(i, s, k)
∑

j∈Xn

bij , k, n = 1, . . . ,m, k �= n,

Ak =
∑
n�=k

Akn,

and let ρk, k = 1, . . . ,m, be the stationary distribution satisfying the system

ρkAk =
∑
n�=k

ρnAnk.
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Then in a similar way we can prove the following asymptotic formula for the
hierarchic models: if i ∈ X

(k)
s then

πε(i) = ρkρ
(k)
s π(i, s, k) +O

(
ε/ε1

)
. (8.17)

This formula can be extended to any level of hierarchy in a similar way.

8.2.3. Continuous time

Similar results can be proved for an MP in continuous time. Let xε(t), t ≥ 0, be a
homogenous MP with finite state space X = {1, . . . , r} and transition rates aε(i, j).
Suppose that

X =
⋃

k∈Y

Xk, Xk ∩Xj = ∅ as k �= j, (8.18)

aε(i, j) = a0(i, j) + εbij + o(ε), i, j ∈ X, (8.19)

for any k, a0(i, j) = 0 if i ∈ Xk, j �∈ Xk, and an MP defined by transition rates
a0(i, j) in each region Xk is irreducible. Denote a0(i) =

∑
j �=i a0(i, j). Let π(k)(i),

i ∈ Xk, be a stationary distribution in region Xk:

π(k)(i)a0(i) =
∑

j∈Xk, j �=i

π(k)(j)a0(j, i), (8.20)

and put

âks =
∑

i∈Xk

π(k)(i)
∑

j∈Xs

bij , k �= s, (8.21)

âk =
∑
s�=k

âks. (8.22)

Let ρk, k = 1, . . . ,m, be the stationary distribution of the aggregated MP y(t)
with transition rates âks constructed on the coupled regions Xk:

âkρk =
∑
s�=k

ρsâks, k = 1, . . . ,m. (8.23)

This exists and is unique if y(t) is irreducible. Let πε(i), i ∈ X , be the stationary
distribution for the initial MP:

πε(i)aε(i) =
∑
j �=i

πε(j)aε(j, i), i ∈ X,

where

aε(i) =
∑
j �=i

aε(i, j).
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THEOREM 8.2. At our assumptions, for any k = 1, . . . ,m, and i ∈ Xk,

πε(i) = ρkπ
(k)(i) +O(ε). (8.24)

Proof. We search πε(i) in the form:

πε(i) = ckπ
(k)(i) + εz(k)(i), i ∈ Xk,

where
∑m

k=1 ck = 1. Taking into account system (8.20) and using a similar method
as in the proof of Theorem 8.1 we obtain a system of equations for variables ck:

âkck =
∑
s�=k

csâsk.

However, this system is equivalent to system (8.23) for the stationary distribution
of an MP ŷ(·). As

∑
k ck = 1, and the stationary distribution is unique, this implies

ck = ρk, k = 1, . . . ,m, and finally proves (8.8). This implies the statement of Theo-
rem 8.2.

This result can also be extended to hierarchic models as in section 8.2.1. Note that
the method of sequential aggregation of states of an MP in a triangular scheme was
first proposed in [ANI 70, ANI 73, ANI 74].

8.3. Convergence of switching processes

In the previous sections we studied the asymptotic expansion of the stationary
distribution for an MP satisfying the conditions of asymptotic aggregation of state
space. Now we consider the convergence of random processes switched by an MP
satisfying the conditions of asymptotic aggregation. The method of investigation is
based on the limit theorems on the convergence in the class of SPs. For this purpose
we prove a quite general theorem that establishes the conditions when a sequence
of SPs aggregated by the first component J-converges to a regular limiting SP. In
various applications a limiting process has a simpler structure and may depend on
fewer parameters. Therefore this theorem provides us with a new approach to the
problems of asymptotic decreasing dimension and aggregation of the state space in
complex stochastic systems.

Let at each n > 0,

Fnk =
{(
ζnk(t, x, z), τnk(x, z), βnk(x, z)

)
, t ≥ 0, x ∈ X, z ∈ Z}, k ≥ 0,

be the jointly independent parametric families of random processes ζnk(t, x, z) with
values in a space Z and random variables (τnk(x, z), βnk(x, z)) with values in
[0,∞)×X , whereX is some measurable set. We assume that Z ⊂ Rr or Z ⊂ {0,±1,
±2, . . .} (a discrete set). Let (xn0, Sn0) be the initial value. These families define
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a sequence of SP (κn(t), ζn(t)), t ≥ 0, with values in (X,Z) according to
relations (1.3), (1.4). Let for simplicity Y be a discrete set, Y = {y1, y2, . . .}, and
K(·) : X → Y be a map from X to Y . Denote Xy = K−1(y), y ∈ Y . Suppose that
(y0(t), ζ0(t)), t ≥ 0, is a regular SP with values in (Y,Z), which is defined by the
families

F̃k =
{(
ζ̃k(t, y, z), τ̃k(y, z), β̃k(y, z)

)
, t ≥ 0, y ∈ Y, z ∈ Z}, k ≥ 0,

and the initial value (y0, S0). We study the conditions of the convergence of the
sequence of SP (K(κn(·)), ζn(·)) which are aggregated in the first component to
(y0(·), ζ0(·)). This result is related to asymptotic averaging or aggregation of the states
of the initial SP. For any m ≥ 1 denote,

ψnk

(
λ1, . . . , λm, t1, . . . , tm, θ, f(·), x, z)

= E exp

{
i

m∑
l=1

λlζnk

(
tl, x, z

)− θτnk(x, z)

}
f
(
K
(
βnk(x, z)

))
,

(8.25)

where i = +
√−1, λl ∈ (−∞,∞), l = 1,m, 0 ≤ t1 < · · · < tm, x ∈ X ,

z ∈ Z , θ ≥ 0, f(·) is some bounded function in Y . Let the function ψ̃k(λ0, . . . , λj ,

t1, . . . , tj , θ, f(·), y, a) be determined by expression (8.25) for the families F̃k, k ≥ 0,
where the last factor in the right-hand side is f(β̃k(y, z)).

DEFINITION 8.1. We say that the sequence of random processes ζn(·) J-converges to
the process ζ0(·) in [0,∞) if there exists a sequence of intervals [0, Tm], Tm ↗ ∞,
such that for any m > 0, ζn(·) J-converges to ζ0(·) in the interval [0, Tm].

The following theorem is a modification of Theorems 1,4 [ANI 78] that are
directed at the applications in the asymptotic aggregation models; see also [ANI 88b].

THEOREM 8.3. Let (K(xn0), Sn0)
w=⇒ (y0, S0) and the following conditions hold:

1. there exists an everywhere dense set D ⊂ [0,∞) such that for any m ≥ 1,
y ∈ Y , z ∈ Z , any deterministic sequences (xn, zn) such that xn ∈ Xy , zn → z, and
for any k ≥ 0, λ1, . . . , λm, t1, . . . , tm ∈ D, θ, f(·),

lim
n→∞ψnk

(
λ1, . . . , λm, t1, . . . , tj , θ, f(·), xn, zn

)
= ψ̃k

(
λ1, . . . , λm, t1, . . . , tm, θ, f(·), y, z);

2. for any y ∈ Y , z ∈ Z , k ≥ 0, the sequence of measures generated by the
sequence of processes ζnk(·,K(xn), zn) as xn ∈ Xy , zn → z is relatively compact
in Skorokhod space D∞(Z);

3. for any y ∈ Y , z ∈ Z , k ≥ 0, the variable τ̃k(y, z) is almost sure (a.s.) the
point of continuity in t of the process ζ̃k(t, y, z), and P{τ̃k(y, z) > 0} = 1.
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Then the sequence (K(κn(·)), ζn(·)), as n → ∞, J-converges in [0,∞) to an SP
(y0(·), ζ0(·)).

Proof. Denote by {tnk, xnk, Snk, k ≥ 0} and {t̃k, ỹk, S̃k, k ≥ 0} the sequences
defined according to relations (1.3), (1.4) using the families Fnk, k ≥ 0, and F̃k,
k ≥ 0, respectively. Using the definition of J-convergence [SKO 56, BIL 68] it is
not hard to prove the following statement: if fn(t), t ∈ [0, T ], is a sequence of
deterministic functions J-convergent to f0(t), t ∈ [0, T ], and an is a determinis-
tic sequence such that an → a0 ∈ (0, T ), where a0 is a point of continuity of
f0(t), then fn(an) → f0(a0). Let us now fix k, x, z. Then, using the Skorokhod
method of a common probability space, we obtain, according to conditions 1-3, that
the sequence of variables ξnk(xn, zn) = ζnk(τnk(xn, zn), xn, zn) as xn ∈ Xy ,
zn → z, weakly converges to ξ̃k(y, z) = ζ̃k(τ̃k(y, z), y, z). Also, according to con-
dition 1, for any m ≥ 1, k ≥ 0, the finite dimensional distributions of the vec-
tor (ζnk(tl, xn, zn), l = 1,m, ξnk(xn, zn), τnk(xn, zn),K(βnk(xn, zn))) weakly
converge to the corresponding distributions of the vector (ζ̃k(tl, y, z), l = 1,m,
ξ̃k(y, z), τ̃k(y, z), β̃k(y, z)). Now, as we have the convergence of the initial values at
k = 0, from recurrent relations (1.3), (1.4) it follows that for any m ≥ 1 the multidi-
mensional distributions of the vector (tnk,K(xnk), Snk, k = 0, . . . ,m) weakly con-
verge to the multidimensional distributions of the vector (t̃k, ỹk, S̃k, k = 0, . . . ,m).

Now consider a deterministic function ϕn(t) = fn(t − tn, xn, zn)χ(t ≥ tn),
where fn(u, x, z) is a sequence of functions such that fn(u, xn, zn) J-converges in u
to f0(u, y, z) in [0,∞) as K(xn) = y, zn → z. Let tn → t0. Then, by the definition
of J-convergence, ϕn(t) converges to ϕ0(t) = f0(t − t0, y, z)χ(t ≥ t0) for all t >
t0 that are the points of continuity of ϕ0(t). Again using Skorokhod method of a
common probability space, we obtain according to conditions 1 and 2 that the finite
dimensional distributions of process ϕn(t) = ζnk(t− tnk, xnk, Snk)χ(K(xnk) = y,

tnk ≤ t) weakly converge to corresponding distributions of process ϕ0(t) = ζ̃k(t− t̃k,
ỹk, S̃k)χ(ỹk = y, t̃k ≤ t) for all t that are a.s. the points of continuity of ϕ0(t). Now
we can use the relation:∣∣Eeiλζn(t)χ

(
K
(
κn(t)

)
= y

)− Eeiλζ̃0(t)χ
(
ỹ0(t) = y

)∣∣
≤

N∑
k=0

∣∣Eeiλζn(t)χ
(
K
(
κn(t)

)
= y, tnk ≤ t < tn,k+1

)
− Eeiλζ̃0(t)χ

(
ỹ0(t) = y, t̃k ≤ t < t̃k+1

)∣∣
+ P

(
tn,N+1 ≤ t

)
+ P

(
t̃N+1 ≤ t

)
,

(8.26)

Let t > 0 be the point of continuity of (y0(·), ζ0(·)). Then at any fixed N
the first sum in the right-hand side of (8.26) goes to zero as n → ∞. Now, as
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y0(·) is regular, then P(t̃N+1 ≤ t) → 0 as N → ∞, and also at any fixed N ,
P(tn,N+1 ≤ t) ≈ P(t̃N+1 ≤ t) as n → ∞. Therefore, at large enough N the
right-hand side of (8.26) is small as n → ∞, which implies the convergence of
one-dimensional distributions. In the same way we prove the convergence of finite
dimensional distributions.

To prove J-convergence we again use the Skorokhod method of a common prob-
ability space. As the convergence of finite dimensional distributions holds, we can

construct the families ˜̃Fnk(ω) and ˜̃Fk(ω) on the same probability space Ω such that

as t ∈ D, xn ∈ Xy , zn → z, sequence (˜̃ζnk(t, xn, zn, ω), ˜̃τnk(xn, zn, ω), ˜̃βnk(xn,

zn, ω)), converges to (˜̃yk(t, y, z, ω), ˜̃τk(y, z, ω), ˜̃βk(y, z, ω)), and conditions 2 and

3 are satisfied for all ω ∈ Ω′ ⊂ Ω, where P(Ω′) = 1. If (˜̃κn(·, ω), ˜̃ζn(·, ω)) and

(˜̃y0(·, ω), ˜̃ζ0(·, ω)) are SPs constructed by introduced families, then the sequence

(K(˜̃κn(t, ω)), ˜̃ζn(t, ω)) converges to (˜̃y0(t, ω), ˜̃ζ0(t, ω)) for all t ∈ D, ω ∈ Ω′. Let

us choose some ω′ ∈ Ω′. According to condition 3, ˜̃t0(ω′) < ˜̃t1(ω′) < · · · . This
means that K(˜̃κn(·, ω′)) also J-converges to K(˜̃y0(·, ω′)). Consider the sequence˜̃
ζn(·, ω′). For any k ≥ 0 according to condition 2, ˜̃ζn(·, ω′) J-converges to ˜̃ζ0(·, ω′)

in any interval [α, β] ⊂ (tk(ω′), tk+1(ω′)). Let us consider the behavior of ˜̃ζn(·, ω′)

in the neighborhood of the point ˜̃tk(ω′). Using condition 3 and the fact that the

function ˜̃
ζk(t, y, z, ω′) is right continuous at t = 0 and ˜̃

ζnk(·, xnk(ω′), z, ω′)

J-converges to ˜̃ζk(·, y, z, ω′) in any interval [0, ε] such that ε is a point of continuity

of ˜̃ζk(·, y, z, ω′), the values ˜̃ζn(t, ω′), as ˜̃tnk(ω′) − ε < t < ˜̃tnk(ω′), are close to˜̃
ζn(tnk(ω′) − 0, ω′). The values ˜̃ζn(t, ω′), as ˜̃tnk(ω′) ≤ t < ˜̃tnk(ω′) + ε, are close

to ˜̃ζn(tnk(ω′), ω′). This means, by definition of convergence in J-topology, that the

modulus of continuity in J-topology of the function ˜̃ζn(t, ω′) in the neighborhood

of each point ˜̃tnk(ω′) is small. This implies the relative compactness of ˜̃ζn(·, ω′)
concerning J-convergence and finally proves Theorem 8.3.

Note that if ζ0(·) is stochastically continuous, then in condition 3 we need to verify
only relation P{τ̃k(y, z) > 0} = 1.

8.4. Aggregation of states in Markov models

Let us consider the applications of Theorem 8.3 to the models of asymptotic aggre-
gation (merging, enlargement) of the state space for hierarchic in time Markov sys-
tems. We prove that if the state space of the process can be divided in the regions
such that transition probabilities between them are small in some sense, then under
rather general conditions the aggregated process obtained by coupling each region
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into one state can be approximated by an MP constructed on the aggregated states and
correspondingly the accumulative processes can be approximated by processes with
independent increments with Markov or semi-Markov switching.

8.4.1. Convergence of the aggregated process to a Markov process (finite state
space)

In section 8.2 we investigated the asymptotic behavior of the stationary distribution
of the MP in the asymptotic aggregation setting. Now we consider the weak conver-
gence of the aggregated process to an MP defined on the aggregated state space. As
it follows from section 6.2.2, Theorem 6.1 and Corollaries 6.1, 6.2, the asymptotic
behavior of the first exit time from the S-set does not depend on the initial state.
This provides the opportunity of studying the convergence of the aggregated (consol-
idated) processes to Markov and semi-Markov processes [ANI 73, ANI 78, ANI 87a,
ANI 88c, ANI 87b, ANI 02, ANI 04].

Consider first for the illustration a simpler case of a homogenous MP in discrete
time and with a finite state space. We consider again a triangular scheme and assume
that the MP depends on a small parameter εn → 0 as n → ∞. Without loss of gener-
ality we can assume that εn = 1/n. Let at each n, xnk, k ≥ 0 be a homogenous MP
in discrete time with a finite state spaceX = {1, 2, . . . , r} and the matrix of transition
probabilities Pn = ‖pn(i, j)‖, i, j ∈ X . Suppose that the following representation
holds:

X =
⋃

y∈Y

Xy, where Xy1

⋂
Xy2 = ∅ as y1 �= y2, (8.27)

and Pn = P0 + B/n + o(1/n), where matrix P0 is reducible with d classes of
essential states X1,X2, . . . , Xd. Thus, relation (8.3) holds, where each matrix
P (y) = ‖p0(i, j)‖, i, j ∈ Xy , is irreducible, and

pn(i, j) = p0(i, j) + bij/n+ o(1/n), i, j = 1, . . . , r, (8.28)

where for all y, p0(i, j) = 0 if i ∈ Xy , j �∈ Xy . This means that X is subdivided
in the non-intersected regions with small transition probabilities of the order O(1/n)
between them. We define the aggregated process x̂nk as follows: for any k ≥ 0,

x̂nk = y as xnk ∈ Xy, y ∈ Y. (8.29)

If we define a map K(·) from X to Y such that:

K(x) = y for any x ∈ Xy, y ∈ Y, (8.30)

then x̂nk = K(xnk).
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Let us keep the notation of section 8.2, denote by π(y)(i), i ∈ Xy , a stationary
distribution for matrix P (y), and put

Ays =
∑

i∈Xy

π(y)(i)
∑

j∈Xs

bij , y, s ∈ Y, y �= s. (8.31)

Let y(t), t ≥ 0, be a continuous time MP with state space Y and transition rates
Ays, y �= z.

THEOREM 8.4. Let xn0∈Xy0 . Then, as n→∞, the sequence of processes K(xn,[nt])
J-converges in any interval [0, T ] to an MP process y(t) with the initial state y(0) =
y0.

Proof. To prove this theorem we use Theorem 8.3. In this case the process K(xnm)
can be represented as an SP with state space Y where the switching times are the
times of transitions between regions. As the exit time from the region is asymptotically
approximated by the exponential distribution and does not depend on the initial state
of the region, then the limiting process has the exponential sojourn times in the states
and is thus an MP.

Let us provide formal proof. First, we represent K(xnm) as an SP using the con-
struction given in section 6.2.4. For each y ∈ Y , let x̃(y)

n (k), k ≥ 0, be an auxiliary
MP with state space Xy and matrix of transition probabilities

P̃n(Xy) =
∥∥p̃(y)

n (i, j)
∥∥, i, j ∈ Xy, (8.32)

where

p̃(y)
n (i, j) = pn(i, j)pn

(
i, X̄y

)−1
, i, j ∈ Xy,

pn

(
i, X̄y

)
=
∑

s�∈Xy

pn(i, s), i ∈ Xy,
(8.33)

(pn(i, X̄y) is one-step probability to leave region Xy from state i).

For each y ∈ Y , let us define a family of jointly independent random indicators
{χ(y)

n (i, k), i ∈ Xy, k ≥ 0} such that P(χ(y)
n (i, k) = 1) = 1−P(χ(y)

n (i, k) = 0) =
pn(i, X̄y), and construct the family of independent and identically distributed in index

j Bernoulli processes {y(y)
nj (i,m), i ∈ Xy, y ∈ Y, m = 0, 1, 2, . . .}, j = 0, 1, 2, . . .

defined on the trajectories of MPs x̃(y)
n (k) in the following way: denote by x̃(y)

n (i, k)
process x̃(y)

n (k) given that x̃(y)
n (0) = i ∈ Xy , and put

y
(y)
n1 (i,m) =

m∑
k=0

χ(y)
n

(
x̃(y)

n (i, k), k
)
, m ≥ 0. (8.34)
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Let ν̃nj(i,Xy) be the time of the first jump of y(y)
nj (i,m):

ν̃nj

(
i,Xy

)
= min

{
m : m > 0, y(y)

nj (i,m− 1) = 1
}
, (8.35)

and let {βnk(i,Xy), i ∈ Xy, k ≥ 0} be a family of independent in index k random
variables with values in X\Xy , where

P
(
βnk

(
i,Xy

)
= j

)
= pn(i, j)pn

(
i, X̄y

)−1
, j �∈ Xy (8.36)

(probability of a jump to state j at the time of exit from Xy).

Let us define an SP in discrete time (κn(m), ζn(m)), m = 0, 1, 2, . . . using the
family of processes {y(y)

nj (i,m)} and the variables introduced above as follows: sup-
pose that the initial value xn(0) = i0 ∈ Xy0 . Put tn0 = 0, yn0 = y0, in0 = i0,

tnk+1 = tnk + ν̃nk

(
ink,Xynk

)
, ĩnk = x̃(ynk)

n

(
ink, ν̃nk

(
ink,Xynk

)− 1
)
,

ink+1 = βnk

(̃
ink,Xynk

)
, ynk = K

(
ink

)
, k ≥ 0.

According to the results of section 6.2.4, variable ν̃nj(i,Xy) has the same distri-
bution as the exit time from region Xy starting from state i. Therefore, the times tnk

are equivalent to the times of transitions between regions Xy , sequence ink shows
the initial states in the regions (for example, in1 is the initial state in the region Xyn1

after the jump from regionXy0 ), value ĩnk shows the state just before exit from region
Xynk

, and ynk is the sequence of the regions for the aggregated process. Denote

κn(m) = ynk, ζn(m) = y
(ynk)
nk

(
ink,m− tnk

)
as tnk ≤ m < tnk+1, m = 0, 1, 2, . . .

Thus, by the definition, process κn(m) is equivalent (in the sense of the equiva-
lence of finite dimensional distributions) to the aggregated process K(xnm).

Let us consider the limiting behavior of the introduced variables. At any y the state
space Xy for the process x̃(y)

n (k) forms in the limit one irreducible class. Therefore,
using the results on the convergence of the weakly dependent stepwise processes (see
Chapter 3) we see that as n→ ∞, for any i ∈ Xy the process y(y)

n1 (i, [nt]) J-converges
to a Poisson process with rateAy =

∑
s�=y Ays. Thus, the variable ν̃nj(i,Xy)/n as the

time of first jump of y(y)
n1 (i,m) weakly converges to the exponential random variable

with rate Ay . In a similar way we can prove that

P
(
yn1 = z | yn0 = y, in0 = i ∈ Xy

) −→ Ayz/Ay, z �= y.

Therefore, according to Theorem 8.3 the sequence of SPs (κn([nt]), ζn([nt])) J-
converges to an SP (κ(t), ζ(t)), which is constructed by the family of Poisson pro-
cesses Πy(t) with rates Ay and the family of variables β(y), where

P
(
β(y) = z

)
= Ayz/Ay, z �= y,
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in the following way: if κ(t) = y, then a switching time in state y is the time of the
first jump of the Poisson process Πy(t), and the next state z is chosen according to the
value of β(y). Then by definition the process κ(t) is equivalent to an MP y(t).

This result can be extended using the same technique to the case when each subset
Xj can form a Vn-s-set, where Vn/n → 0. Assume that relation (8.27) holds and
instead of relation (8.28) a more general representation is true:

pn(i, l) = p(0)
n (i, l) + n−1hn(i, l), i, l = 1, d, (8.37)

where lim supn→∞ maxi,l |hn(i, l)| < C, and for any j ∈ Y , p(0)
n (i, l) ≡ 0 at i ∈ Xj ,

l �∈ Xj .

For any j ∈ Y denote by x(j)
nk , k ≥ 0, an auxiliary MP with state space Xj and

transition probabilities p(0)
n (i, l), i, l ∈ Xj . Consider the case when the subset Xj in

the limit can be split over several classes of essential states. Introduce a uniformly
strong mixing coefficient

ϕ(j)
n (k) = max

i1,i2∈Xj , A⊂Xj

∣∣P{x(j)
nk ∈ A | x(j)

n0 = i1
}− P

{
x

(j)
nk ∈ A | x(j)

n0 = i2
}∣∣.

Suppose that there exists a sequence of integers rn and q, 0 ≤ q < 1, such that

n−1rn −→ 0, and for any j ∈ Y, ϕ(j)
n

(
rn
) ≤ q. (8.38)

Note that condition (8.38) means that each subset Xj forms an n-s-set (see sec-
tion 7.3 and [ANI 70, ANI 73, ANI 78]). In particular Xj may form a closed ergodic
subset.

Denote by π
(j)
n (i), i ∈ Xj , a stationary distribution for x(j)

nk . For any j ∈ Y ,
m ∈ Y , j �= m, we introduce the aggregated transition rates

ân(j,m) =
∑
i∈Xj

π(j)
n (i)

∑
l∈Xm

hn(i, l). (8.39)

Suppose that there exist the values â(j,m) such that for any j,m ∈ Y , j �= m,

ân(j,m) → â(j,m). (8.40)

Denote by y(t) an MP with values in Y and transition rates â(j,m), j,m ∈ Y ,
j �= m.

THEOREM 8.5. Let xn0 ∈ Xj0 . Then as n→ ∞, the sequence of processesK(xn,[nt])
J-converges in any interval [0, T ] to an MP process y(t) with the initial state j0.

The proof follows the same lines as the proof of Theorem 8.4.
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8.4.2. Convergence of the aggregated process with a general state space

Now consider the asymptotic aggregation of homogenous MPs with a general state
space assuming that the aggregated regions may form Vn-S-sets (satisfy the asymp-
totic uniformly strong mixing conditions in a particular scale of time). Suppose that
MP xnk takes values in a measurable set X with Borel σ-algebra BX which can be
represented in the form:

X =
⋃

y∈Y

Xy, where Xy1

⋂
Xy2 = ∅ as y1 �= y2, (8.41)

where Y is a measurable set with Borel σ-algebra BY . Assume that one-step transition
probabilities pn(x,A) = P(xn1 ∈ A | xn0 = x) are represented in the form

pn(x,A) = p(0)
n (x,A) +

1
n
hn(x,A), x ∈ X, A ∈ BX , (8.42)

where lim supn→∞ supx,A |hn(x,A)| < C, and for any y ∈ Y ,

p(0)
n (x,A) ≡ 0 as x ∈ Xy, A

⋂
Xy = ∅.

and p(0)
n (x,Xy) = 1 as x ∈ Xy . For any y ∈ Y , let x(y)

nk be an auxiliary MP with

state space Xy and transition probabilities p(0)
n (x,A), x ∈ Xy , A ∈ BXy

. Introduce
its uniformly strong mixing coefficient:

ϕ(y)
n (k) = sup

x1,x2∈Xy, A∈BXy

∣∣P{x(y)
nk ∈ A | x(y)

n0 = x1

}
− P

{
x

(y)
nk ∈ A | x(y)

n0 = x2

}∣∣. (8.43)

Suppose that there exists a sequence of integers rn and q, 0 ≤ q < 1, such that

n−1rn −→ O, and for any y ∈ Y, ϕ(y)
n

(
rn
) ≤ q. (8.44)

Denote by π
(y)
n (A), A ∈ BXy

, a stationary measure for an MP x
(y)
nk (it exists

under assumption (8.44)). For any y ∈ Y , C ∈ BY , y �∈ C, introduce the aggregated
transition probabilities within the set Y :

an(y, C) =
∫

Xy

hn

(
x,
⋃

u∈C

Xu

)
π(y)

n (dx).

Suppose that the following condition holds:

A) there exists a family of finite measures A(y, C), y ∈ Y , C ∈ BY , y �∈ C,
such that an MP y(t) with values in Y and transition rates A(y, C) for any initial state
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is regular and for any y ∈ Y and any continuous bounded function f(v), v ∈ Y ,
uniformly in y ∈ Y , ∫

Y \{y}
f(v)

(
an(y,dv) −A(y,dv)

) −→ 0. (8.45)

Providing the same steps as at the proof of Theorem 8.4 and using Theorem 8.3
we can prove the following result.

THEOREM 8.6. Let xn(0) ∈ Xy0 and conditions (8.41), (8.42), (8.44) and condition
A) be satisfied. Then as n → ∞, the sequence of aggregated processes K(xn,[nt])
J-converges in any interval [0, T ] to an MP process y(t) with the initial state y0.

Note that this result can be easy extended to the case when the auxiliary processes
x

(y)
nk in each region Xy are quasi-ergodic Markov processes (see section 8.6).

8.4.3. Accumulating processes in aggregation scheme

In the same way we can investigate the behavior of accumulating processes and, in
particular, the flows of rare events switched by an MP admitting the asymptotic aggre-
gation of state space. Assume that xnk, k ≥ 0, is an MP satisfying the conditions of
the asymptotic aggregation given either in Theorem 8.4, or Theorem 8.5 or Theorem
8.6. Let K(xnk) be the aggregated process defined according to (8.29), (8.30). Con-
sider a general state space X and Y and let us keep the notation of section 8.4.2. Let
f(x), x ∈ X , be a bounded measurable function in X . Also let {χnk(x), x ∈ X},
k = 0, 1, . . . be the families of indicators of rare events, which are jointly independent
in index k, with distributions not depending on k, where

P
(
χnk(x) = 1

)
= q(x)/n+ on(x), x ∈ X, (8.46)

q(x) is a bounded measurable function in X , and

lim
n→∞ sup

x∈X
non(x) = 0. (8.47)

Put

Sn(m) =
m∑

k=0

f
(
xnk

)
, ζn(m) =

m∑
k=0

χnk

(
xnk

)
, m = 0, 1, . . . (8.48)

Denote

f̂n(y) =
∫

x∈Xy

f(x)π(y)
n (dx), q̂n(y) =

∫
x∈Xy

q(x)π(y)
n (dx), y ∈ Y. (8.49)
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Assume that there exist measurable functions f̂(y) and q̂(y) such that

lim
n→∞ sup

y∈Y

{∣∣f̂n(y) − f̂(y)
∣∣+ ∣∣q̂n(y) − q̂(y)

∣∣} = 0. (8.50)

Let us define the limiting accumulating process S0(t) =
∫ t

0
f̂(y(u))du, where y(·)

is a limiting MP defined in Theorem 8.4 or Theorem 8.6. Also let Π(t) be a doubly
stochastic Poisson process switched by y(t) with the instantaneous rate of jump at
time t, q̂(y(t)).

THEOREM 8.7. If xn(0) ∈ Xy0, then as n → ∞ under the conditions above in any
interval [0, T ] the sequence of processes (K(xn,[nt]), Sn([nt])/n) J-converges to a
two-component MP process (y(t), S0(t)), and the sequence (K(xn,[nt]), ζn([nt])) J-
converges to a two-component MP (y(t),Π(t)), where y(0) = y0.

The proof of Theorem follows the same lines as Theorem 8.4.

Note that condition (8.50) can weaken: instead of taking supremum in Y , for
any fixed T the condition should be satisfied for a sequence Ym ∈ Y such that
P(y(u) ∈ Ym, 0 ≤ u ≤ T ) → 1 as m→ ∞.

8.4.4. MP aggregation in continuous time

The results above can be easy extended to MPs in continuous time. Consider for
simplicity a finite state space. Let xn(t), t ≥ 0, be a homogenous MP with values in
X and transition rates an(i, j), i, i ∈ X , i �= j, t ≥ 0. Suppose that the following
representation is valid:

X =
⋃

y∈Y

Xy, where Xy1

⋂
Xy2 = ∅ as y1 �= y2, (8.51)

and

an(i, j) = a(0)
n (i, j) + V −1

n h0(i, j)
(
1 + o(1)

)
, i, j ∈ X, (8.52)

where for any y ∈ Y , a(0)
n (i, j) ≡ 0 as i ∈ Xy , j �∈ Xy , and Vn → ∞ as n → ∞.

This means that X can be divided in the non-intersected regions with small transition
rates of the order O(1/Vn) between them.

Let the non-negative values {qn(x), x ∈ X} be given. Denote by Πn(t), t ≥ 0, a
doubly stochastic Poisson process switched by xn(t): if at time t, xn(t) = x, then the
rate of jump of Πn(t) is qn(x). Consider the asymptotic behavior of the aggregated
process K(xn(t)), where K(·) is the map from X to Y defining the subdivision in
regions Xy (see relation (8.30)), and also the behavior of the two-component process
(K(xn(t)),Πn(t)).
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For any y ∈ Y denote by x(y)
n (t), t ≥ 0, an auxiliary MP with state space Xy

and transition rates a(0)
n (i, j), i, j ∈ Xy , i �= j. Introduce a uniformly strong mixing

coefficient

ϕ(y)
n (u) = max

x1,x2∈Xy, A⊂Xy

∣∣P{x(y)
n (u) ∈ A | x(y)

n (0) = x1

}
− P

{
x(y)

n (u) ∈ A | x(y)
n (0) = x2

}∣∣. (8.53)

Suppose that there exists a sequence rn and q, 0 ≤ q < 1, such that

V −1
n rn → 0, and for any y ∈ Y, ϕ(y)

n

(
rn
) ≤ q. (8.54)

Note that condition (8.54) means that each subset Xy for an MP x(y)
n (t) forms an

Vn-s-set (see section 7.3 and [ANI 70, ANI 73, ANI 78]). In particular Xy may form
a closed ergodic subset.

Denote by ρ(y)
n (x), x ∈ Xy , a stationary distribution of x(y)

n (t) which exists at
large enough n due to condition (8.54). Put

ân(y, z) =
∑

x∈Xy

ρ(y)
n (x)

∑
s∈Xz

h0(x, s).

Also assume that

qn(x) = q0(x)V −1
n + o

(
V −1

n

)
, x ∈ X,

and denote

q̂0(y) =
∑

x∈Xy

ρ(y)
n (x)q0(x).

Suppose that there exist the values â(y, z) and q̂0(y) such that

ân(y, z) −→ â0(y, z), q̂n(y) −→ q̂0(y), y, z ∈ Y, y �= z. (8.55)

Denote by y(t), t ≥ 0, an MP in continuous time with state space Y and transition
rates â0(y, z), y �= z, and let Π(t) be a doubly stochastic Poisson process switched by
y(t) with the instantaneous rate at time t, q̂0(y(t)).

THEOREM 8.8. If xn(0) ∈ Xy0 , then as n→ ∞, in any interval [0, T ] the sequence of
aggregated processes K(xn(Vnt)) J-converges to an MP y(t), where y(0) = y0, and
also the sequence of two-component processes (K(xn(Vnt)),Πn(Vnt)) J-converges
to the process (y(t),Π(t)).

These results are partially published in the books [ANI 87b, ANI 88c] and papers
[ANI 78, ANI 98, ANI 00a, ANI 00b] and are extended to the schemes of aggregation
for Markov and semi-Markov processes with a general state space and also to non-
homogenous in time models.
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Note also that using the results of Chapter 3 we can prove that under rather gen-
eral assumptions the behavior of the accumulating stochastic processes switched by a
Markov process, which admits the asymptotic aggregation of state space, is approxi-
mated by the processes with independent increments and Markov switching.

8.5. Asymptotic behavior of the first exit time from the subset of states (non-
homogenous in time case)

Consider the asymptotic behavior of the first exit time from the subset of states
for a non-homogenous MP. In most applications this time is usually interpreted as the
time of the first loss of a call, or the time of a failure of the system. We prove the
results on the generalized exponential approximation of this time and use it for the
investigation of the models of the asymptotic aggregation of the state space in the next
sections. The proof uses the properties of a quasi-ergodic MP introduced in section
3.3 and the results of section 7.2.

We study the continuous time as this is usually the case in queueing models. The
results for discrete time are similar. Let xn(t), t ≥ 0, be a non-homogenous in time
MP with finite state space X = {0, 1, 2, . . . , d} given by the family of instantaneous
transition rates {an(i, l, t), i, l ∈ X, i �= l, t ≥ 0}. Let X0 = {1, 2, . . . , d} be a
subset of X . Given that xn(0) = i0, i0 ∈ X0, denote the first exit time from X0 by

νn

(
i0
)

= inf
{
t : t > 0, xn(t) = 0

}
. (8.56)

Consider the asymptotic behavior of the variable νn(i0) with the assumption that
the rates of exit tend to 0 and the subset X0 forms in a limit one subset of com-
municated states. Suppose that there exists a family of continuous in v functions
{a0(i, j, v), i, j ∈ X0, i �= j, v ≥ 0} and a sequence kn → ∞ such that for
any fixed T ≥ 0,

lim
n→∞ sup

v≤T

∣∣an

(
i, j, knv

)− a0(i, j, v)
∣∣ = 0, i, j ∈ X0, i �= j. (8.57)

For each fixed v ≥ 0 denote by x(v)
0 (·) an auxiliary homogenous MP with state

space X0 given by the family of transition rates {a0(i, j, v), i, j ∈ X0, i �= j}. Let
ϕ(v)(u) be its uniformly strong mixing coefficient. Suppose that there exists q, 0 ≤
q < 1, and for any T > 0 there exists a constant r(T ) > 0 such that for any v ≤ T ,

ϕ(v)
(
r(T )

) ≤ q. (8.58)

This means that for any T > 0 an MP x(v)
0 (·) is ergodic uniformly in u ≤ T . Let

π(v)(i), i ∈ X0, be its stationary distribution. Denote by

ân

(
X0, 0, t

)
=
∑
i∈X0

π(v)(i)an(i, 0, t)

the averaged (quasi-stationary) rate of transition from X0 to the state {0} at time t.
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THEOREM 8.9. Suppose that there exists a sequence kn → ∞ such that relations
(8.57) and (8.58) hold, and

lim sup
n→∞

max
i∈X0

sup
u≤T

knan

(
i, 0, knu

)
< CT <∞. (8.59)

Then for any i0 ∈ X0,

lim
n→∞ sup

t≤T

∣∣P{νn

(
i0
)
> knt

}− exp
{− Λn(t)

}∣∣ = 0, (8.60)

where Λn(t) = kn

∫ t

0
ân(X0, 0, knv)dv.

Note that proximity estimates similar to Statement 7.1, section 7.2 can also be
provided.

NOTE 8.2. In the homogenous case an(i, l, t) ≡ an(i, l), e.g., the transition rates do
not depend on time t, and we obtain

Λn(t) = tkn

∑
i∈X0

π(i)an(i, 0)

(the exponential approximation of the variable νn(i0)). In the non-homogenous case
the value Λn(t) stands for the cumulative rate.

Proof. Consider an auxiliary non-homogenous MP x̃n(·) with state space X0 and the
instantaneous transition rates {an(i, l, t), i, l ∈ X0, i �= l, t ≥ 0}. Furthermore,
denote by (x̃n(t),Πn(t)), t ≥ 0, a two-component MP such that Πn(t) is a doubly
stochastic Poisson process switched by the process x̃n(t): the instantaneous rate of a
jump at time t is an(xn(t), 0, t). Given that x̃n(0) = i0 ∈ X0, put

ν̃n

(
i0
)

= inf
{
t : t > 0, Π̃n(t) ≥ 1

}
.

It is not hard to prove that at each i0 ∈ X0 the variables νn(i0) (see (8.56)) and
ν̃n(i0) have the same distribution. Furthermore, according to relations (8.57), (8.58)
process x̃n(·) is a quasi-ergodic process (see section 3.3) and Lemma 3.2 with relation
(3.55) holds.

Let us use following representation:

P
{
ν̃n

(
i0
)
> knt

}
= E exp

{
−
∫ knt

0

an

(
x̃n(u), 0, u

)
du
}
. (8.61)

Denote Λ̃n(t) = E
∫ knt

0
an(x̃n(u), 0, u)du. Using the inequality |eα − eβ −

eβ(α− β)| ≤ 1
2 |α− β|2 that is true as α, β ≤ 0, we obtain from (8.61):∣∣P{νn

(
i0
)
> knt

}− exp
{− Λ̃n(t)

}∣∣ ≤ 1
2
E
∣∣∣∣ ∫ knt

0

an

(
x̃n(u), 0, u

)
du− Λ̃n(t)

∣∣∣∣2.
(8.62)
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Denote by ϕn(u, v) the uniformly strong mixing coefficient defined for the non-
homogenous in time process x̃n(·) in the interval [u, v] by analogy to (8.53). Using
conditions (8.57) and (8.58) and the results of [ANI 88a] we can prove that for any
T > 0 there exists the values q1, q < q1 < 1 and r(T ) such that

sup
u≤T

ϕn

(
u, u+ r(T )

) ≤ q1. (8.63)

Inequality (7.3) implies that for any u < v,

E
∣∣an

(
xn(u), 0, u

)
an

(
xn(v), 0, v

)− Ean

(
xn(u), 0, u

)
Ean

(
xn(v), 0, v

)∣∣
≤ sup

x,s
an(x, 0, s)ϕn(u, v),

Using this inequality it is not hard to prove that

sup
t≤T

E
∣∣∣∣ ∫ knt

0

an

(
xn(v), v

)
dv − Λ̃n(t)

∣∣∣∣2 −→ 0.

Furthermore, relation (8.63) together with (8.59) implies that uniformly in t ≤ T ,
Λ̃n(t) − Λn(t) → 0. This completes the proof of Theorem 8.9.

The results of Theorem 8.9 can be extended to the case of a general state space X
using the results of sections 3.2.1.2 and 3.3.

Note that Theorem 8.9 extends to the non-homogenous case some results on the
asymptotic behavior of the first exit time from a subset of states for homogenous MP
and SMP studied independently in [ANI 70, ANI 73, ANI 74, ANI 87b, ANI 88c] and
[KOR 69, KOR 93].

It is also possible to study the exit time from a subset X̃ which satisfies the con-
ditions of the asymptotic aggregation of the states in a particular scale of time. Using
the same technique we can represent the exit time from X̃ as the time of the first
jump of Πn(t) and prove that asymptotically it is equivalent to the time τ of the first
jump of process Π0(t) which is a doubly stochastic Poisson process switched by the
aggregated MP. In this case τ has a PH-type distribution. This means that in complex
systems with transition rates of a different order the distribution of the time of first
failure in general is approximated by a PH-type distribution.

In queueing systems the value νn(i0) usually means the time of the first loss
of a call (or overfilling of the system). Note that for homogenous in time models
the applications to the analysis of the behavior of complex renewable systems with
fast repair were given in [ANI 78, ANI 97, ANI 98, ANI 00a, ANI 87b, ANI 89b,
ANI 89a, ANI 89c, SZT 91].
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8.6. Aggregation of states of non-homogenous Markov processes

Here we extend the results of sections 8.4.1, 8.4.2 and 8.4.4 to the models of
asymptotic aggregation of a state space for hierarchic non-homogenous in time
Markov systems. We prove that if the state space of an MP can be divided in the
regions such that the transition probabilities between them are small in some sense,
then under rather general conditions the accumulating processes can be approximated
by non-homogenous in time processes with independent increments and Markov
switching with the number of states equal to the number of regions.

Let for each n > 0, xn(t), t ≥ 0, be a non-homogenous MP in continuous time
with state space X = {1, 2, . . . , d} given by the family of instantaneous transition
rates an(i, j, t), i, j ∈ X , i �= j. Suppose that X can be represented in the form:

X =
⋃

y∈Y

Xy, where Xy1 ∩Xy2 = ∅ as y1 �= y2, (8.64)

and K(·) is a map from X to Y such that K(x) = y for any x ∈ Xy . Consider the
aggregated process K(xn(t)), t ≥ 0, and study the conditions of the convergence to
an MP at the assumption that transition rates between regions Xy are asymptotically
small. Assume that the transition rates are represented in the form

an(i, l, t) = a(0)
n (i, l, t) +

1
n
bn(i, l, t), i, l ∈ X, (8.65)

where for any T > 0,

lim sup
n→∞

max
i,l

sup
t≤nT

∣∣bn(i, l, t)
∣∣ < CT <∞, (8.66)

and for any y ∈ Y , t > 0,

a(0)
n (i, l, t) ≡ 0 as i ∈ Xy, l �∈ Xy. (8.67)

Let functions a(0)
n (i, l, t) regularly depend on the parameter t in the following way:

there exists a family of continuous functions {a0(i, l, u), i, l = 1, d, i �= l, u ≥ 0}
such that for any y ∈ Y and T > 0,

lim
n→∞ sup

u≤T

∣∣a(0)
n (i, l, nu) − a0(i, l, u)

∣∣ = 0, i, l ∈ Xy. (8.68)

For any y ∈ Y and fixed v ≥ 0 denote by x(y)
0 (t, v), t ≥ 0, an auxiliary homoge-

nous MP with state space Xy and transition rates a0(i, l, v), i, l ∈ Xy , i �= l, and
introduce a uniformly strong mixing coefficient

ϕ
(y,v)
0 (u) = max

i1,i2∈Xy, A⊂Xy

∣∣∣P{x(y)
0 (u, v) ∈ A | x(y)

0 (0, v) = i1

}
− P

{
x

(y)
0 (u, v) ∈ A | x(y)

0 (0, v) = i2

}∣∣∣. (8.69)



244 Switching Processes in Queueing Models

Suppose that there exists q, 0 ≤ q < 1, and for any T > 0 there exists a value
r(T ) such that for any y ∈ Y , v ≤ T ,

ϕ
(y,v)
0

(
r(T )

) ≤ q. (8.70)

Note that conditions (8.68)–(8.70) mean that each subset Xy for the initial process
xn(t) forms a quasi-ergodic set (see section 3.3). Furthermore, for each v ≥ 0 denote
by π(y)

0 (i, v), i ∈ Xy , a stationary distribution of an MP x(y)
0 (t, v) (this exists under

the assumption (8.70)). For any y ∈ Y , z ∈ Y , y �= z, we put

ân(y, z, v) =
∑

i∈Xy

π
(y)
0 (i, v)

∑
l∈Xz

bn(i, l, nv).

Suppose that for any y, z ∈ Y , y �= z, and for any t > 0 there exist the limits:

Λ(y, z, t) = lim
n→∞

∫ t

0

ân(y, z, u)du, (8.71)

and the functions Λ(y, z, t) can be represented in the form:

Λ(y, z, t) =
∫ t

0

λ̂0(y, z, u)du, (8.72)

and λ̂0(y, z, t) are some continuous with respect to t functions. Denote by y(t) a non-
homogenous MP with state space Y and the instantaneous transition rates at time t,
λ̂0(y, z, t), j, z ∈ Y , y �= z.

THEOREM 8.10. Suppose that conditions (8.64)–(8.68), (8.70)–(8.72) hold and
xn(0) ∈ Yy0 . Then the sequence of aggregated processes K(xn(nt)) J-converges in
any interval [0, T ] to an MP y(t) with the initial state y0, and also for any t > 0 and
i ∈ Xy ,

lim
n→∞P

(
xn(nt) = i

)
= P

(
y(t) = y

)
π

(y)
0 (i, t).

Now we consider the convergence of the accumulating processes switched by
xn(t). Let {f(i, t), i ∈ X, t ≥ 0} be a family of continuous functions. Consider
the process

Sn(t) =
∫ t

0

f
(
xn(nu), u

)
du.

Denote

f̂(y, t) =
∑

i∈Xy

π
(y)
0 (i, t)f(i, t), y ∈ Y, t ≥ 0.
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THEOREM 8.11. Suppose that the conditions of Theorem 8.10 hold. Then the sequence
(K(xn(nt)), Sn(t)/n) J-converges in any interval [0, T ] to the process (y(t), S(t))
where y(t) is defined in Theorem 8.10 and

S(t) =
∫ t

0

f̂
(
y(u), u

)
du. (8.73)

It is also possible to study stochastic additive functionals. For example, consider
the behavior of flow of rare Poisson events switched by xn(·). Let {qn(i, t), i ∈ X,
t ≥ 0} be a family of continuous non-negative functions and let Πn(t) be a doubly
stochastic Poisson process switched by xn(·): if xn(t) = i then the instantaneous rate
of a jump is qn(i, t). Denote by

A(y)
n (u) =

∫ u

0

∑
i∈Xy

π
(y)
0 (i, v)qn(i, nv)dv

the cumulative rate of jump in region Xy , which is averaged by a quasi-ergodic distri-
bution.

THEOREM 8.12. Suppose that conditions of Theorem 8.10 hold, for any T > 0

lim sup
n→∞

max
i∈X

sup
u≤T

nqn(i, nu) < CT <∞,

and there exists a family of functions {q̂(y, v), y ∈ Y, v ≥ 0}, which are continuous
with respect to v, such that for any u > 0,

lim
n→∞nA(y)

n (u) =
∫ u

0

q̂(y, v)dv.

Then the sequence of processes (K(xn(nt)),Πn(nt)) J-converges in any interval
[0, T ] to the process (y(t),Π(t)), where MP y(t) is defined in Theorem 8.10 and Π(t)
is a Poisson process switched by y(·): if at the time t, y(t) = y, then the local rate of
jump is q̂(y, t).

Proof of Theorems 8.10–8.12. At first we represent the process (K(xn(t)), Sn(t)) as
an SP. In this case switching times are the times of transitions between different
regions Xy and the corresponding process ζn(t, y) is constructed as an accumulat-

ing process given on the auxiliary process x̃(y)
n (·) in the region Xy . Let us define it

more formally. For any y ∈ Y , l ∈ Xy denote by x̃(y)
n (t, l) an auxiliary MP with state

space Xy , initial state l given by transition rates an(i, k, t), i, k ∈ Xy , i �= k. Also let

Π(y)
n (t) be a non-homogenous compound Poisson type process switched by x̃(y)

n (t, l)
with the instantaneous rate of a jump in the state i at the time t, b(y)

n (i, t)/n, where
b
(y)
n (i, t) =

∑
l �∈Xy

b
(y)
n (i, l, t), and the size of jump

κ(y)
n (i, t) =

{
l with probability b(y)

n (i, l, t)b(y)
n (i, t)−1, l �∈ Xy.
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We consider a two-component process (x̃(y)
n (t, l),Π(y)

n (t)). Denote by τ (y)
n (u, l)

the time of the first jump of process Π(y)
n (t) in interval [nu,∞) and by β(y)

n (u, l) its
size. Let us construct an SP yn(t) with values in Y using the families of variables
{τ (y)

n (u, l), β(y)
n (u, l), l ∈ Xy}, y ∈ Y . Suppose that i0 ∈ Xy0 is the initial value.

Put tn0 = 0,

tnk+1 = tnk + τ (yk)
n

(
tnk, ink

)
, ink+1 = β(ynk)

n

(
tnk, ink

)
,

ynk = K
(
ink

)
, k ≥ 0,

and denote

yn(t) = ynk as tnk ≤ t < tnk+1, t ≥ 0.

Then by definition process yn(·) is equivalent to process K(xn(·)). Denote by
Π(y)(t) a compound Poisson process with instantaneous rate of jump λ0(y, t) =∑

z �=y λ0(y, z, t) (see (8.71), (8.72)) and the size of jump

κ0(y, t) =
{
z with probability λ0(y, z, t)λ0(y, t)−1, z �= y.

If n → ∞, then according to Theorem 8.9 the variable τ (y)
n (u, l) for any l ∈ Xy ,

u ≥ 0, weakly converges to the variable τ (y)(u), where τ (y)(u) is the time of the first
jump of the process Π(y)(t) in the interval (u,∞). The variable K(β(y)

n (u, l)) weakly
converges to the variable κ0(y, u), respectively. However, an SP constructed with the
help of processes Π(y)(t) and variables κ0(y, t) is equivalent to an MP y(t) defined
in Theorem 8.10. Finally using the result of Theorem 8.3 in section 8.3 we obtain the
statement of Theorem 8.10.

In the case of Theorem 8.11 we put ζn(t, y, i)=n−1
∫ t

0
f(x̃(y)

n (nu, i), u) du. Then
the process (K(xn(t)), Sn(t)/n) by analogy can be represented as an SP using the
processes ζn(t, y, i) and previous notation. As in each regionXy the process x̃(y)

n (t, l)
satisfies the uniformly strong mixing condition, then the process ζn(t, y, i) for any
i ∈ Xy converges to the deterministic function

∫ t

0
f̂(y, u)du and the limiting process

for Sn(t)/n which is constructed using the average characteristics corresponds to the
expression (8.73). Similar conclusions are made at the proof of Theorem 8.12.

Similar results can be proved for a non-homogenous in time MP in discrete time
satisfying condition (8.64) and a condition of the (8.28) type, where the local transition
rates an(i, l, t) should be replaced by one-step transition probabilities at step [nt] and
the condition of form (8.68) should be satisfied.

8.7. Averaging principle for RPSM in the asymptotically aggregated Markov
environment

In this section we study the averaging principle for RPSM introduced in section
1.2.3 with the additional Markov switching for the case when a switching MP is
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asymptotically aggregated in the scale of time nt. This means that condition (4.51) of
Theorem 4.5 in section 4.4 is not true and the states of MP xnk do not asymptotically
communicate in the scale of time nt.

8.7.1. Switching MP with a finite state space

We keep the notation of section 4.4. Let (xn(t), Sn(t)), t ≥ 0, be an RPSM with
additional Markov switching defined according to relations (4.47), (4.48) and func-
tions mn(x, a) and bn(x, a) are defined according to (4.49). Suppose first for sim-
plicity that MP xnk has a finite state space X = {1, 2, . . . , d} and keep the previous
notations. Let the following representation hold:

X =
⋃
j∈Y

Xj , where Xy1

⋂
Xy2 = ∅ as y1 �= y2, (8.74)

and one-step transition probabilities pn(i, j) = P{xn1 = j | xn0 = i} are represented
in the form

pn(i, j) = p(0)
n (i, j) + n−1hn(i, j), i, j ∈ X, (8.75)

where lim supn→∞ maxi,j |hn(i, j)| < C, and for any y ∈ Y , p(0)
n (i, j) ≡ 0 as

i ∈ Xy , j �∈ Xy and
∑

l∈Xy
p
(0)
n (i, l) = 1, i ∈ Xy .

For any y ∈ Y denote by x
(y)
nk , k ≥ 0, an auxiliary MP with state space Xy

and transition probabilities p(0)
n (i, j), i, j ∈ Xy . Introduce a uniformly strong mixing

coefficient

ϕ(y)
n (k) = max

i1,i2∈Xy, A⊂Xy

∣∣∣P{x(y)
nk ∈ A | x(y)

n0 = i1

}
− P

{
x

(y)
nk ∈ A | x(y)

n0 = i2

}∣∣∣.
Suppose that there exists a sequence of integers rn and q, 0 ≤ q < 1, such that

n−1rn −→ 0, and for any y ∈ Y, ϕ(y)
n

(
rn
) ≤ q. (8.76)

Note that condition (8.76) means that each subset Xy forms an n-s-set for process

x
(y)
nk (see section 7.3 and [ANI 70, ANI 73, ANI 78]). In particular Xy may form a

closed ergodic subset. Denote by π(y)
n (i), i ∈ Xy , a stationary distribution for x(y)

nk .
Furthermore, for any y∈Y , z∈Y , y �=z, we introduce the aggregated characteristics:

λ̂n(y, z) =
∑

i∈Xy

π(y)
n (i)

∑
l∈Xz

hn(i, l),

m̂n(y, α) =
∑

i∈Xy

π(y)
n (i)mn(i, α),

b̂n(y, α) =
∑

i∈Xy

π(y)
n (i)bn(i, α).

(8.77)
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Suppose that there exist the values λ̂(y, z) and continuous with respect to α func-
tions m̂(y, α), b̂(y, α) such that for any α ∈ Rr, y, z ∈ Y , y �= z,

λ̂n(y, z) −→ λ̂(y, z), m̂n(y, α) −→ m̂(y, α) > 0,

b̂n(y, α) −→ b̂(y, α).
(8.78)

Denote by y(t, y0) an MP with values in Y , transition rates λ̂(y, z), y, z ∈ Y ,
y �= z, and the initial state y0. Let η(u, y0, s0) be a solution of a differential equation
with a random function in the right-hand side:

dη
(
u, y0, s0

)
= b̂
(
y(u, y0

)
, η
(
u, y0, s0

))
du, η

(
0, y0, s0

)
= s0. (8.79)

Denote

z
(
u, y0, s0

)
=
∫ u

0

m̂
(
y
(
v, y0

)
, η
(
v, y0, s0

))
dv, (8.80)

and define the processes

ζ
(
t, y0, s0

)
= η

(
z−1

(
t, y0, s0

)
, y0, s0

)
,

κ
(
t, y0, s0

)
= y

(
z−1

(
t, y0, s0

)
, y0
)
, t ≥ 0,

(8.81)

where z−1(t, y0, s0) = inf{u : u ≥ 0, z(u, y0, s0) = t}.

Here we assume that z(u, y0, s0)
P−−→ ∞ as u → ∞, i.e., for any t > 0,

P(z−1(t, y0, s0) < ∞) = 1. Thus, the variable z−1(t, y0, s0) exists and is a proper
random variable.

Consider the aggregated processK(xn(t)) whereK(·) is a map fromX to Y such
that K(x) = y as x ∈ Xy . Note that the original process xn(t) is not generally an MP
or even an SMP (see section 1.2.3). Moreover, neither is process K(·).

THEOREM 8.13. Let (xn(t), Sn(t)) be an RPSM defined according to relations
(4.47),(4.48), functions mn(x, a) and bn(x, a) are defined according to (4.49) and
conditions (4.52), (4.53) of Theorem 4.5 hold. Also let xn(0) ∈ Xy0 and Sn(0)/n
P−−→ s0 as n → ∞, conditions (8.74)–(8.76) and (8.78) hold. Then the sequence of

processes (K(xn(t)), Sn(t)/n) J-converges in any interval [0, T ] to the process
(κ(t, y0, s0), ζ(t, y0, s0)) defined above by (8.81).

Proof. We use AP for RPSM with Markov switching (Theorem 4.5, section 4.4) and
Theorem 8.3, section 8.3. The proof follows the lines similar to the proof of Theorems
8.4, 8.7, section 8.4 on the convergence of accumulating processes switched by the
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asymptotically aggregated MP. First, let us introduce the auxiliary random processes
following the notation similar to proof of Theorem 4.5. Denote

gn(u) = K
(
xnk

)
, ηn(u) = Snk/n, zn(u) = tnk

as k/n ≤ u < (k + 1)/n, u ≥ 0,
(8.82)

where process zn(·) corresponds to yn(u) in Theorem 4.5.

Put μn(t) = inf{u : u > 0, zn(u) ≥ t}. The following representations hold:

Sn(nt)/n = ηn

(
νn(t)/n

)
= ηn

(
μn(t) − 1/n

)
,

K
(
xn(t)

)
= gn

(
μn(t) − 1/n

)
.

In this way process (K(xn(t)), Sn(t)/n) is represented as a superposition of two
processes: (gn(u), ηn(u)) and μn(t). First, we study the behavior of the processes
(gn(u), ηn(u)) jointly with zn(u), then μn(t) and their superposition.

Consider process (gn(u), ηn(u), zn(u)), u ≥ 0. We can represent it as an SP. The
formal proof can be provided following similar lines as at the proof of Theorem 8.4.
Let us avoid many technical details and provide the explanation of the basic steps. The
switching times are chosen as the times of transitions between regions Xy . According
to Statement 7.1 the exit time from any region is asymptotically approximated by the
exponential distribution and does not depend on the initial state of this region. Notice
that gn(u) represents the aggregated process for the initial MP xnk. Therefore, as it
follows from Theorem 8.5, given that gn(0) ∈ Xy0 , process gn(t) weakly converges
to an MP y(t, y0). Moreover, while process xnk is in regionXy , it behaves like process

x
(y)
nk . Let us define for any Xy an auxiliary RPSM (η(y)

n (u), z(y)
n (u)) which is defined

by relation (8.82) where xnk is replaced by x(y)
nk . Then process (ηn(u), zn(u)) can be

represented as an SP constructed by processes (η(y)
n (u), z(y)

n (u)) where the switching
times are the transition times between regions.

For any y ∈ Y let us introduce the auxiliary processes z(y)(u, s) and η(y)(u, s),
where η(y)(u, s) is a solution of a differential equation

dη(y)(u, s) = b̂(y, η(y)(u, s))du, η(y)(0, s) = s,

z(y)(u, s) =
∫ u

0

m̂(y, η(y)(v, s))dv.

Assume that at instant nt1 process xnk jumps into region Xy and the value of Snk

at this time is ns1. Then according to Theorem 4.5, section 4.4, process (η(y)
n (u),

z
(y)
n (u)) in the interval [t1, t2] J-converges to process (η(y)(u, s1), z(y)(u, s1))

and its distribution asymptotically does not depend on the initial state of x(y)
nk in
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region Xy . As it is mentioned above the process gn(t) weakly converges to an MP
y(t, y0). Therefore, using Theorem 8.3 we can prove that under the conditions of
Theorem 8.13 process (gn(u), ηn(u), zn(u)) in any interval [0, A] J-converges
to (y(u, y0), η(u, y0, s0), z(u, y0, s0)). As m̂(y, α) > 0, process z(u, y0, s0) is
strictly monotonically increasing. Thus, process z−1(t, y0, s0) exists, and process
(gn(u), ηn(u), μn(u)) also J-converges to (y(u, y0), η(u, y0, s0), z−1(u, y0, s0)).
Note that process η(u, y0, s0) is continuous, but y(u, y0) is discontinuous. Based on
the results on the U -convergence of the superposition of random functions [BIL 68]
for the process ηn(u) and on the results about J-convergence of the superposition
of discontinuous processes [ANI 79, ANI 88c] we can state that the superposition
of processes (gn(u), ηn(u)) and μn(t) J-converges to the superposition of limiting
processes which implies the statement of Theorem 8.13.

8.7.2. Switching MP with a general state space

Using the results of section 8.4.2 these results can be easily extended to the case
where X and Y have a general state space. Assume that an MP xnk satisfies the
conditions of asymptotic aggregation in Theorem 8.6, section 8.4.2. Define the values
mn(x, α) and bn(x, α) by relation (4.49) and in each region Xy similar to (8.77)
denote

m̂n(y, α) =
∫

Xy

mn(x, α)π(y)
n (dx),

b̂n(y, α) =
∫

Xy

bn(x, α)π(y)
n (dx).

(8.83)

Assume that variables (τnk(·), ξnk(·)) satisfy conditions (4.52), (4.53) of Theo-
rem 4.5, section 4.4 and there exist functions m̂(y, α) > 0 and b̂(y, α) which are
continuous with respect to α such that for any α ∈ Rr,

sup
y∈Y

{∣∣m̂n(y, α) − m̂(y, α)
∣∣+ ∣∣̂bn(y, α) − b̂(y, α)

∣∣} −→ 0. (8.84)

Let us define a regular MP y(t, y0) with state space Y , transition rates A(y,B),
y ∈ Y , B ∈ BY , y �∈ B, given by (8.45) and the initial state y0. Define also the
processes η(u, y0, s0) and z(u, y0, s0) according to relations (8.79) and (8.81).

THEOREM 8.14. Let (xn(t), Sn(t)) be an RPSM defined according to relations
(4.47), (4.48), the functions mn(x, a) and bn(x, a) defined according to (4.49) and
the conditions (4.52), (4.53) of Theorem 4.5 hold. Let MP xnk satisfy the conditions
of asymptotic aggregation in Theorem 8.6, section 8.4.2. Also let xn(0) ∈ Xy0 and

Sn(0)/n P−−→ s0 as n→ ∞ and (8.84) holds.

Then the sequence of processes (K(xn(t)), Sn(t)/n) J-converges in any interval
[0, T ] to process (κ(t, y0, s0), ζ(t, y0, s0)) defined above by relations (8.79)–(8.81).
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Similar results can be proved for non-homogenous in time MP.

NOTE 8.3. If for any y the process x(y)
nk in each region Y is a quasi-ergodic MP with

the corresponding family of quasi-ergodic measures π(y)(t, A), then the result of The-
orem 8.14 is also valid, where the functions m̂n(y, α) and b̂n(y, α) in (8.83) should
be replaced by m̂n(y, α, t) and b̂n(y, α, t), and the functions m̂(y, α) and b̂(y, α) in
(8.84) should be replaced by m̂(y, α, t) and b̂(y, α, t), respectively, and also the tran-
sition rates of the limiting process y(t, y0) at time t have the form A(y,B, t).

8.7.3. Averaging principle for accumulating processes in the asymptotically aggre-
gated semi-Markov environment

Consider a special case of the accumulating process, switched by a semi-Markov
process admitting the asymptotic aggregation of state space. This case is important in
various applications. Assume that the distributions of variables (ξnk(x, z), τnk(x, z))
in (4.46) do not depend on the argument z. Therefore, introduce the family of jointly
independent random variables

Fnk =
{(
ξnk(x), τnk(x)

)
, x ∈ X}, k ≥ 0, (8.85)

with values in Rr × [0,∞) and distributions not depending on index k. In this case
the process xn(t) defined by (4.48) is an SMP given by the embedded MP xnk and the
sojourn time in state x is τnk(x). Correspondingly, process Sn(t) is a sum of random
variables ξnk(x) defined on the trajectory of an SMP xn(·) in the interval [0, t]. Let us
keep the notation of section 4.4.1. Denote

mn(x) = Eτn1(x), bn(x) = Eξn1(x). (8.86)

Assume that MP xnk satisfies the conditions of asymptotic aggregation in Theorem
8.6, section 8.4.2. For any region Xy denote

m̂n(y) =
∫

Xy

mn(x)π(y)
n (dx), b̂n(y) =

∫
Xy

bn(x)π(y)
n (dx). (8.87)

Assume that there exist functions m̂(y) > 0 and b̂(y) such that

sup
y∈Y

{∣∣m̂n(y) − m̂(y)
∣∣+ ∣∣̂bn(y) − b̂(y)

∣∣} −→ 0. (8.88)

Let y(t, y0) be a regular MP with state space Y , transition rates A(y,B), y ∈ Y ,
B ∈ BY , y �∈ B, defined by (8.45), and the initial state y0. Define the processes
η(u, y0, s0) and z(u, y0, s0) according to relations (8.79)–(8.81). In our case,

η
(
u, y0, s0

)
= s0 +

∫ u

0

b̂
(
y
(
u, y0

))
du,

z
(
u, y0, s0

)
= z

(
u, y0

)
=
∫ u

0

m̂
(
y
(
v, y0

))
dv.
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Assume that η(u, y0, s0)
P−−→ ∞ as u → ∞. Then for any t > 0 the value

z−1(t, y0) is a proper random variable and it is easy to check that the process
κ(t, y0) = y(z−1(t, y0), y0) is also an MP with transition ratesA(y,B)/m̂(y), y ∈ Y ,
B ∈ BY . Assume that κ(t, y0) is regular (e.g. with probability one has a finite number
of jumps in any finite interval). Then process ζ(t, y0, s0) = η(z−1(t, y0), y0, s0) after
changing time using transformation u = z−1(v, y0) can be represented in the form

ζ
(
t, y0, s0

)
= s0 +

∫ t

0

b̃
(
κ
(
u, y0

))
du, (8.89)

where b̃(y) = b̂(y)/m̂(y).

As a consequence of Corollary 4.2, section 4.4.1, Theorem 8.6, section 8.4.2 and
Theorem 8.14, section 8.7 we obtain the following result.

COROLLARY 8.1. Let Sn(t) be a stepwise process of sums of random variables
defined by the family of random variables Fnk (8.85) on a trajectory of an SMP xn(·)
according to relations (4.47), (4.48) and the following conditions are satisfied:

1) MP xnk satisfies conditions of asymptotic aggregation of Theorem 8.6, section
8.4.2;

2) functions mn(x) and bn(x) defined according to (8.86), condition (4.88) of
Corollary 4.2 section 4.4.1 holds, and (8.88) is true;

3) xn(0) ∈ Xy0 and Sn(0)/n P−−→ s0 as n→ ∞.

Then the sequence of processes (K(xn(t)), Sn(t)/n) J-converges in any interval
[0, T ] to the process (κ(t, y0), ζ(t, y0, s0)), where κ(t, y0) is an MP with transition
rates A(y,B)/m̂(y), y �∈ B, and the initial state y0, and process ζ(t, y0, s0) defined
by (8.89) is an accumulating process given on the trajectory of κ(t, y0).

8.8. Diffusion approximation for RPSM in the asymptotically aggregated
Markov environment

Now consider the diffusion approximation of RPSM switched by an MP which
admits the asymptotic aggregation of state space in the scale of time nt. Assuming
that b̂(y, α) ≡ 0, it is possible to prove that ζn(t) weakly converges to a diffusion
process with Markov switching. Note that the case of a finite state space is studied in
[ANI 00b]. We consider a general case.

As according to Theorem 8.13, Sn(t)/n J-converges to process ζ(t, y0, s0), then
there is no sense in considering the normalized process (Sn(t)−nζ(t, y0, s0))/

√
n as

function ζ(t, y0, s0) is random. However, if b̂(y, α) ≡ 0, then ζ(t, y0, s0) ≡ 0 and we
can investigate the convergence of process Sn(t)/

√
n.

We keep the notation of section 8.7.2. Let at each n ≥ 0, Fnk = {(ξnk(x, z),
τnk(x, z)), x ∈ X, z ∈ Rr}, k ≥ 0, be jointly independent families of random
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variables with values in Rr × [0,∞) and distributions not depending on k ≥ 0, and
let xni, i ≥ 0, be an independent of Fnk, k ≥ 0, homogenous MP with values in a
measurable space (X,BX), Sn0 be the initial value. Let (xn(t), Sn(t)) be an RPSM
defined according to relations (4.47), (4.48). Denote

mn(x, α) = Eτn1(x,
√
nα), bn(x, α) = Eξn1(x,

√
nα), (8.90)

using a normalizing factor
√
n and assume that

bn(x, α) ≡ 0 for any x ∈ X, α ∈ Rr. (8.91)

Let MP xnk satisfy the conditions of asymptotic aggregation in Theorem 8.6, sec-
tion 8.4.2 and the values m̂n(y, α) are defined by relations (8.83). Suppose also that
there exists a matrix function B2

n(x, α) = Eξn1(x, α
√
n)ξn1(x, α

√
n)∗, and for any

y ∈ Y denote

B̂2
n(y, α) =

∫
Xy

B2(x, α)π(y)
n (dx).

Suppose that there exist functions m̂(y, α), B̂2(y, α) such that for any α ∈ Rr,

sup
y

{∣∣m̂n(y, α) − m̂(y, α)
∣∣+ ∣∣B̂2

n(y, α) − B̂2(y, α)
∣∣} −→ 0. (8.92)

Denote by y(t, y0) a limiting MP for the aggregated process K(xnk) with state
space Y , transition rates A(y,B), y ∈ Y , B ∈ BY , y �∈ B, defined by (8.45) and
the initial state y0. Let ρ(t, y0, s0), y0 ∈ Y , s0 ∈ Rr, be a solution of a stochastic
differential equation with a random function in the right-hand side:

ρ
(
0, y0, s0

)
= s0, dρ

(
t, y0, s0

)
= B̂

(
y(t, y0

)
, ρ
(
t, y0, s0

))
dw(t), (8.93)

where w(t) is a standard Wiener process in Rr. We can say that ρ(t, y0, s0) is a diffu-
sion process with Markov switching. Also define process z(t, y0, s0):

z
(
t, y0, s0

)
=
∫ t

0

m̂
(
y
(
v, y0

)
, ρ
(
v, y0, s0

))
dv. (8.94)

Denote

ϑ
(
t, y0, s0

)
= ρ

(
z−1

(
t, y0, s0

)
, y0, s0

)
,

κ
(
t, y0, s0

)
= y

(
z−1

(
t, y0, s0

)
, y0
)
, t ≥ 0,

(8.95)

where we assume that z(u, y0, s0)
P−−→ ∞ as u → ∞, i.e., for any t > 0,

P(z−1(t, y0, s0) < ∞) = 1. Thus, the variable z−1(t, y0, s0) exists and is a proper
random variable.

Consider the asymptotic behavior of process (K(xn(nt)), Sn(nt)/
√
n).
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THEOREM 8.15. Let (xn(t), Sn(t)) be an RPSM defined according to relations (4.47),
(4.48), functions mn(x, a) and bn(x, a) defined according to (8.90), relation (8.91)
holds, function mn(x, α) satisfies condition (4.53) of Theorem 4.5 and for any N > 0
the following conditions are satisfied:

lim
L→∞

lim sup
n→∞

sup
|α|≤N

sup
x

Eτn1(x,
√
nα)χ

(
τn1(x,

√
nα) > L

)
= 0; (8.96)

lim
L→∞

lim sup
n→∞

sup
|α|≤N

sup
x

E
∣∣ξn1(x,

√
nα)

∣∣2χ(∣∣ξn1(x,
√
nα)

∣∣ > L
)

= 0; (8.97)

and as max(|α1|, |α2|) ≤ N ,∣∣B2
n

(
x, α1

)−B2
n

(
x, α2

)∣∣ ≤ CN

∣∣α1 − α2

∣∣+ αn(N), (8.98)

where αn(N) → 0 uniformly in |α1| ≤ N , |α2| ≤ N ;

Let MP xnk satisfy the conditions of asymptotic aggregation in Theorem 8.6, sec-
tion 8.4.2, and relation (8.92) holds, where for any α ∈ Rr, uniformly with respect

to y ∈ Y , |B̂(y, α)| ≤ C(1 + |α|). Also let xn(0) ∈ Xy0 and Sn(0)/
√
n

P−−→ s0 as
n→ ∞.

Then the sequence of processes (K(xn(t)), Sn(t)/
√
n) J-converges in any inter-

val [0, T ] such that z(+∞, y0, s0) > T with probability one, to process (κ(t, y0, s0),
ϑ(t, y0, s0)) defined above by relations (8.93)–(8.95).

The proof follows the same lines as the proof on Theorem 8.13. We keep relation
(8.82) where instead of process ηn(u) we introduce the process

ρn(u) = Snk/
√
n, as k/n ≤ u < (k + 1)/n, u ≥ 0.

Let us define for any Xy an auxiliary RPSM (ρ(y)
n (u), z(y)

n (u)) which is defined

on the trajectory of process x(y)
nk . Then process (ρn(u), zn(u)) can be represented

as an SP constructed by processes (ρ(y)
n (u), z(y)

n (u)) where the switching times are
the transition times between regions. Now we introduce for any y ∈ Y the auxil-
iary processes z(y)(u, s) and ρ(y)(u, s), where ρ(y)(u, s) is a solution of a stochastic
differential equation

dρ(y)(u, s) = B̂
(
y, ρ(y)(u, s)

)
dw(u), ρ(y)(0, s) = s,

and z(y)(u, s) =
∫ u

0
m̂(y, ρ(y)(v, s))dv.

According to Theorem 4.6, section 4.4, process (ρ(y)
n (u), z(y)

n (u)) in any interval
[t1, t2] given that ρ(y)

n (t1) = s1, J-converges to the process (ρ(y)(u, s1), z(y)(u, s1)).
Then following the final lines of the proof of Theorem 8.13 we obtain our statement.
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NOTE 8.4. As mentioned in Corollary 8.1, in the case when functions m̂(y, α) do
not depend on argument α, process κ(t, y0, s0) does not depend on s0 and is an MP
with values in Y and transition rates m̂(y)−1A(y,B). In general κ(t, y0, s0) is not a
Markov or even a semi-Markov process.

Note that when the variables {(ξnk(x, α), τnk(x, α))} do not depend on parameter
α, (see (8.85)), then process xn(t) is an SMP given by the embedded MP xnk and
the sojourn time in state x τnk(x). Correspondingly, the process Sn(t) is a sum of
random variables ξnk(x) defined on the trajectory of an SMP xn(·) in the interval [0, t]
(see section 8.7.3). Therefore, as a consequence of Theorem 8.15 we can formulate
similar to Corollary 8.1 the result on the diffusion approximation of processes in the
asymptotically aggregated semi-Markov environment.

The results of this section can easily be extended to the case when the auxiliary
processes x(y)

nk in each region Xy are quasi-ergodic Markov processes.

Note that AP and DA for sums of random variables defined on homogenous
Markov or semi-Markov processes with either ergodic or asymptotically aggregated
state space are studies in [KOR 04, KOR 05] using another analytic technique based
on the theory of the linear operators that are perturbed on the spectrum.

8.9. Aggregation of states in Markov queueing models

In the following sections we consider the applications of the results on the analysis
of rare events and asymptotic aggregation of state space to queueing systems with
different types of rare events or rare transitions.

8.9.1. System MQ/MQ/r/∞ with unreliable servers in heavy traffic

Consider a state-dependent system MQ/MQ/r/∞ similar to the system intro-
duced in section 2.2.1.1. We assume that there are r servers which are subject to ran-
dom failures. The system is described by the family of rates {λ(q), μ(q), a(q), c(q),
q ≥ 0} and random variables {η(q), κ(q), q ≥ 0}. Suppose that the system operates
in the following way. Denote by Qn(t) the total number of calls in the system at time
t (or volume of information). If Q(t)/n = q, then the local arrival rate is λ(q) and
a batch of η(q) calls may enter the system. Correspondingly, the local service rate is
μ(q) and a batch of min{κ(q), q} calls may complete service and leave the system.
Suppose also that each server is subject to random failures and repairs and assume that
the rates of failure and repair are small (of the order O(1/n)). This means, if at time
t, n−1Q(t) = q, then the instantaneous rate of failure for each busy server is a(q)/n,
and the rate of repair for each failed server is c(q)/n.

For this system we naturally obtain the model which enables the asymptotic
aggregation of states. Denote by Rn(t) the number of servers “on” at time t. Let
g(q) = Eη(q), v(q) = Eκ(q).
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STATEMENT 8.1. Suppose, that Qn(0) = nq0, Rn(0) = r0, variables η(q), κ(q)
are integrable uniformly in q in any bounded region, functions λ(q), μ(q), g(q), v(q),
a(q), c(q) are locally Lipschitz with respect to q and no longer have linear growth.

Then the sequence of processes (Rn(nt), Q(nt)/n) J-converges in [0, T ] to an
MP (R(t), z(t)) with values in {0, 1, . . . , r} × [0,∞) such that R(0) = r0, and at
fixed z(t) = q process R(t) is a Birth-and-Death process in interval [0, r] with the
following transition rates: from k to k + 1 the rate is (r− k)c(q) and from k to k − 1
the rate is ka(q). Correspondingly, process z(t) satisfies the differential equation with
the random right-hand side:

z(0) = q0, dz(t) =
(
g
(
z(t)

)
λ
(
z(t)

)−R(t)v
(
z(t)

)
μ
(
z(t)

))
dt.

Here T is any positive value such that z(t) > 0 in [0, T ] with probability one.

Proof. To prove this result we note that when Rn(t) = k, process Qn(·) behaves as
the queue in system MQ/MQ/k/∞ with k available servers. Therefore, according
to Theorem 5.2, section 5.2, process Qn(t)/n in the interval where Rn(·) = k is
approximated by process z(k)(·) such that

dz(k)(t) =
(
g
(
z(k)(t)

)
λ
(
z(k)(t)

)− kv
(
z(k)(t)

)
μ
(
z(k)(t)

))
dt.

Correspondingly, the process Rn(nt) at fixed Qn(t) = nq locally behaves as a
Birth-and-Death process with the rates (r − k)b(q) and ka(q), respectively, and in
some sense it plays the role of the environment for Qn(t).

Therefore, we can represent process (Rn(nt), Q(nt)/n) as an SP where the
switching times are the subsequent times of failures and repairs of the servers and use
Theorem 8.3, section 8.3 and Theorem 5.2, section 5.2.

Note that similar results can be obtained when we have an additional semi-Markov
environment, and also for queueing networks (MSM,Q/MSM,Q/ki/∞)r with unreli-
able servers with rare failures and repairs.

8.9.2. System MM,Q/MM,Q/1/∞ in heavy traffic

Consider a system MM,Q/MM,Q/1/∞ (see section 5.3.3, Corollary 5.3) and
assume that a switching MP xn(t), t ≥ 0, with values in X = {1, 2, . . . , r} satisfies
the conditions of the asymptotic aggregation of state space (8.18) and (8.19) in
section 8.2.3. Process xn(t) stands for the switching environment of the queueing
model. Assume that an MP defined by transition rates a0(i, j) in each region Xk is
irreducible. Denote by π(k)(i), i ∈ Xk, a stationary distribution in region Xk given
by (8.20). Define by K(xn(t)) the aggregated process where K(·) is a map from X
to Y : K(i) = y if i ∈ Xy .
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Also let the family of non-negative functions {λ(i, q), μ(i, q), q ≥ 0}, i ∈ X ,
be given. A queueing model consists of one server and an infinite number of waiting
places. Calls enter the system one at a time. The instantaneous input and service rates
depend on the state x(·), the value of the queue and the normalizing factor n in the
following way: if at time t, xn(t) = i and Qn(t) = Q, then the input rate is λ(i, Q/n)
and the service rate is μ(i, Q/n), where Qn(t) is the number of calls in the system at
time t. For any y ∈ Y , denote

λ̂(y, q) =
∑

i∈Xy

λ(i, q)π(y)(i), μ̂(y, q) =
∑

i∈Xy

μ(i, q)π(y)(i),

and let b̂(y, q) = λ̂(y, q) − μ̂(y, q).

STATEMENT 8.2. Suppose that functions λ(i, q), μ(i, q) are locally Lipschitz with
respect to q, for any y ∈ Y function b̂(y, q) has no more than linear growth, n−1Qn(0)
P−−→ s0 > 0 and xn(0) ∈ Xy0 .

Then the sequence of processes (K(xn(t)), Qn(nt)/n) J-converges in the inter-
val [0, T ] to the process (y(t, y0), q(t, s0)), where y(t) is an MP with values in Y ,
transition rates âks defined in (8.21) and the initial state y0, and the process q(t, s0)
is a solution of a differential equation with random right-hand side:

dq
(
t, s0

)
= b̂
(
y
(
t, y0

)
, q
(
t, s0

))
dt, q

(
0, s0

)
= s0,

where T is any positive value such that q(t, s0) > 0 in the interval [0, T ] with proba-
bility one.

The explanation of this result is the following: the transitions between regions
occur rarely and the sojourn time in each region is of the order n and is approximated
by an exponential distribution. However, in the interval of the order n in each region,
the normalized queueQ(nu)/n due to AP is approximated by a solution of differential
equation with the parameters averaged by a quasi-stationary distribution in this region.

The formal proof follows the lines of the proof of Theorem 8.4. Let us give the
basic ideas without detailed constructions given in this theorem. Note that we can
represent the process (K(xn(t)), Qn(nt)/n) as an SP where the switching times are
the times of transitions between regions Xy . The convergence of the aggregated pro-
cess K(xn(t)) to an MP y(t, y0) directly follows from Theorem 8.8, section 8.4.4.
Furthermore, in the interval where xn(t) ∈ Xy , the queueing process asymptotically
behaves as the queue in the system with input and service rates λ(i, q), μ(i, q), i ∈ Xy ,
switched by the auxiliary MP with values inXy and transition rates a0(i, j), i, j ∈ Xy .
Therefore, according to Corollary 5.3, section 5.3.3 process Qn(nt)/n in region Xy

is approximated by a solution of a differential equation

dq(y)(t) = b̂
(
y, q(y)(t)

)
dt.
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Finally, we use Theorem 8.3, section 8.3.

8.10. Aggregation of states in semi-Markov queueing models

Similar results can be proved for semi-Markov queueing models SM/MSM,Q/
1/∞ and MSM,Q/MSM,Q/1/∞. Note that AP for these models is considered in sec-
tions 5.3.2 and 5.3.3.

8.10.1. System SM/MSM,Q/1/∞
Let xn(t), t ≥ 0, be an SMP with values in some finite set X given by the

embedded MP xnk and by the family {τn(x), x ∈ X} of sojourn times. Also let
non-negative functions μn(x, q), x ∈ X , q ≥ 0, be given. There is one server and
an infinite number of waiting places. The calls enter the system one at a time at the
instants of jumps un1 < un2 < · · · of process xn(t). Put xnk = x(unk + 0). If
a call enters the system at time unk and the number of calls in the system becomes
equal to Q, then the service rate in the interval [unk, un,k+1) is μn(xnk, Q/n). After
service completion the call leaves the system. Let Qn0 be the initial number of calls,
and Qn(t) be the number of calls in the system at time t.

Note that AP and DA, for the case when the embedded MP xk, k ≥ 0, does not
depend on parameter n and is uniformly ergodic, was studied in section 5.3.2.

Denotemn(x) = Eτn(x), x ∈ X . Assume that the embedded MP xnk satisfies the
conditions of the asymptotic aggregation (8.27) and (8.28) or more general conditions
(8.37) and (8.38) of section 8.4.1. Let π(j)

n (i), i ∈ Xj , be a stationary distribution

of the auxiliary MP x(j)
nk in region Xj . Also let y(t) be an MP with values in Y and

aggregated transition rates â(j,m), j,m ∈ Y , j �= m, defined by relations (8.39) and
(8.40). For any j ∈ Y denote

m̂n(j) =
∑
i∈Xj

mn(i)π(j)
n (i), ĉn(j, q) =

∑
i∈Xj

μn(i, q)mn(i)π(j)
n (i). (8.99)

Assume that the functions μn(i, q) satisfy condition (4.53) of Theorem 4.5,

lim
L→∞

lim sup
n→∞

max
x∈X

Eτn1(x)χ
(
τn1(x) > L

)
= 0, (8.100)

there exist values m̂(j) > 0 and functions ĉ(j, q) such that for any j ∈ Y , q ≥ 0,

m̂n(j) −→ m̂(j), ĉn(j, q) −→ ĉ(j, q), (8.101)

and Sn(0) P−−→ s0. Then similar to Statement 8.2 the following result can be proved:

STATEMENT 8.3. If P(xn(0) ∈ Xj0) → 1, then under the conditions above the
sequence (K(xn(nt)), Qn(nt)/n) J-converges in the interval [0, T ] to the process
(y(t, j0), q(t, j0, s0)), where y(t, j0) is an MP defined above with the initial state j0
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and q(t, j0, s0) is a solution of a differential equation with a random right-hand side:
q(0, j0, s0) = s0 and

dq
(
t, j0, s0

)
= m̂

(
y
(
t, j0

))−1(1 − ĉ
(
y
(
t, j0

)
, q
(
t, j0, s0

)))
dt,

and T is any positive value such that q(t, j0, s0) > 0 for all t ∈ [0, T ] with probability
one.

8.10.2. System MSM,Q/MSM,Q/1/∞
Now consider a queueing system with semi-Markov modulated arrival flow inves-

tigated in section 5.3.3. Let xn(t), t ≥ 0, be an SMP with values inX = {1, 2, . . . , r}
and sojourn times τn(x), x ∈ X . We keep the notation of section 8.10.1. Let the fam-
ily of non-negative functions {λn(i, q), μn(i, q), q ≥ 0}, i ∈ X , be given. There is
one server and an infinite number of waiting places. Calls enter the system one at a
time and if at time t, x(t) = i and Qn(t) = Q, then the instantaneous input rate is
λn(i, Q/n) and the service rate is μn(i, Q/n).

Note that the case when the embedded MP xk, k ≥ 0, does not depend on param-
eter n and is irreducible is studied in section 5.3.3. In this section we assume that the
embedded MP xnk satisfies the conditions of the asymptotic aggregation (8.27) and
(8.28) or more general conditions (8.27), (8.37) and (8.38) of section 8.4.1. Let π(j)

n (i),
i ∈ Xj , be a stationary distribution of the auxiliary MP x(j)

nk in region Xj . Also let
y(t) be an MP with values in Y and aggregated transition rates â(j,m), j,m ∈ Y ,
j �= m, defined by relations (8.39) and (8.40). Let the values m̂n(j) be defined in
(8.99). Denote for any j ∈ Y

b̂n(j, q) =
∑
i∈Xj

(
λn(i, q) − μn(i, q)

)
mn(i)π(j)

n (i).

Assume that the functions λn(i, q) and μn(i, q) satisfy condition (4.53) of Theo-
rem 4.5, and there exist values m̂(j) > 0 and functions b̂(j, q) such that for any j ∈ Y ,
q ≥ 0,

m̂n(j) −→ m̂(j), b̂n(j, q) −→ b̂(j, q), (8.102)

Sn(0) P−−→ s0 and condition (8.100) holds. Then the following result is true.

STATEMENT 8.4. If xn(0) ∈ Xj0 , then under the conditions above the sequence
(K(xn(nt)), Qn(nt)/n) J-converges in the interval [0, T ] to the process
(y(t, j0), q(t, j0, s0)), where y(t, j0) is an MP defined above with the initial state j0
and q(t, j0, s0) is a solution of a differential equation with a random right-hand side:
q(0, j0, s0) = s0 and

dq
(
t, j0, s0

)
= b̃
(
y
(
t, j0

)
, q
(
t, j0, s0

))
dt, (8.103)
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where b̃(j, q) = b̂(j, q)/m̂(q), and T is any positive value such that q(t, j0, s0) > 0
for all t ∈ [0, T ] with probability one.

NOTE 8.5. Consider an auxiliary SMP x(j)
n (t) with values in Xj given by the embed-

ded MP x(j)
nk and sojourn times τn(i), i ∈ Xj . Denote by ρ(j)

n (i), i ∈ Xj , its station-

ary distribution. It is known that ρ(j)
n (i) = mn(i)π(j)

n (i)/m̂n(j). Therefore function
b̃(j, q) in (8.103) can be presented in the form:

b̃(j, q) = lim
n→∞

∑
i∈Xj

(
λn(i, q) − μn(i, q)

)
ρ(j)

n (i).

Similar results can be proved for the system with batch arrivals and service. Let
the family of random variables {ηn(i, q), κn(i, q), i ∈ X, q ≥ 0} be given repre-
senting the batches of arriving calls and service batches. This means that if at time
t, x(t) = i and Qn(t) = Q, then with the input rate λn(i, Q/n) a batch of size
ηn(i, Q/n) can enter the system. Correspondingly, with the rate μn(i, Q/n) a batch
of min{Q,κn(i, Q/n)} calls can complete service and leave the system. The sizes
of arriving batches can be positive or negative representing the flows of negative cus-
tomers, for example. Denote gn(i, q) = Eηn(i, q), vn(i, q) = Eκn(i, q).

NOTE 8.6. Assume that the conditions of Statement 8.4 hold, variables ηn(i, q) and
κn(i, q) are uniformly integrable in each bounded in q region, i.e., for any N > 0,

lim
L→∞

lim sup
n→∞

sup
|q|≤N

max
i

{
Eηn(i, q)χ

(
ηn(i, q) > L

)
+ Eκn(i, q)χ

(
κn(i, q) > L

)}
= 0,

functions gn(i, q) and vn(i, q) satisfy condition (4.53) of Theorem 4.5 and there exists
the limiting function G(j, q), j ∈ Y , q ≥ 0, such that for any j, q,

G(j, q) = lim
n→∞

∑
i∈Xj

(
λn(i, q)gn(i, q) − μn(i, q)vn(i, q)

)
ρ(j)

n (i).

Then the result of Statement 8.4 holds where in (8.103) function b̃(j, q) should be
replaced by G(j, q).

Using the same technique we can apply these results to retrial queues and state-
dependent semi-Markov type queueing networks (SM/MSM,Q/1/∞)r, (MSM,Q/
MSM,Q/1/∞)r with input flow and service depending on the state of some additional
Markov or semi-Markov process admitting the asymptotic aggregation of the state
space.

8.11. Analysis of flows of lost calls

To show other possibilities of the application of the results of this chapter let us
consider the behavior of flows of lost calls in Markov queueing system MM/MM/
s/m with losses and Markov switching admitting the asymptotic aggregation of
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state space. Suppose that the family of non-negative functions λ(i), μ(i), i ∈ X , be
given. Let xn(t) be a homogenous MP with values in X and transition rates an(i, j),
i, i ∈ X , i �= j, t ≥ 0. The system has s identical servers and m waiting places. The
calls enter the system one at a time and if xn(t) = i, then the instantaneous input rate
is λ(i) and the instantaneous service rate for each busy server is μ(i). Denote by
Ln(t) the probability of a loss of the call which entered the system at time t. Let
Zn(t) be the total number of calls lost on the interval [0, t].

Assume that the state spaceX of xn(t) is subdivided in the non-intersected regions
Xy (see (8.51)) with small transition rates of the order O(1/n) between them:

an(i, j) = a0(i, j) + n−1h0(i, j)
(
1 + on(1)

)
, i, j ∈ X, (8.104)

where for any y ∈ Y , a0(i, j) ≡ 0 as i ∈ Xy , j �∈ Xy . For any y ∈ Y denote
by x(y)(t), t ≥ 0, an auxiliary MP with state space Xy and transition rates a0(i, j),
i, j ∈ Xj , and assume that this process is irreducible with stationary distribution
ρ(y)(i), i ∈ Xy . Define aggregated transition rates between regions

ân(y, z) =
∑

i∈Xy

ρ(y)
n (i)

∑
j∈Xz

h0(x, j), y �= z,

and denote by y(t, y0), t ≥ 0, an MP in Y with transition rates ân(y, z) and the initial
state y0.

For the analysis of this system let us introduce an auxiliary queueing system
M

(y)
M /M

(y)
M /s/m with losses given by the family of input and service rates

{λ(i), μ(i), i ∈ Xy} and switched by an MP x(y)(t) as described above. Denote for
this system by G(y) a stationary probability for a call to be lost. As for this system
the process (x(y)(t), Q(y)(t)) is an MP where Q(y)(t) is the value of queue, then
G(y) can be calculated by solving a system of linear equations for the stationary
distribution of the system. Using the results on the convergence of the accumulating
processes in aggregation scheme (see section 8.4.3) we can prove the following:

STATEMENT 8.5. If xn(0) ∈ Xy0 , then under our assumptions for any t > 0,
Ln(nt) → EG(y(t, y0)), and for any T > 0 the process (K(xn(nt)), Zn(nt)/n)
J-converges in the interval [0, T ] to the process (y(t, y0),

∫ t

0
G(y(u, y0))du).

Now consider the case when the system MM/Mm/s/m is operating in “fast”
service conditions. This means that for any i, μ(i) = μn(i), and μn(i) → ∞. Suppose
that μn(i) = n1/(s+m)c(i), where c(i) > 0, i ∈ X . Assume that xn(·) satisfies the
assumptions above and ρ(y)(i), i ∈ Xy is a stationary distribution of the auxiliary MP
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x(y)(t), t ≥ 0, defined above in the previous section. For any y ∈ Y denote

Λ(y) =
1

s!sm

∑
i∈Xy

ρ(y)(i)λ(i)
(
λ(i)
c(i)

)s+m

,

where Λ(y) has a meaning of a stationary rate of lost calls in the region Xy .

Let y(t, y0) be an MP introduced above and Z(t, y0) be a doubly stochastic Pois-
son process switched by y(t, y0): if at time t, y(t, y0) = y, then the instantaneous rate
of jump is Λ(y).

STATEMENT 8.6. Under our assumptions for any T > 0 process (K(xn(nt)),
Zn(nt)) J-converges in interval [0, T ] to process (y(t, y0), Z(t, y0)) and also for any
t > 0, nLn(nt) → EG(y(t, y0)), where

G(y) =
1

s!sm

∑
i∈Xy

ρ(y)(i)
(
λ(i)
c(i)

)s+m

.

The proof follows from the results on the convergence of accumulating processes
in the aggregation scheme (section 8.4.3) and the results of sections 6.3.1 and 6.3.1.1.

These results mean that if a queueing system is switched by a Markov process
admitting the asymptotic aggregation of its state space, then under appropriate scaling
of time, different functionals defined on this system (queueing processes, flows of lost
calls, etc.) can be approximated by corresponding functionals defined on a simpler
queueing system switched by a Markov process with the aggregated state space and
averaged transition probabilities.

Results for queueing systems can be extended using the same technique to state-
dependent and also non-homogenous in time queueing networks. These results pro-
vide us with a new approach in analytic modeling of wide classes of queueing models
with a hierarchic stochastic structure. For example, instead of simulation of the initial
system we can use the approximate relation:

Q(nt) ≈ nq
(
t, j0, s0

)
+
√
nζ
(
t, j0

)
,

and model the solutions of differential equations or diffusion processes in a Markov
environment. Note also that the state space of a limiting switching environment cor-
responds to the regions of the initial environment. This provides the opportunity to
decrease the dimension of the model.
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Chapter 9

Aggregation in Markov Models with Fast
Markov Switching

In this chapter we study the approximation of Markov type queueing models with
fast Markov switching by Markov models with averaged transition rates. First, we
prove an averaging principle for the two-component Markov process (xn(t), ζn(t)) in
the following form: if a component xn(·) has fast switching and satisfies the asymp-
totic mixing conditions, then component ζn(·) J-converges in Skorokhod space to
a Markov process with transition rates averaged by some quasi-stationary measures
constructed by xn(·). The convergence of a stationary distribution of (xn(·), ζn(·)) is
studied as well. The presentation is based on [ANI 02a].

These results differ from the results on averaging principle for SP in Chapter 4
as component ζn(·) is not growing and averaging is provided for transition rates of
a switching component. This setting also differs from the models of the asymptotic
aggregation of MP and SMP, as component xn(·) itself is not generally an MP. To
prove the main results we use Theorem 8.3, section 8.3 about the weak convergence
in the class of SPs. The results are used in the approximation of state-dependent queue-
ing systems of the type MM,Q/MM,Q/m/N with fast Markov switching by simpler
models without switching environment.

9.1. Introduction

At the investigation of hierarchic state-dependent queueing models, communica-
tion and manufacturing systems, etc., we come to a necessity to study models oper-
ating in different scales of time (slow and fast) and possibly under the influence of a
random environment. Different examples can be found for example in [BOL 98]. Tak-
ing into account a high dimension and a complex structure, exact analytic solutions for
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these systems can be obtained only for special exceptional cases. Many of the results
related to the analysis of Markov type queueing models use the technique of quasi-
Birth-and-Death processes [NEU 89, NEU 89] and deal with matrix-analytic equa-
tions for queueing characteristics in a steady-state regime, for example [LUC 94a,
LUC 94b, RAM 98]. These equations in most cases have a rather complicated form,
and numerical methods and inversion algorithms are used in order to obtain some
queueing characteristics. Therefore, asymptotic methods play an important role at the
investigation and approximate analytic modeling.

In this chapter we develop an asymptotic approach, which can be efficiently
applied to the approximation of queueing models with fast Markov switching by
Markov queuing models of a simpler structure with averaged transition rates. This
approach provides us with the opportunity of reducing essentially the dimension and
the complexity of the initial model and studying transient and steady-state regimes,
as well.

We study a sequence of two-component MP (xn(t), ζn(t)), t ≥ 0, where n → ∞
at the assumption that the transition rates of the first component xn(·) are consider-
ably larger compared to the transition rates of the second component ζn(·) (we say that
xn(·) has fast switching). If in addition xn(·) satisfies some form of asymptotic mix-
ing condition, it is proved that the component ζn(·) J-converges in Skorokhod space
to an MP with transition rates averaged by a quasi-stationary distribution constructed
by xn(·). In particular, this model describes the behavior of an MP with local rates
depending on a fast MP xn(·) (switching by a fast Markov environment). The con-
vergence of a stationary distribution for (xn(·), ζn(·)) is studied as well. The method
of investigation uses the equivalent representation of a two-component MP as a pro-
cess with Markov switching and the asymptotic technique for Markov processes with
mixing conditions.

In section 9.4 these results are effectively applied to the approximation of
Markov type queueing models with transition rates of different order, in particular,
state-dependent queueing models in a fast Markov environment. Some classes of
models of this type are studied in the remaining sections of this chapter.

Related results based on the approximating aggregation technique for the analysis
of a stationary distribution of nearly decomposed MPs with applications to queues
are considered in [COU 77, BOL 98]. Analysis of transient probabilities is given in
[BOB 86]. Our approach deals with the convergence of the queueing processes. This
also gives the possibility of studying various functionals and performance character-
istics and the behavior of transition and stationary probabilities, as well. The conver-
gence of aggregated processes is rigorously proved. This approach is simpler in some
sense compared to the one developed in [COU 77], because averaging by station-
ary probabilities is provided using transition rates only within each aggregated block.
Moreover, each block in our case can also be nearly decomposed in another scale of
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time. Some numerical results and the comparison of these approaches are provided in
section 9.6.

Note that the transient behavior of the processes generated by queues is mainly
investigated in heavy traffic and overloaded regimes, for instance see survey [WIL 96,
ANI 02b]. Approximation, presented in this chapter, has another nature, because in our
case the queueing process in not asymptotically growing. Related in some sense mod-
els on averaging of dynamic systems with fast Markov switches using a martingale
technique are considered in the books [ETH 86, KUS 90, SKO 89]. The case of fast
semi-Markov switching using asymptotic methods for switching processes is studied
in [ANI 95]. Some specific results dealing with the convergence of aggregated pro-
cesses for Markov systems in the fast ergodic Markov environment with applications
to queueing systems are considered in [ANI 78, ANI 98].

9.2. Markov models with fast Markov switching

Consider a class of MP with Markov switching which later will be used in queue-
ing applications.

9.2.1. Markov processes with Markov switching

Let {xk(t, i), t ≥ 0}, i ∈ Z, k ≥ 0, be the jointly independent at different i, k,
families of homogenous MPs in continuous time with transition rates not depending
on k. Process xk(·, i) takes values in a discrete setXi and is defined by transition rates
b(i)(x, y), x, y ∈ Xi, x �= y. Z is also a discrete set, Z = {0, 1, 2, . . .}. We assume
that

b(i)(x) =
∑
y �=x

b(i)(x, y) <∞, x ∈ Xi, i ∈ Z.

Also let the family of non-negative functions {a(x, i, y, j), x ∈ Xi, y ∈ Xj ,
i, j ∈ Z, i �= j} and {c(x, i, y, j), x ∈ Xi, y ∈ Xj , i, j ∈ Z, j �= i} be given.
Assume that for any x ∈ Xi, i ∈ Z,∑

y∈Xj , j �=i

a(x, i, y, j) = a(x, i) <∞,
∑

y∈Xj , j �=i

c(x, i, y, j) = c(x, i) ≤ 1.

Using introduced families we construct a two-component MP (x(t), ζ(t)), t ≥ 0,
with values in the space {(x, i), x ∈ Xi, i ∈ Z} in the following way: a component
x(·) in the interval between kth and k + 1th jumps of process ζ(·) is operating as
an MP xk(·, ·) depending on the current state of ζ(·), and ζ(·) is operating as an
MP switched by x(·), where the jumps of ζ(·) may happen in the intervals between
jumps of x(·) and at the times of jumps of x(·), as well. More specifically, let the
initial value (x(0), ζ(0)) = (x0, i0) be given. While ζ(·) = i0, component x(·) is
operating as an MP x0(t, i0) with the initial state x0. If in the interval [0, t] component
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ζ(·) has no jumps and at time t, (x(t), ζ(t)) = (x, i0), then in the interval [t, t + h]
with probability a(x, i0, x1, i1)h+o(h) process (x(·), ζ(·)) can jump to state (x1, i1),
i1 �= i0. If this happens, then in the next time interval ζ(·) = i1 and component
x(·) is operating as an MP x1(t, i1) starting from state x1 until the next jump time of
ζ(·), and so on. Furthermore, denote by t1 < t2 < · · · the times of sequential jumps
of x0(t, i0). Then, while the component x(·) is operating as an MP x0(t, i0), at any
instant of time tk with probability c(x(tk−0), i0, x1, i1) process (x(·), ζ(·)) can jump
to state (x1, i1), i1 �= i0. If this happens, then in the next time interval component x(·)
is operating as an MP x1(t, i1) with the initial state x1, and in this interval ζ(·) = i1
until the next jump time of ζ(·), and so on.

It is easy to prove that by definition process (x(·), ζ(·)) is equivalent to a two-
component MP with state space {(x, i), x ∈ Xi, i ∈ Z} and the following transition
rates from state (x, i) to (y, j):

b
(
(x, i), (y, j)

)
=

{
b(i)(x, y)(1 − c(x, i)), j = i, y �= x;

a(x, i, y, j) + b(i)(x)c(x, i, y, j), j �= i.

The proof is based on the following elementary fact. Consider an MP y(t) with
three states {1, 2, 3}. Suppose that y(0) = 1, in state {1}, y(·) spends an exponential
time with parameter λ and then jumps either with probability p to state {2}, or with
probability q = 1 − p to state {3}, respectively, where the states {2, 3} are absorbing
states. Then this MP is equivalent to an MP ỹ(t) with states {1, 2, 3}, initial state {1}
and transition rates λ12 = λp, λ13 = λq, where {2, 3} are absorbing states.

We call (x(t), ζ(t)), t ≥ 0, an MP with Markov switching (MPMS). It is a special
subclass of switching processes and the processes with Markov switching, see section
1.2.5. If for any i, b(i)(x, y) = b(x, y) (the rates do not depend on index i), then
component ζ(·) corresponds to an MP in a Markov environment with transition rates
b(x, y). This is a special case of Markov random evolutions [PIN 75].

Now consider a two-component MP (x̃(t), ζ̃(t)), t ≥ 0, with state space {(x, i),
x ∈ Xi, i ∈ Z} and transition rates b((x, i), (y, j)) from state (x, i) to (y, j), where
y �= x as j = i and show how to represent this process as an equivalent MPMS. At
each i denote by x(i)

k (t), t ≥ 0, an auxiliary MP with state spaceXi and transition rates
b(i)(x, y) = b((x, i), (y, i)), x, y ∈ Xi, y �= x. Put a(x, i, y, j) = b((x, i), (y, j)),
j �= i. Let us construct an MPMS (x(·), ζ(·)) as above by the family of MPs x(i)

k (·) and
transition rates a(x, i, y, j) for the component ζ(·) (in this case c(x, i) ≡ 0, x ∈ Xi,
i ∈ Z). If the initial values (x̃(0), ζ̃(0)) and (x(0), ζ(0)) have the same distributions,
then by definition processes (x̃(·), ζ̃(·)) and (x(·), ζ(·)) are equivalent (have the same
finite-dimensional distributions).

A representation of (x̃(·), ζ̃(·)) in the terms of the equivalent MPMS is essentially
used in the asymptotic investigation. If the transition rates of ζ̃(·) are asymptotically
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small, then we can investigate transitions of ζ̃(·) by analyzing the flow of rare events
constructed in each domain Xi on the auxiliary MP x(i)

k (·). This representation essen-

tially reduces the dimension and in the case where x(i)
k (·) satisfies the asymptotically

mixing condition, provides the possibility of using asymptotic results for accumula-
tive processes (in particular, flows of events) defined on MPs. If b((x, i), (y, j)) = 0
as |j−i| > 1, then (x̃(·), ζ̃(·)) is a quasi-Birth-and-Death process [NEU 81, NEU 89].

9.2.2. Markov queueing systems with Markov type switching

Consider as an example a state-dependent system MM,Q/MM,Q/1/∞ with
Markov type switching which is defined as follows. There is one server with an
infinite buffer. Calls arrive one at a time and wait in the queue according to the FIFO
discipline. Let non-negative functions {λ(x, i), μ(x, i), αA(x, i), αS(x, i), b(i)(x, y),
x ∈ Xi, y ∈ Xi, x �= y, i ≥ 0} be given. Here αA(x, i) + αS(x, i) ≤ 1, x ∈ Xi,
i ≥ 0, and Xi are some discrete sets. Let Q(t), t ≥ 0, be the total number of calls
in the system at time t. The system operates as a two-component MP (x(t), Q(t)),
t ≥ 0, as follows. Let the initial value (x(0), Q(0)) be given. Further, if at time t,
(x(t), Q(t)) = (x, i), then the local arrival rate is λ(x, i), the local service rate is
μ(x, i) (μ(x, 0) = 0), and process x(t) has a local transition rate b(i)(x, y) from
state x to state y, where x, y ∈ Xi, y �= x. If Q(·) jumps to state j, then transition
rates of x(t) immediately change to b(j)(x, y), x, y ∈ Xj , y �= x. Let t1 be the
time of the first jump of x(·). If (x(t1 − 0), Q(t1 − 0)) = (x, i), then at time t1
either an additional call may enter the system with probability αA(x, i), or a call on
service may complete service with probability αS(x, i) (no changes with probability
1 − αA(x, i) − αS(x, i)). After service completion a call leaves the system. We
assume here that αS(x, 0) = 0 and there are no additional transitions of x(·) at times
of arrivals and completion service.

Note that this system is a generalization of the systemMM,Q/MM,Q/1/∞ consid-
ered in section 2.2.1.1 and differs from other Markov queueing systems with Markov
switching considered in Chapter 5, as in this case the transition rates of the switching
process x(·) also depend on the value of queue, therefore this is the case of feedback
and x(·) in general is not an MP.

Denote b(i)(x) =
∑

y �=x b
(i)(x, y). Suppose that for any x ∈ Xi, i ∈ Z, b(i)(x) ≤

Ci <∞. By definition, (x(·), Q(·)) is an MP with the following transition rates from
state (x, i) to (y, j):

b
(
(x, i), (y, j)

)
=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

b(i)(x, y)
(
1 − αA(x, i) − αS(x, i)

)
, j = i, y �= x;

λ(x, i) + b(i)(x)αA(x, i), j = i+ 1, y = x;

μ(x, i) + b(i)(x)αS(x, i), j = i− 1, y = x;

0, otherwise,
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(at i = 0, μ(x, 0) = 0, αS(x, 0) = 0). Note that the process (x(t), Q(t)), t ≥ 0, can
be represented as an MPMS (see the previous section).

In particular, if for all i ∈ Z, Xi = X and b(i)(x, y) ≡ b(x, y), x, y ∈ X , x �= y,
then x(·) is an MP with state space X and transition rates b(x, y), x �= y, and we
obtain the queueing model in a Markov environment [NEU 81].

In a similar way we can describe state-dependent networks with Markov switches,
batch Markov arrival process and service, some classes of state-dependent retrial mod-
els with Markov switches, etc.

9.2.3. Averaging in the fast Markov type environment

Now we study a two-component MP (x(t), ζ(t)), t ≥ 0, with the assumption that
component x(·) has fast switching (large transition rates) compared to ζ(·). Consider
in a triangular scheme a sequence of two-component MPs (xn(t), ζn(t)), t ≥ 0, with
state space {(x, i), x ∈ Xi, i ∈ Z} and transition rate from state (x, i) to (y, j),
bn((x, i), (y, j)), where y �= x as j = i (transition rates depend on some scaling
factor n, n → ∞). For any i ∈ Z denote b(i)n (x, y) = bn((x, i), (y, i)), x, y ∈ Xi,
x �= y (transition rates at level i). Consider an auxiliary MP x(i)

n (t), t ≥ 0, with state
space Xi and transition rates b(i)n (x, y), x, y ∈ Xi, x �= y. For any fixed x ∈ Xi,
i ∈ Z, put b(i)n (x) =

∑
y∈Xi, y �=x b

(i)
n (x, y). Let us introduce a uniformly strong

mixing coefficient for MP x(i)
n (·): for any u > 0 denote

ϕ(i)
n (u) = sup

x,y,A

∣∣∣P{x(i)
n (u) ∈ A | x(i)

n (0) = x
}

− P
{
x(i)

n (u) ∈ A | x(i)
n (0) = y

}∣∣∣.
Assume that x(i)

n (·) satisfies the following condition: there exist a scaling factor
Vn, Vn → ∞ as n → ∞, and constants Li, i ∈ Z, such that for some q, 0 ≤ q < 1,
and for any i ∈ Z,

ϕ(i)
n

(
Li/Vn

) ≤ q, n > 0. (9.1)

Condition (9.1) means that for all x ∈ Xi the exit rates b(i)n (x) are asymptotically
large (fast switching) and x(i)

n (·) is asymptotically mixing in any fixed interval.

EXAMPLE 9.1. Suppose that Xi is a finite set, b(i)n (x, y) = Vn(̃b(i)0 (x, y) + on(1)),
x, y ∈ Xi, where on(1) → 0,

∑
y∈Xi, y �=x b̃

(i)
0 (x, y) > 0 for each x ∈ Xi, and an MP

x̃
(i)
0 (·) with transition rates b̃(i)0 (x, y) is irreducible. Then (9.1) is satisfied.
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EXAMPLE 9.2. Let Xi = {1, 2, 3, 4}, and the generator of the process x(i)
n (·) is rep-

resented in the form:

B(i)
n =

⎛⎜⎜⎜⎝
−bn(1) V 2

n b12 Vnb13 Vnb14

V 2
n b21 −bn(2) Vnb23 Vnb24
Vnb31 Vnb32 −bn(3) V 2

n b34

Vnb41 Vnb42 V 2
n b43 −bn(4)

⎞⎟⎟⎟⎠ ,

where entries bn(j) are the sums of other elements in the corresponding row. If
b12b21 > 0, b34b43 > 0, b13 + b14 + b23 + b24 > 0, b31 + b32 + b41 + b42 > 0, then
condition (9.1) is also satisfied. In this case Xi consists of two classes {1, 2} and
{3, 4} with transition rates O(V 2

n ) in each class, and transition rates between these
classes O(Vn).

More general cases, when the state space forms S-set (asymptotically connected
set, see section 6.2), are considered in [ANI 98, ANI 00].

If condition (9.1) is satisfied, then the number of jumps of component xn(·) in
each finite interval tends in probability to infinity. In this case we can asymptotically
average the rates of ζn(·) in each domain Xi by a corresponding quasi-stationary
distribution and prove that the component ζn(·) converges in each finite interval [0, T ]
to an MP with averaged transition rates. Put

bn(x, i) =
∑

y∈Xj , j∈Z, j �=i

bn
(
(x, i), (y, j)

)
, x ∈ Xi, i ∈ Z. (9.2)

Let there exist constants Ci such that for any n > 0,

sup
x∈Xi

bn(x, i) ≤ Ci <∞, i ∈ Z. (9.3)

Condition (9.3) means that the transition rates between domains Xi are bounded.
Together with condition (9.1) this means that transitions between states within each
domain Xi happen considerably faster rather than transitions between different
domains Xi.

If condition (9.1) holds, then MP x(i)
n (t) at each n > 0 has an ergodic (stationary)

distribution ρ(i)
n (x), x ∈ Xi. Denote

bn
(
(x, i), j

)
=
∑

y∈Xj

bn
(
(x, i), (y, j)

)
,

ân(i, j) =
∑

x∈Xi

ρ(i)
n (x)bn

(
(x, i), j

)
, j �= i,

ân(i) =
∑

j∈Z,j �=i

ân(i, j).
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Assume that, as n→ ∞, the following condition holds:

A) there exist finite values a0(i, j), a0(i), i, j ∈ Z, j �= i, such that a0(i) =∑
j �=i a0(i, j), and for any i, j ∈ Z, i �= j,

ân(i, j) −→ a0(i, j), ân(i) −→ a0(i).

Let ζ0(t, i0), t ≥ 0, be an MP in Z with transition rates a0(i, j), i �= j, and the
initial state i0. According to relation a0(i) =

∑
j �=i a0(i, j) MP ζ0(·, i0) is conserva-

tive (for any state, the sum of probabilities of jumps to all other states in Z is equal to
one).

We say that a process is regular, if it almost surely has a finite number of jumps in
any finite interval. The following theorem holds (the proof is given in section 9.3).

THEOREM 9.1. Assume that (xn(0), ζn(0)) = (x0, i0), x0 ∈ Xi0 , the process ζ0(·, i0)
is regular and conditions A), (9.1), (9.3) hold. Then in any interval [0, T ], ζn(·) J-
converges to ζ0(·, i0) as n→ ∞.

9.2.4. Approximation of a stationary distribution

Results of section 9.2.3 deal with the approximation of the distributions of the
process in any finite interval [0, T ]. We now study the approximation of the stationary
distribution. Consider the sequence of MPs (xn(t), ζn(t)), t ≥ 0, introduced in section
9.2.3 with values in {(x, i), x ∈ Xi, i ∈ Z} and transition rates from state (x, i) to
(y, j), bn((x, i), (y, j)), (y �= x as j = i). We keep all previous notation. Let ζ0(t),
t ≥ 0, be a regular MP given by transition rates a0(i, j), i, j ∈ Z, i �= j. Denote
by {ρn(x, i), x ∈ X, i ∈ Z} a stationary distribution of (xn(·), ζn(·)) (if it exists).
Assume first that Xi and Z are finite sets.

THEOREM 9.2. Let conditions A), (9.1), (9.3) hold, for any i ∈ Z there exist limits

ρ
(i)
0 (x) = lim

n→∞ ρ(i)
n (x), x ∈ Xi,

and exist values ci > 0 such that minx∈Xi
lim infn→∞ bn(x, i) ≥ ci. Also let MP

ζ0(·) be ergodic with stationary distribution Π0(i), i ∈ Z. Then at large enough n,
(xn(·), ζn(·)) is ergodic and

lim
n→∞ ρn(x, i) = ρ

(i)
0 (x)Π0(i), x ∈ Xi, i ∈ Z. (9.4)

The proof of Theorem 9.2 is given in section 9.3. Note that a multiplicative form
of a limiting stationary distribution in Theorem 9.2 is in agreement with the results on
the aggregation of finite MP [COU 77].

If we assume that Xi are infinite sets and, in addition, for any i ∈ Z, as n → ∞,
ân(i, (y, j)) → a0(i, (y, j)), where

∑
y∈Xj

a0(i, (y, j)) = a0(i, j), then the result of
Theorem 9.2 is also valid.
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Now consider the case when Z is infinite but sets Xi are finite. Denote by
Tn1 < Tn2 < · · · the times of sequential jumps of ζn(·) and put (Xnk, Znk) =
(xn(Tnk), ζn(Tnk + 0)), k ≥ 1. Then (Xnk, Znk) is the embedded Markov chain for
(xn(·), ζn(·)). Let us fix a state i0 and denote by νn(x0, i0) a return time to domain
(Xi0 , i0) for the process (Xnk, Znk) given that (Xn1, Zn1) = (x0, i0). The proof of
the following theorem is given in section 9.3.

THEOREM 9.3. Let there exist constants c > 0,C > 0, such that the conditions of The-
orem 9.2 hold, where for any i ∈ Z, ci ≥ c, and for any n, Eνn(x0, i0)2 < C < ∞.
Then at large enough n, ζn(·) is ergodic and relation (9.4) holds.

Condition Eνn(x0, i0)2 < C can be verified in particular applications, for
instance see [ANI 01]. In the following section we check this condition for a system
MM,Q/MM,Q/1/∞.

9.3. Proofs of theorems

9.3.1. Proof of Theorem 9.1

First, we represent (xn(·), ζn(·)) as an MPMS using the auxiliary MPs x(i)
n (·) as

was shown in section 9.2.1. In our case a(x, i, y, j) = bn((x, i), (y, j)), x ∈ Xi,
y ∈ Xj , j �= i, and for all x, i, c(x, i) = 0 (there are no jumps of component ζn(·)
at the times of jumps of xn(·)). Denote by Tn1 < Tn2 < · · · the times of sequen-
tial jumps of ζn(·) and put (Xnk, Znk) = (xn(Tnk), ζn(Tnk + 0)), k ≥ 1, where
(Xnk, Znk) is the embedded Markov chain for (xn(·), ζn(·)). Denote

Pn(x, i, t, j) = P
(
Tn2 − Tn1 ≤ t, Zn2 = j | (Xn1, Zn1

)
= (x, i)

)
, j �= i, t > 0.

First, we prove that for any i, j ∈ Z, i �= j, t > 0,

sup
x∈Xi

∣∣Pn(x, i, t, j) − (1 − e−a0(i)t
)
a0(i, j)/a0(i)

∣∣ −→ 0. (9.5)

Given that xn(0) = x, denote An(t, x, i) =
∫ t

0
bn(x(i)

n (u), i)du. Then for any
t > 0, j �= i, we have a representation:

Pn(x, i, t, j) = E
∫ t

0

exp
{−An(u, x, i)

}
bn
((
x(i)

n (u), i
)
, j
)
du. (9.6)

Now we prove the following auxiliary statement: if conditions (9.1), (9.3) hold and
x

(i)
n (0) = x, then for any bounded measurable function f(x), x ∈ Xi, for any t ≥ 0

uniformly in x ∈ Xi,

Gn(x, t) =
∫ t

0

f
(
x(i)

n (u)
)
du− t

∑
y∈Xi

ρ(i)
n (y)f(y) P−−→ 0. (9.7)
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If for some r > 0, ϕ(i)
n (r) ≤ q, then, as is known (for example [DOO 53]), for any

t > 0, ϕ(i)
n (t) ≤ qt/r−1. Thus, condition (9.1) implies

ϕ(i)
n (t) ≤ qtVn/Li−1, t > 0. (9.8)

DenoteKf = supy |f(y)|. Using the inequality | ∫ f(y)P (dy)−∫ f(y)Q(dy)| ≤
2Kf supA |P (A)−Q(A)|, which is true for any bounded real function f(·) and proba-

bility measures P (·), Q(·), and properties of ϕ(i)
n (·) we obtain the following relations:∣∣Ef(x(i)

n (t)
)− ∑

y∈Xi

ρ(i)
n (y)f(y)

∣∣ ≤ 2Kfϕ
(i)
n (t), t > 0;

∣∣E{(f(x(i)
n (u)

)− Ef
(
x(i)

n (u)
))(

f
(
x(i)

n (v)
)− Ef

(
x(i)

n (v)
))}∣∣

≤ 8Kfϕ
(i)
n (v − u), u < v.

(9.9)

Therefore, after some algebra we obtain

∣∣EGn(x, t)
∣∣ ≤ 2Kf

∫ t

0

ϕ(i)
n (u)du ≤ Cn(f) −→ 0,

VarGn(x, t) ≤ 16Kf

∫
0≤u≤v≤t

ϕ(i)
n (v − u) ≤ 8tCn(f) −→ 0,

where Cn(f) = 2Kfα
−1V −1

n (1 − e−αVnt), α = − ln q/Li. These relations imply
(9.7). Note that as the function Gn(x, t) is continuous in t uniformly in n, then (9.7)
holds uniformly in t in any bounded region.

Using (9.7) and condition A), we find that for any t > 0 uniformly in x ∈ Xi,

u ≤ t, An(u, x, i) P−−→ a0(i)u. Now, using a stepwise approximation, we can prove
that for any continuous function h(t),∫ t

0

h(u)bn
((
x(i)

n (u), i
)
, j
)
du−

∫ t

0

h(u)ân(i, j)du P−−→ 0, t > 0. (9.10)

It follows from the relations above that∣∣∣∣ ∫ t

0

exp
{−An(u, x, i)

}
bn
((
x(i)

n (u), i
)
, j
)
du−

∫ t

0

exp
{− a0(i)u

}
a0(i, j)du

∣∣∣∣
≤
∫ t

0

∣∣ exp
{−An

(
u, x, i

)}− exp
{− a0(i)u

}∣∣bn((x(i)
n (u), i

)
, j
)
du

+
∣∣∣∣ ∫ t

0

exp
{− a0(i)u

}(
bn
((
x(i)

n (u), i
)
, j
)− a0(i, j)

)
du
∣∣∣∣ P−−→ 0.
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As the function e−z is continuous and bounded in the region z ≥ 0 and relation (9.3)
holds, then the convergence in probability implies the convergence of expectations
and relation (9.5) is proved.

Relation (9.5) means that the distribution of the variable Tn2 − Tn1 given that
(Xn1, Zn1) = (x, i) weakly converges to the exponential distribution, and it does
not depend on state {x} and on the next transition of ζn(·). This implies the weak
convergence of finite dimensional distributions of ζn(·) to corresponding distributions
of an MP ζ0(·, i0) as follows from Theorem 8.3 in section 8.3 (see also [ANI 78]).
As ζ0(·, i0) almost surely has no simultaneous jumps, the weak convergence of finite
dimensional distributions also implies J-convergence and finally Theorem 9.1 is
proved.

9.3.2. Proof of Theorem 9.2

Consider the embedded MP (Xnk, Znk), k ≥ 1, introduced above. Denote
mn(x, i) = E[Tn2 − Tn1 | (Xn1, Zn1) = (x, i)]. Then

mn(x, i) = E
∫ ∞

0

u exp
{−An(u, x, i)

}
bn
(
x(i)

n (u), i
)
du, (9.11)

given that x(i)
n (0) = x. According to the conditions of Theorem 9.2, the tail of the inte-

gral in the domain {u > L} at ε < ci and large enough n can be approximated by the
value

∫∞
L
u exp{−(ci − ε)u}Cidu, which is small at large L. According to Theorem

9.1, the integral in the domain {u ≤ L} converges to
∫ L

0
u exp{−a0(i)u}a0(i)du.

Thus, the right-hand side in (9.11) converges to a0(i)−1.

Let x(i)
n (0) = x. As An(t, x, i) P−−→ a0(i)t and An(t, x, i) > (ci − ε)t at large

n and ε < ci, then, by adding and subtracting the term e−a0(i)tP(x(i)
n (t) = y), we

obtain that for any x ∈ Xi, δ > 0 uniformly in t ≥ δ,

Ee−An(t,x,i)χ
(
x(i)

n (t) = y
)− Ee−An(t,x,i)P

(
x(i)

n (t) = y
) −→ 0. (9.12)

Relation (9.9) implies that for any i ∈ Z, y ∈ Xi, uniformly in t ≥ δ,
P(x(i)

n (t) = y) − ρ
(i)
n (y) → 0. Denote τ̃n(t) = max{Tnk : Tnk < t} (τ̃n(t) is the

last time of jump of ζn(·) before t). Thus

P
((
xn(t), ζn(t)

)
= (y, i)

)
=
∑

x∈Xi

∫ t

0

P
(
τ̃n(t) ∈ du, xn

(
τ̃n(t) + 0

)
= x, ζn

(
τ̃n(t) + 0

)
= i
)

× Ee−An(t−u,x,i)χ
(
x(i)

n (t− u) = y
)
.

(9.13)
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Using relations (9.12), (9.13) we obtain after some algebra that as n→ ∞,

P
((
xn(t), ζn(t)

)
= (y, i)

)− P
(
ζn(t) = i

)
ρ(i)

n (y) −→ 0 (9.14)

uniformly in t ≥ δ. Consider the process (xn(t), ζn(t)), t ≥ 0. According to condition
(9.1) the states in Xi communicate (except possibly a number of transient states).
Correspondingly, if a0(i, j) > 0, then there exist states (x, i) and (y, j) such that
bn((x, i), (y, j)) > 0 at large enough n. This means, if the process ζ0(·) is ergodic,
then at large n the states of (xn(·), ζn(·)) communicate (except possibly a number of
transient states) and (xn(·), ζn(·)) is also ergodic (limiting probabilities exist but some
of them can be zeros). Denote by {πn(x, i), x ∈ Xi, i ∈ Z} and {Πn(i), i ∈ Z}
the stationary distributions of the embedded MP (Xnk, Znk) and component ζn(·),
respectively. From relation (9.14) it follows, as t→ ∞, that

ρn(y, i) − Πn(i)ρ(i)
n (y) −→ 0, i ∈ Z, y ∈ Xi. (9.15)

Let us find the limit of Πn(i) as n→ ∞. Denote

pn

(
(x, i), (y, j)

)
= P

((
Xn2, Zn2

)
= (y, j) | (Xn1, Zn1

)
= (x, i)

)
,

ân

(
i, (y, j)

)
=
∑

x∈Xi

ρ(i)
n (x)bn

(
(x, i), (y, j)

)
, j �= i.

(9.16)

Without loss of generality we may assume that the limits limn→∞ ân(i, (y, j)) =
a0(i, (y, j)) exist (otherwise we may assume the existence of partial limits and show
that the final result does not depend on the subsequence nk → ∞). Then, using the
representation similar to (9.6) and relation (9.10), we obtain that

lim
n→∞ pn

(
(x, i), (y, j)

)
= a0

(
i, (y, j)

)
/a0(i), (9.17)

where
∑

y∈Xj
a0(i, (y, j)) = a0(i, j). Consider an MP (Xk, Zk) with state space

(x, i), x ∈ Xi, i ∈ Z, and transition probabilities a0(i, (y, j))/a0(i) from state (x, i)
to (y, j). It is easy to see that component Zk forms an MP with transition proba-
bilities a0(i, j)/a0(i). This process is the embedded MP for ζ0(·) and is ergodic.
Denote by π̂0(i), i ∈ Z, its stationary distribution. It is easy to verify that the values
π0(x, i) =

∑
j �=i π̂0(j)a0(i, (x, j))/a0(i) are the stationary probabilities for (Xk, Zk)

and π̂0(i) =
∑

x∈Xi
π0(x, i). According to the ergodic theorem for semi-Markov

renewal processes, for any i ∈ Z,

Πn(i) =
∑
x∈X

πn(x, i)mn(x, i)

( ∑
x∈X, j∈Z

πn(x, j)mn(x, j)

)−1

, (9.18)

and, as n→ ∞,

Πn(i) −→ π̂0(i)a0(i)−1

(∑
j∈Z

π̂0(j)a0(j)−1

)−1

, i ∈ Z. (9.19)
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As we can see, the right-hand side in (9.19) is equal to Π0(i). Finally, from rela-
tions (9.15), (9.19) we obtain that ρn(x, i)→Π0(i)ρ

(i)
0 (x) and Theorem 9.2 is proved.

9.3.3. Proof of Theorem 9.3

If Eνn(x0, i0)2 < C, then MP (Xnk, Znk), k ≥ 1, is positive recurrent, the expec-
tation of the return time to state (x0, i0) for (xn(·), ζn(·)) is finite. Then, as at our
conditions the values mn(x, i) are uniformly bounded (see (9.18)), then component
ζn(·) is ergodic with stationary distribution Πn(i). According to Theorem 9.2, for
each state (x, i) transition probabilities and the expectation of a sojourn time con-
verge to a0(i, (y, j))/a0(i) (see (9.17)) and 1/a0(i), respectively. As νn(x0, i0) is
uniformly integrable, then Eνn(x0, i0) converges to the expectation of the return time
to state i0 for process ζ0(·) with the initial state i0, because we have the convergence
of the expectation of a sum of occupation times on any finite sequence of states of
(Xnk, Znk). Thus, Πn(i) → Π0(i), i ∈ Z. Together with (9.15) this proves the result
of Theorem 9.3.

9.4. Queueing systems with fast Markov type switching

In this section as the applications of Theorems 9.1, 9.2, 9.3 we consider averaging
in Markov queueing models with fast switching.

9.4.1. System MM,Q/MM,Q/1/N

9.4.1.1. Averaging of states of the environment

Consider a queueing system in a fast Markov environment. A system consists of
one server andN waiting places. Consider a general case, when the calls arrive accord-
ing to a state-dependent Poisson process with Markov switching and also at the times
of jumps of a switching MP. If the system is full, an arriving call is lost. Let x0(t),
t ≥ 0, be an ergodic MP with values in X = {x1, . . . , xr}. Denote by ρ(x), x ∈ X ,
its stationary distribution. Let b(x) be the exit rate from state x, x ∈ X . We define a
Markov environment with fast switching as follows: xn(t) = x0(Vnt), t ≥ 0, where
Vn is a scaling factor, Vn → ∞.

Denote by ϕ0(·) and ϕn(·) uniformly strong mixing coefficients for processes
x0(·) and xn(·), respectively. According to the ergodicity of x0(·), there exist q < 1
and L > 0 such that ϕ0(L) ≤ q. Then ϕn(L/Vn) = ϕ0(L) ≤ q, and condition (9.1)
holds.

Let {λ(x, i), μ(x, i), αA(x, i), αS(x, i), x ∈ X, i ≥ 0} be the non-negative func-
tions. Denote by Qn(t), t ≥ 0, the total number of calls in the system at time t.
The system is switched by the process (xn(t), Qn(t)) as follows: if (xn(t), Qn(t)) =
(x, i), then the local arrival rate is λ(x, i), and the local service rate is μ(x, i). More-
over, if at the time tnk of the kth jump of xn(t), (xn(tnk − 0), Qn(tnk − 0)) = (x, i),
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Proof. Let Tnk, k ≥ 1, be the times of sequential jumps of Qn(t). Put (Xnk, Znk) =
(xn(Tnk + 0), Qn(Tnk + 0)), k ≥ 1. Then (Xnk, Znk) is the embedded MP. Let
pn((x, i), (y, j)) be defined by (9.16). Denote v̂(i) = λ̂(i) + μ̂(i). As functions
λ(·), μ(·) are uniformly bounded, using Theorem 9.1 we can prove that pn((x, i),
(y, j)) → p0(i, (y, j)) uniformly in i ≥ 1, x ∈ X , where p0(i, (y, j)) = 0, as |i−j| >
1, and p0(i, (y, i + 1)) = ρ(y)λ(y, i)v̂(i)−1, p0(i, (y, i − 1)) = ρ(y)μ(y, i)v̂(i)−1,
and also uniformly in i ≥ 1, x ∈ X ,

E
[
Tn,k+1 − Tnk | (Xnk, Z̃nk

)
= (x, i)

] −→ v̂(i)−1,

E
[
Zn,k+1 − Znk | (Xnk, Znk

)
= (x, i)

] −→ (
λ̂(i) − μ̂(i)

)
v̂(i)−1.

(9.21)

This means that for some n0, (Xnk, Znk) is irreducible as n > n0. Also for some
ε > 0 the left-hand side in (9.21) at large enough n (i.e. n > n0) is no greater than
−ε as i > L. Then, according to the classic Foster criterion, at n > n0 the process
(X̃nm, Z̃nm) is positive recurrent. Consider a finite domain D = X × {0, . . . , L}
and denote by νn(x,L + 1,D) a return time to D for (X̃nm, Z̃nm) given that
(X̃n0, Z̃n0) = (x,L + 1). In the same way as it was done in Theorem 4.1 [ANI 01],
we can prove that for some α, 0 < α < 1, P(νn(x,L + 1,D) > k) ≤ αk, k > 1,
as n > n0. This implies uniformly in n > n0 the existence of the 2nd moment for
νn(x,L + 1,D) and for the return time to the domain (X, 0), respectively. Thus, our
result follows from Theorem 9.3.

EXAMPLE 9.3. Consider a system MM/MM/1/∞ which is switched by the fast MP
xn(t) = x0(Vnt) with values in X = {x1, . . . , xr}, where as xn(t) = x, the arrival
and service rates are λ(x) and μ(x), respectively. Let x0(t) be ergodic with stationary
distribution ρ(x), and λ(x) + μ(x) > 0, x ∈ X . Denote λ̂ =

∑
x∈X λ(x)ρ(x),

μ̂ =
∑

x∈X μ(x)ρ(x). Suppose that μ̂ > λ̂. Put g = λ̂/μ̂. Let Qn(0) = i0. Then
Statement 9.1 holds, where Q(·) is a Birth-and-Death process with constant birth and
death rates λ̂ and μ̂, Q(0) = i0, and ρn(x, i) → ρ(x)(1 − g)gi, x ∈ X , i ≥ 0.

Note that for this system the approximation of a stationary distribution can also be
obtained using matrix-analytic relations [NEU 81, NEU 89].

9.4.2. Batch system BMM,Q/BMM,Q/1/N

Consider the case of batch arrival and service. In general, batch systems even in
Markov case are very difficult for analytic study, because they do not belong to the
class of quasi-Birth-and-Death processes [NEU 81]. We keep all notations from sec-
tion 9.4.1.1 and suppose for simplicity that αA(·) ≡ 0, αS(·) ≡ 0. Let in addition the
families of non-negative integer random variables {ξ(x, i), η(x, i), x ∈ X, i ≥ 0},
be given. The system operates as follows: if (xn(t), Qn(t)) = (x, i), then with rate
λ(x, i) a batch of min(ξ(x, i), N + 1 − i) calls may enter the system, or with rate
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μ(x, i) a batch of min(η(x, i), i) calls may complete service and leave the system
(μ(x, 0) ≡ 0). Put

a+(x, i,m) = λ(x, i)P
(
ξ(x, i) = m

)
, a−(x, i,m) = μ(x, i)P

(
η(x, i) = m

)
,

â+(i,m) =
∑
x∈X

α+(x, i,m)ρ(x), â−(i,m) =
∑
x∈X

α−(x, i,m)ρ(x),

â+(i) =
∞∑

m=0

â+(i,m), â−(i) =
∞∑

m=0

â−(i,m), i ≥ 0, m ≥ 0,

and let ξ̂(i), η̂(i) be random variables such that P(ξ̂(i) = m) = â+(i,m)/â+(i),
P(η̂(i) = m) = â−(i,m)/â−(i), i ≥ 0, m ≥ 0.

Consider a state-dependent, approximating queueing system BMAPQ/BMQ/
1/N with averaged characteristics operating as follows. Denote by Q(t) the total
number of calls in the system at time t. If Q(t) = i, then with rate â+(i) a batch
of min(ξ̂(i), N + 1 − i) calls may enter the system, and with rate â−(i) a batch of
min(η̂(i), i) calls may complete service and leave the system.

STATEMENT 9.4. If process Q(·) is regular and Qn(0) = q0, then for any N ≤ ∞
the process Qn(·) J-converges in any finite interval [0, T ] to Q(·) (Q(0) = q0). If
N < ∞, λ(x, i) + μ(x, i) > 0, x ∈ X , i = 0, . . . , N + 1, and Q(·) is ergodic with
stationary distribution Π(i), then Qn(·) is also ergodic and

ρn(x, i) −→ ρ(x)Π(i), x ∈ X, i = 0, . . . , N + 1.

The proof follows from Theorem 9.1. Note that these results can easily be extended
to multiserver models.

9.4.3. System M/M/s/m with unreliable servers

Consider a system M/M/s/m with s identical servers. Assume that no more than
m calls can be in the system at one time. Suppose that each idle server is subject to
failure and after failure it is immediately taken for repair. Let failure and repair rates be
considerably smaller compared to arrival and service rates. More specifically, suppose
that the arrival flow is a Poisson flow with rate Vnλ, service time is exponential with
rate Vnμ (Vn → ∞). Each idle server may fail with rate κ, and each failed server has
a repair rate ν. If an arriving call sees m calls in the system, this call is lost. After
completion of service a call leaves the system.

This can be a realistic model for a hospital with a number of ambulances which
may serve calling patients. In this case patients arrive considerably more often com-
pared to the failures of ambulances.
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Denote by Qn(t) a number of calls in the system at time t and by Rn(t) a number
of failed servers. In this case Qn(·) is a fast process with transition rates depending
on the current value of Rn(·). Assume that s ≤ m. For each i = 0, . . . , s, denote by
x(i)(t) an auxiliary Birth-and-Death process with values in {0, 1, . . . ,m}, birth and
death rates in state k, λ and min(k, s − i)μ, respectively, and stationary distribution
ρ
(i)
k , k = 0, . . . ,m. Note that the values ρ(i)

k can be explicitly calculated (as i = s,

ρ
(s)
m = 1, ρ(s)

k = 0, k < m). Let R(t) be the approximating Birth-and-Death pro-
cess with values in {0, 1, . . . , s} and birth and death rates in state i, λ̂(i) and μ̂(i),
respectively, where

μ̂(i) = iν, i = 1, . . . , s,

λ̂(i) = κ

s−i−1∑
k=0

(s− i− k)ρ(i)
k , i = 0, . . . , s− 1.

Suppose that s <∞, m ≤ ∞, and Rn(0) = r0.

STATEMENT 9.5. If λμκν > 0, then for any m ≤ ∞, Rn(·) J-converges in any
finite interval [0, T ] to R(·), where R(0) = r0. If m < ∞, then the processes
R(·) and (Qn(·), Rn(·)) are both ergodic and for any k = 0, . . . ,m, i = 0, . . . , s,
ρn(k, i) → ρ

(i)
k Π(i), where ρn(k, i) and Π(i) are stationary distributions of (Qn(·),

Rn(·)) and R(·), respectively,

Proof. It is easy to calculate that the transition rates bn((k, i), (l, j)) from state (k, i)
to (l, j) for i = 0, . . . , s have the following form:

bn(·, ·) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Vnλ if j = i, l = k + 1, k = 0, . . . ,m− 1;

Vn min(k, s− i)μ if j = i, l = k − 1, k = 1, . . . ,m;

min(0, s− i− k)κ if j = i+ 1, l = k, k = 0, . . . ,m;

iν if j = i− 1, l = k, k = 0, . . . ,m;

and bn(·, ·) = 0 otherwise. Now Statement 9.5 follows from Theorems 9.1 and 9.2.

9.4.4. Priority model MQ/MQ/m/s,N

Consider the model with two types of priorities and different arrival and service
rates. Assume that there are m identical servers, s waiting places (buffer) for the 1st
priority calls (first type) and no more than N places for the second type calls. A flow
of first type calls is fast, and a flow of second type calls is slow. We may interpret, for
instance, the first type as the flow of internal tasks in a computer service system, and
the second type as an external flow of users to the system.
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Let the first type of flow be a Poisson flow with rate Vna, Vn → ∞, and service
rates for first type be Vnb. Denote by Q(j)

n (t) the total number of calls of type j in
the system at time t, where j = 1, 2. The system operates as follows: if a new first
type call enters the system, it either takes any idle server, if any, or it goes to one of
the servers, if any, which is occupied by the second type call and interrupts its service.
Otherwise, it goes to the queue of first type calls, or leaves the system, if all m servers
have first type calls on service and s calls of first type are waiting in the buffer. If
the first type call completes the service and there are waiting first type calls, then one
of these calls immediately goes for service. If the service of a second type call was
interrupted, then it goes back to the queue. If a server becomes idle and there are no
first type calls in the buffer, then one of second type calls from the queue (if any)
immediately goes for service. The arrival flow of second type calls is state-dependent
and constructed as follows: if at time t, Q(2)

n (t) = i and there are k idle servers, then
the local arrival rate for second type calls is λ(k, i), i = 0, . . . , N − 1, (λ(k,N) ≡ 0,
k = 0, . . . ,m), so there cannot be more than N of the second type calls in the system.
At this time the service rate for each second type call on service is μ(i). All calls after
completion of service leave the system.

Let x0(t), t ≥ 0, be a Birth-and-Death process with values in {0, . . . ,m + s}
and birth and death rates ak = a and bk = min{k,m}b, respectively. Let gk,
k = 0, . . . ,m+ s, be its stationary distribution (it can be calculated in a closed form).
Put ρk = gm−k, k = 1, . . . ,m, ρ0 =

∑m+s
l=m ρl,

λ̂(i) =
m∑

k=0

λ(k, i)ρk, i = 0, . . . , N − 1,

μ̂(i) = μ(i)
min{i,m}∑

k=1

kρk, i = 1, . . . , N.

Consider an approximating Birth-and-Death process Q(t) with values in {0, . . . ,
N} and birth and death rates λ̂(i) and μ̂(i), respectively.

STATEMENT 9.6. If a > 0, b > 0, Q(·) is regular and Q(2)
n (0) = q0, then for any

N ≤ ∞, processQ(2)
n (·) J-converges in any finite interval [0, T ] toQ(·) (Q(0) = q0).

If N < ∞, λ(l, i) + μ(i) > 0, l = 0, . . . ,m, i = 0, . . . , N , and Q(·) is ergodic with

stationary distribution Π(i), i = 0, . . . , N , then Q(2)
n (·) is also ergodic and for any

k = 0, . . . ,m+ s, i = 0, . . . , N ,

lim
n→∞ lim

t→∞P
(
Q(1)

n (t) = k, Q(2)
n (t) = i

)
= gkΠ(i).

Proof. Consider MP (Q(1)
n (t), Q(2)

n (t)), t ≥ 0. As first type calls have the absolute
priority, then Q(1)

n (·) is a Birth-and-Death process with fast switching and it forms a
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fast Markov environment for Q(2)
n (·). Transition rates bn((k, i), (l, j)) have the fol-

lowing form:

bn(·, ·) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Vna, if j = i, l = k + 1; i = 0, . . . , N,

k = 0, . . . ,m+ s− 1;

Vnbk if j = i, l = k − 1; i = 0, . . . , N,

k = 1, . . . ,m+ s;

λ(min(0,m− k), i) if j = i+ 1, l = k; i = 0, . . . , N − 1,

k = 0, . . . ,m+ s;

min(m− k, i)μ(i) if j = i− 1, l = k; i = 1, . . . , N,

k = 0, . . . ,m+ s,

and bn(·, ·) = 0 otherwise. Then Statement 9.6 follows from Theorems 9.1 and 9.2.

To this end, note that the approach suggested provides us with the opportunity to
approximate various functionals of queueing processes. In particular, as a hitting time
to a domain for a process with discrete state space is a continuous functional con-
cerning J-convergence, we can easily prove the following result related to the models
considered above. Denote by Hn(i) a busy period for Qn(·) given that Qn(0) = i.
Let H(i) be a busy period for the approximated system Q(·). Suppose that N < ∞.
If Qn(·) J-converges to Q(·) in any interval [0, T ] and H(i) is a proper random vari-
able (for instance, all states of Q(·) communicate), then for any i, Hn(i) converges in
distribution to H(i) and also EHn(i) → EH(i).

A separate and interesting problem is to find an error of approximation. For general
models it is still an open question. If xn(t) = x0(Vnt), where x0(t) is a finite ergodic
MP, and a Markov queueing system is also finite, it is possible to prove using the
results of [ANI 88] that for any t > 0, P(Qn(t) = j) − P(Q(t) = j) = O(1/Vn),
and the error in the approximation of the stationary distribution is also O(1/Vn).

9.5. Non-homogenous in time queueing models

To show wide possibilities of applications of these results let us consider the
asymptotic behavior of non-homogenous in time Markov queueing systems with fast
Markov type switching for the cases when a switching MP is either ergodic or allows
the asymptotic aggregation of the state space. These results are of a different type from
those considered in Chapter 4, as we do not normalize the queueing process Q(t) and
consider it in a usual scale of time, but we assume that switching is very fast and in
each finite interval [a, b] the number of switches tends to infinity as n→ ∞.
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9.5.1. System MM,Q,t/MM,Q,t/s/m with fast switching – averaging of states

Let the families of continuous in argument t, non-negative functions {a(i, l, t, q),
λ(i, t, q), μ(i, t, q), i, l ∈ X, i �= l, q ∈ {0, 1, 2, . . .}} be given, where X = {1,
2, . . . , r} is a finite set. The system consists of s identical servers and m waiting
places. Denote by xn(t) a fast non-homogenous in time Markov type environment for
the system with transitions also depending on the value of the queue. Let us describe
the evolution of the system and the environment.

Calls enter the system one at a time. If at the time t the total number of calls
in the system is Q, and xn(t) = i, then the instantaneous input rate is λ(i, t, Q), the
instantaneous service rate for any busy server is μ(i, t, Q) and process xn(t) may jump
from state i to state l with rate na(i, l, t, Q). After completion of service the call leaves
the system. This means that process xn(t) has asymptotically fast transitions and we
also assume that the states of xn(t) communicate at each t and Q in the following
sense. Consider for each fixed (v, q) an auxiliary homogenous MP x(t, v, q), t ≥ 0,
with values in X given by the transition rates {a(i, l, v, q), i, l ∈ X, i �= l}. Let
ϕ(u, v, q) be its uniformly strong mixing coefficient in the interval [0, u]:

ϕ(u, v, q) = max
i1,i2∈X, A⊂X

∣∣P{x(u, v, q) ∈ A | x(0, v, q) = i1
}

− P
{
x(u, v, q) ∈ A | x(0, v, q) = i2

}∣∣.
Suppose that there exists d, 0 ≤ d < 1, and for any T > 0 there exists a value

r(T ) > 0 such that for any v ≤ T and any q ≥ 0,

ϕ(r(T ), v, q) ≤ d. (9.22)

This condition implies that given Q, process xn(t) is a quasi-ergodic process (see
section 3.3). Denote by {π(i, v, q), i ∈ X} the stationary distribution of the process
x(t, v, q), t ≥ 0, and put

λ̂(t, q) =
∑
i∈X

λ(i, t, q)π(i, t, q), μ̂(t, q) =
∑
i∈X

μ(i, t, q)π(i, t, q). (9.23)

Also denote by Qn(t) the total number of calls in the system at the time t.

LetMQ,t/MQ,t/s/m be the approximating state-dependent queueing system with
the local input and service rates at time t, λ̂(t,Q) and μ̂(t,Q), respectively, given that
Q(t) = Q. Suppose that process Q(t) is regular.

STATEMENT 9.7. If Qn(0) w=⇒ Q0, then with the assumption above, process Qn(t)
J-converges in each finite interval to the process Q(t) with Q(0) = Q0.
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This means that the queueing process in the initial system is approximated by the
queueing process in the system with input and service rates that are averaged by a
quasi-stationary distribution.

Proof. We consider a two-component MP (xn(t), Qn(t)) and describe it as an SP. In
this case the componentQn(·) plays the role of a slow environment, xn(·) is a process
of Markov type with fast switching and it is quasi-ergodic at any fixed value of Qn(·).
Therefore, the proof follows directly from Theorem 9.1 under the natural modification
accounting for non-homogenity in time.

9.5.2. System MM,Q/MM,Q/s/m with fast switching – aggregation of states

Now we consider the previous system in the case when process xn(·) allows an
asymptotic aggregation of state space. Consider for transparency a homogenous case
and assume that the transition rates of the environment do not depend on the values of
the queue.

Let for each n > 0, xn(t), t ≥ 0, be a fast homogenous MP with state space
X = {1, 2, . . . , r}, given by the family of transition rates {nan(i, l), i, l ∈ X, i �= l}.
Also let the family of non-negative values {λ(i, q), μ(i, q), i ∈ X, q ≥ 0} be given.
Process xn(·) forms a switching environment: if xn(t) = i and Qn(t) = Q, then the
instantaneous input rate is λ(i, Q) and the instantaneous service rate for each busy
server is μ(i, Q). We assume that xn(t) satisfies the conditions of asymptotic aggre-
gation of state space (8.18) and (8.19) in section 8.2.3 with ε = 1/n. Assume that
for any y ∈ Y an MP x(y)(t), defined by transition rates a0(i, j) in the region Xy is
irreducible. Denote by π(y)(i), i ∈ Xy , its stationary distribution given by (8.20) and
put

âjm =
∑
i∈Xj

π(j)(i)
∑

l∈Xm

bil, j �= m.

Let y(t, y0) be an MP with values in Y , transition rates âjm and initial state y0.
Denote by K(xn(t)) the aggregated process where K(·) is a map from X to Y :
K(i) = y if i ∈ Xy . Put

λ̂(j, q) =
∑
i∈Xj

λ(i, q)π(j)(i), μ̂(j, q) =
∑
i∈Xj

μ(i, q)π(j)(i).

Denote by Qn(t) the total number of calls in the system at time t.

Let MM/MM/s/m be the approximating queueing system switched by process
y(·): if y(t) = j and Q(t) = Q, then the input rate is λ̂(j,Q) and the service rate for
each busy server is μ̂(j,Q). Suppose that process Q(t) is regular.

STATEMENT 9.8. Assume that xn(0) ∈ Xy0 and Qn(0) w=⇒ Q0. Then under our
assumptions process (K(xn(t)), Qn(t)) J-converges in each finite interval to process
(y(t, y0), Q(t)) with Q(0) = Q0.
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The proof uses the representation of the process (K(xn(t)), Qn(t)) as an SP where
the switching times are the times of transitions between regions Xj . The approxima-
tion of the queueing process in each region by the queueing process with averaged
characteristics follows directly from Theorem 9.1 (see also Statement 9.7). Conver-
gence of the aggregated process K(xn(t)) to an MP y(t, y0) follows from Theorem
8.8, and finally the convergence of a two-component process (K(xn(t)), Qn(t)) to
(y(t, y0), Q(t)) follows from Theorem 8.3.

Note that in this case the limiting queueing system is operating in the Markov
environment with aggregated space state and averaging of local characteristics is made
in each asymptotically connected region.

9.6. Numerical examples

Consider a system M/M/s/m with unreliable servers investigated in section
9.4.3. Put m = s = 2. This system has 9 states (k, i), k, i = 0, 1, 2. In the two
tables below the reader can see the results of exact and approximate calculations of
stationary probabilities and macro-state probabilities (for the componentQ(·)) for two
different cases:

1) the ratio λ/κ = 200 (Vn = 200);

2) the ratio λ/κ = 50 (Vn = 50).

Column “E” shows the exact values of stationary probabilities; “A” - shows approx-
imate results using the method suggested above in this section; “C” - shows approx-
imate results using the method suggested in [COU 77]; ε(E,A) and ε(C,A) show the
differences between column “E” and columns “A” and “C”, respectively.

The tables show that in the first case (Vn = 200) the error of approximation is
much less, and also column “A” provides in general better results comparatively to
column “C”. This illustrates the effectiveness of the proposed approach compared to
the well-known Courtois method.

State E A C ε(E,A) ε(E,C)
(0,0) 0.1791 0.1795 0.1801 -0.0004 -0.001
(2,0) 0.0627 0.0623 0.0615 0.0004 0.0012
(0) 0.3917 0.3913 0.3893 0.0004 0.0024

(1,1) 0.1675 0.1677 0.1662 -0.0002 0.0013
(2,1) 0.1398 0.1397 0.1362 0.0001 0.0035
(1) 0.5080 0.5086 0.5079 -0.0006 -0.0001

(2,2) 0.0984 0.1006 0.095 -0.0022 0.0034
(2) 0.1004 0.1006 0.1028 -0.0002 -0.0024

Table 9.1. λ = 200, μ = 240, κ = ν = 1
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State E A C ε(E,A) ε(E,C)
(0,0) 0.1780 0.1795 0.1801 -0.0015 -0.0001
(2,0) 0.0641 0.0623 0.0615 0.0018 0.0026
(0) 0.3931 0.3913 0.3893 0.0018 0.0038

(1,1) 0.1671 0.1677 0.1662 -0.0006 0.0009
(2,1) 0.1400 0.1397 0.1362 0.0003 0.0038
(1) 0.5070 0.5086 0.5079 -0.0016 -0.0009

(2,2) 0.0924 0.1006 0.095 -0.0082 0.0026
(2) 0.0999 0.1006 0.1028 -0.0007 -0.0029

Table 9.2. λ = 50, μ = 60, κ = ν = 1
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Chapter 10

Aggregation in Markov Models with Fast
Semi-Markov Switching

This chapter extends in some sense the results of Chapter 9 (see also [ANI 02])
to semi-Markov models. We study in a triangular scheme the convergence in a finite
interval (transient behavior) of a piece-wise MP ζn(·) with local rates depending on
a fast SMP xn(·) (fast semi-Markov switching). First, we suppose that xn(·) satis-
fies the asymptotic mixing property. Then ζn(·) in each finite interval weakly con-
verges in Skorokhod space (J-converges) to an MP with transition rates averaged
by the stationary measure of xn(·). The convergence of a stationary distribution for
(xn(·), ζn(·)) is studied as well. Note that these results differ from the results of Chap-
ters 4 and 5 as we do not normalize processes ζn(·) and Qn(·) and understand aver-
aging principle in the sense of the convergence to the limiting process with average
transition characteristics. Related in some sense results on averaging of dynamic sys-
tems with fast Markov switching using a martingale technique are considered in the
books [ETH 86, KUS 90, SKO 89]. Some results on averaging of dynamic systems
with fast semi-Markov switches using asymptotic methods for SP are obtained in
[ANI 92, ANI 95].

The next step in the investigation is when SMP xn(·) satisfies the conditions of
the asymptotic aggregation (see section 8.4), so that the state space can be divided
in the disjoint domains with small transition probabilities between them. Consider
the aggregated process K(xn(·)) defined on the domains. Then the conditions of the
convergence in Skorokhod spaceDT of the pair (K(xn(·)), ζn(·)) to a two-component
MP (y0(·), ζ0(·)) with averaged transition rates are studied, where y0(·) is the limiting
aggregated MP, and ζ0(·) is an MP switched by y0(·). The method of investigation
in this chapter uses the results on the convergence of SPs developed in sections 8.3

291
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and 8.4.1 (see also [ANI 77, ANI 78]). Note that the aggregation models for queueing
systems in light and heavy traffic conditions are studied also in [ANI 98, ANI 00].

The results obtained show that under quite general assumptions an MP in a fast
semi-Markov environment can be approximated by an MP or an MP in a Markov
environment with the aggregated state space and the averaged transition rates. This
approach gives the possibility to reduce the dimension and the complexity of the initial
model. These results are illustrated on the example of a state dependent queueing
model MSM,Q/MSM,Q/1/N with fast semi-Markov switching.

10.1. Markov processes with fast semi-Markov switches

In this section we study two types of limit theorems for Markov processes with
semi-Markov switching (MPSMS). Let characteristics of the process depend on a
scaling factor n, n→ ∞. Suppose that xn(·) is an SMP with stands for the switching
environment. Assume that at given xn(t) = x the process ζnk(·, x, z) is a stepwise
MP and the sojourn times in states of an SMP xn(·) are asymptotically small (fast
switching). First, we study the case when the embedded MP for xn(·) satisfies an
asymptotically strong mixing condition. In this case all states of xn(·) can be asymp-
totically averaged and the component ζn(·) converges on each finite interval [0, T ] to
an MP with averaged rates. An approximation of a stationary distribution is studied as
well. In the second case the embedded MP satisfies the conditions of the asymptotic
aggregation of state space (state space can be divided in disjoint domains with small
transition probabilities between them). Then ζn(·) converges to an MP switched by a
new MP, which is a weak limit of the aggregated process constructed on the domains
(limiting aggregated process).

10.1.1. Averaging of a semi-Markov environment

Let the families of non-negative functions {an(x, i, j), i, j ∈ Z, i �= j, x ∈ X},
an SMP xn(t), t ≥ 0, with values in X , the family of non-negative functions
{cn(x, i, j), i, j ∈ Z, i �= j, x ∈ X}, and the initial value (xn0, in0) be given.
Assume that Z is a discrete set, Z = {0, 1, . . .}. Let (xn(·, xn0), ζn(·, in0)), t ≥ 0,
be an MPSMS constructed by the introduced families in the following way: xn(0, xn0)
= xn0, ζn(0, in0) = in0. In the interval where xn(t) = x, process ζn(·, in0) operates
as an MP with transition rates an(x, i, j). Furthermore, denote by tnk, k ≥ 0, the
times of sequential jumps of xn(·). If at time tnk, xn(tnk − 0) = x, ζn(tnk − 0, in0)
= i, then process ζn(·, in0) can make a transition to state j with probability
cn(x, i, j)/Vn, j ∈ Z, j �= i, or remain in state i with probability 1 − cn(x, i)/Vn,
where cn(x, i) =

∑
j �=i cn(x, i, j), and Vn → ∞ is a normalizing factor.

Introduce for convenience a family of random variables {γnk(x, i), x∈X, i∈Z},
such that P(γnk(x, i) = j − i) = cn(x, i, j)/Vn, j ∈ Z, j �= i, and P(γnk(x, i) = 0)
= 1 − cn(x, i)/Vn. By definition, we can say that if at time tnk, xn(tnk − 0) = x,
ζn(tnk − 0, in0) = i, then process ζn(·, in0) may have a jump of size γnk(x, i).
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Put an(x, i) =
∑

j∈Z, j �=i an(x, i, j). Let xnk, k ≥ 0, be the embedded MP, and
θn(x) be the sojourn time in state x for SMP xn(·). Suppose that the variables θn(x)
are of the order O(1/Vn). Denote θ̃n(x) = Vnθn(x), x ∈ X . Suppose that for any
n > 0, i ∈ Z,

sup
x∈X

an(x, i) ≤ C
(1)
i <∞,

sup
x∈X

∑
l �=i

an(x, i, l)an(x, l) ≤ C
(2)
i <∞,

(10.1)

sup
x∈X

cn(x, i) ≤ C
(3)
i <∞. (10.2)

First, we study AP for the switched component ζn(·). Introduce as in previous
chapters a uniformly strong mixing coefficient for an MP xnk:

ϕn(k) = sup
x,y∈X, A∈BX

∣∣P{xnk ∈ A | xn0 = x
}

− P
{
xnk ∈ A | xn0 = y

}∣∣, k > 0.
(10.3)

Let there exist a sequence rn such that for some q, 0 ≤ q < 1,

ϕn

(
rn
) ≤ q, n > 0, and rn/Vn → 0. (10.4)

Given condition (10.4), MP xnk at each n > 0 has a stationary measure πn(C),
C ∈ BX . Denote

mn(x) = Eθ̃n(x), m̂n =
∫

X

mn(x)πn(dx), (10.5)

ân(i, j) =
∫

X

an(x, i, j)mn(x)πn(dx), ân(i) =
∑

j∈Z,j �=i

ân(i, j),

ĉn(i, j) =
∫

X

cn(x, i, j)πn(dx), ĉn(i) =
∑

j∈Z, j �=i

ĉn(i, j).
(10.6)

Suppose that as n→ ∞ the following condition holds:

A) there exist values a0(i, j), a0(i), c0(i, j), c0(i), i, j ∈ Z, j �= i, and a value
m > 0, such that m̂n → m, and for any i, j ∈ Z, i �= j,

ân(i, j) −→ a0(i, j), ân(i) −→ a0(i), ĉn(i, j) −→ c0(i, j), ĉn(i) −→ c0(i),

a0(i) =
∑
j �=i

a0(i, j), c0(i) =
∑
j �=i

c0(i, j).



294 Switching Processes in Queueing Models

Denote λ(i) = m−1(a0(i) + c0(i)), and let ξ(i) be a random variable such that

P
(
ξ(i) = j

)
=
(
a0(i) + c0(i)

)−1(
a0(i, j) + c0(i, j)

)
, i, j ∈ Z, j �= i.

Let ζ0(t, i0), t ≥ 0, be an MP in Z with the exit rate λ(i) in state {i}, the size
of a jump ξ(i), and with the initial state i0. This means, ζ0(·, i0) has transition rates
λ(i, j) = m−1(a0(i, j) + c0(i, j)), j �= i.

THEOREM 10.1. Let ζ0(·, i0) be regular, conditions A), (10.1), (10.4) hold, in0
w=⇒ i0,

and

lim
L→∞

lim sup
n→∞

sup
x

Eθ̃n(x)χ
(
θ̃n(x) > L

)
= 0. (10.7)

Then for any xn0 ∈ X , T > 0, process ζn(·, in0) J-converges in [0, T ] to an MP
ζ0(·, i0).

Proof. First let us represent process (xn(·, xn0), ζn(·, in0)) as an SP. To do this
we need to choose a sequence of switching times, a switching component and the
elementary processes ζnk(·, x, in0). For convenience we separate the jumps of ζn(·)
into two different processes: the jumps of ζn(·) in the intervals between the times tnk

of jumps of xn(·), and the jumps at times tnk. Take k = 1, denote for simplicity
(xn0, in0) = (x0, i0) and suppose that (x0, i0) is non-random. Let ξn(t, x0, i0) be an
MPSMS with the initial state i0 constructed on the trajectory of xn(·, x0) by rates
an(x, i, j) without additional jumps at times tnk. Denote by Ωn(x0, i0) the time of
the first jump of ξn(·, x0, i0) and put Ω̃n(x0, i0) = min{tnl : tnl > Ωn(x0, i0)}.
Thus, this is the time of the next jump of SMP xn(·) after time Ωn(x0, i0). Let
{Σn(t, x0, i0), t ≥ 0} be another process constructed on xn(·, x0) as follows.
Put νn = min{tnl : tnl > 0, γnl(xnl, i0) �= 0}. Then Σn(t, x0, i0) = i0,
0 ≤ t < tn,νn

, and if at time tn,νn
, xn,νn

= y, then Σn(·, x0, i0) can make a
jump of the size j − i0 with probability cn(y, i0, j)/cn(y, i0). After the jump it
operates in the same manner until the next time when the variable γnk(xnk, ·) �= 0.
Denote τn1(x0, i0) = min{Ω̃n(x0, i0), tn,νn

}. It is clear that τn1(x0, i0) is a
Markov time for (xn(·, x0), ζn(·, i0)). Now we choose the interval [0, τn1(x0, i0))
as the first switching interval for (xn(·, x0), ζn(·, i0)). The elementary process
ζn1(t, i0) in [0, τn1(x0, i0)) is constructed as follows: ζn1(t, i0) = ξn(t, x0, i0),
0 ≤ t ≤ τn1(x0, i0), given that Ω̃n(x0, i0) < tn,νn

, and ζn1(t, i0) = Σn(t, x0, i0),
0 ≤ t ≤ τn1(x0, i0), given that Ω̃n(x0, i0) ≥ tn,νn

.

The value (x1, i1) = (xn(τn1(x0, i0), x0), ζn(τn1(x0, i0) + 0, i0)) is a starting
point for the process (xn(·, x0), ζn(·, i0)) in the next switching interval, and so on.
Then we can represent (xn(t, x0), ζn(t, i0)) as an SP (κn(t), (xn(t, x0), ζn(t, i0)),
where the component κn(t) = (x0, i0), 0 ≤ t < τn1(x0, i0)), κn(t) = (x1, i1) on the
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next switching interval, and so on, and the variable β(·) in the definition of an SP in
(1.3), section 1.2.1 has the form: βn1(x0, i0) = (xn(τn1(x0, i0), x0), ζn(τn1(x0, i0)+
0, i0)) (the starting value in the next switching interval).

As asymptotically the states of xn(·) are averaging, we consider a map K:
K(x, i) = i, x ∈ X , and use Theorem 8.3, section 8.3. According to this theorem we
need to prove the convergence of finite-dimensional distributions of ζn1(·, in0) jointly
with the time of the first jump τn1(x0, i0) and the value K(βn1(x0, i0)). Note that
the interval (Ωn(x0, i0), Ω̃n(x0, i0)) is asymptotically small, so with a probability
close to one there are no additional jumps of ξn(t, x0, i0) in this interval. This means
that the starting point in the next switching interval is asymptotically determined
either by the first jump of ξn(·, x0, i0) (according to transitions governed by the rates
an(x0, i0, j)), or by the first jump of Σn(·, x0, i0).

As for any t < τn1(x0, i0), ζn1(t, x0, i0) ≈ i0, then actually we need to prove
only the convergence of the joint distribution of τn1(x0, i0) and K(βn1(x0, i0)). This
is the advantage of the use of Theorem 8.3. It is also possible to use the general results
of Ethier and Kurtz [ETH 86, pp. 225–238], on the convergence to MPs. However,
in our case the initial process is non-Markov, and in this way we will meet the same
difficulties as when proving the convergence of transition probabilities of ζn(t, i0) in
any interval [s, u]. Therefore, it is easier to check the conditions of Theorem 8.3.

Given that xn(0) = x0, denote An(t, x0, i0) =
∫ t

0
an(xn(u), i0)du. Let Pn(x,m,

j, u) be the probability that at fixed x an MP with transition rates an(x, i, s) and the
initial state m will reach the state j at time u. For any θ > 0, j �= i0, we have a
representation:

E exp
{− θτn1

(
x0, i0

)}
χ
(
K
(
βn1

(
x0, i0

))
= j

)
=

∞∑
k=0

E
∫ tn,k+1

tnk

exp
{− θtn,k+1 −An

(
t, x0, i0

)} k+1∏
l=0

(
1 − cn

(
xnl, i0

)
/Vn

)
×
∑
m∈Z

an

(
xnk, i0,m

)
Pn

(
xnk,m, j, tn,k+1 − t

)
dt

+
∞∑

k=0

E exp
{− θtn,k+1 −An

(
tn,k+1, x0, i0

)}
×

k∏
l=1

(
1 − cn(xnl, i0

)
/Vn

)
cn
(
xn,k+1, i0, j

)
/Vn = Σn(1) + Σn(2).

(10.8)

Note that at m �= j,

Pn(x,m, j, u) ≤ P
(
at least one jump exists in [0, u]

) ≤ 1 − e−an(x,m)u.
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Correspondingly, 1−Pn(x, j, j, u) ≤ 1−e−an(x,j)u. As tn,k+1−tnk = θn(xnk) =
θ̃n(xnk)/Vn, then, using the inequality 1 − e−α ≤ α as α ≥ 0, it is not difficult to
prove that for any a > 0, L > 0,

E
∫ θn(x)

0

(
1 − e−au

)
du ≤ aL2

2V 2
n

+
1
Vn

Eθ̃n(x)χ
(
θ̃n(x) > L

)
. (10.9)

Using (10.1), (10.2), (10.9) and the relations above, we obtain that for any x,

E
∫ tn,k+1

tnk

∑
m∈Z

an

(
x, i0,m

)∣∣Pn

(
x,m, j, tn,k+1 − t

)− an

(
x, i0, j

)∣∣ dt
≤ E

∫ θn(x)

0

(
an

(
x, i0, j

)(
1 − e−an(x,j)u

)
+
∑
m�=j

an

(
x, i0,m

)
Pn

(
x,m, j, θn(x) − u

))
du

≤ C
(2)
i0
L2

2V 2
n

+
C

(1)
i0

Vn
Eθ̃n(x)χ

(
θ̃n(x) > L

)
.

(10.10)

Denote

Σ̃n(1) =
∞∑

k=0

E
∫ tn,k+1

tnk

exp
{− θt−An

(
t, x0, i0

)}
an

(
xnk, i0, j

)
dt

×
k+1∏
l=0

(
1 − cn

(
xnl, i0

)
/Vn

)
.

(10.11)

Using relations (10.9), (10.10), we obtain after some algebra that for any fixed
θ > 0,∣∣Σn(1) − Σ̃n(1)

∣∣
≤
(
C1L

2

V 2
n

+
C2

Vn
sup

x
Eθ̃n(x)χ

(
θ̃n(x) > L

)) ∞∑
k=0

E exp
{− θtnk

}
,

(10.12)

where C1, C2 are some constants. Let θnl(x), l ≥ 0, be jointly independent variables
having the same distribution as θn(x). Then tnk =

∑k−1
l=0 θnl(xnl), and

∞∑
k=0

Ee−θtnk ≤
∞∑

k=0

(
max
x∈X

E exp
{− θθn(x)

})k

=
(

1 − max
x∈X

E exp
{− θθn(x)

})−1

= O
(
Vn

)
,

(10.13)
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as for any x ∈ X , E exp{−θθn(x)} = 1 − θV −1
n m(x) + o(V −1

n ). Relations (10.7),
(10.12), (10.13) imply Σn(1) − Σ̃n(1) → 0.

To find the limits of values Σ̃n(1) and Σn(2) we prove first an auxiliary lemma.

LEMMA 10.1. If (10.4), (10.7) hold, then for any bounded measurable function f(x),
x ∈ X , ∫ t

0

f
(
xn(u)

)
du− tf̂n/m̂n

P−−→ 0, t ≥ 0, (10.14)

where f̂n =
∫

X
f(x)mn(x)πn(dx).

Proof. Denote νn(t) = min{k : k ≥ 0, tn,k+1 > t}. Let {θ̃nk(x), x ∈ X}, k ≥ 1,
be the jointly independent in k families such that θ̃nk(x) has the same distribution as
θ̃n(x). Then∫ t

0

f
(
xn(u)

)
du− tf̂n/m̂n = V −1

n

νn(t)∑
k=1

(
f
(
xnk

)− f̂n/m̂n

)
θ̃nk

(
xnk

)
+
(
f
(
xn,νn(t)

)− f̂n/m̂n

)(
t− tn,νn(t)

)
,

(10.15)

where
∑0

1 = 0. First we prove that the 1st term in the right-hand side of (10.15) tends
in probability to 0. Put

snj = V −1
n

j∑
k=1

(
f
(
xnk

)− f̂n/m̂n

)
θ̃nk

(
xnk

)
, hnj = V −1

n

j∑
k=1

θ̃nk

(
xnk

)
.

Consider the auxiliary processes: sn(u) = snj , hn(u) = hnj , as V −1
n j ≤ u <

V −1
n (j + 1). Denote μn(t) = inf{u : u > 0, hn(u) ≥ t}. By the construction,

μn(t) = V −1
n (νn(t) + 1). First, let us prove that μn(t) − tm−1 P−−→ 0. Using (10.7)

we obtain:

Ee−θhn(u) = E
[Vnu]∏
k=0

E
[
e−θV −1

n θ̃nk(xnk) | xnk

]

= E
[Vnu]∏
k=0

(
1 − θmn

(
xnk

)
/Vn + onk

(
1/Vn

))

≈ E exp

{
− θV −1

n

[Vnu]∑
k=0

mn

(
xnk

)}
.

(10.16)

Here [a] means the integer value of a, and Vn maxk≤[nu] |onk(1/Vn)| → 0.
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According to properties of ϕn(·) (for instance see [BIL 68, ANI 88]), we have:
|P(xnk ∈ A) − πn(A)| ≤ ϕn(k), and (10.4) implies that ϕn(k) ≤ q[k/rn]. Using the
known inequality: for any probability measures P (A), Q(A)∣∣∣∣ ∫

X

f(x)P (dx) −
∫

X

f(x)Q(dx)
∣∣∣∣ ≤ 2 sup

x

∣∣f(x)
∣∣ sup

A

∣∣P (A) −Q(A)
∣∣,

we obtain the following inequalities, where Cn = supxmn(x). For k < j,∣∣Emn

(
xnk

)− Emn

(
xnj

)∣∣ ≤ 2Cnϕn(j − k);∣∣Emn

(
xnk

)− m̂n

∣∣ ≤ 2Cnϕn(k),∣∣E(mn

(
xnk

)− m̂n

)(
mn

(
xnj

)− m̂n

)∣∣ ≤ 8C2
nϕn(j − k) + 4C2

nϕn(k)ϕn(j).

Relation (10.7) implies that supxmn(x) ≤ C <∞. Thus, (10.4) implies:

E

(
V −1

n

[Vnu]∑
k=0

(
mn

(
xnk

)− m̂n

))2

≤ 8V −2
n

[Vnu]∑
k=1

E
(
mn

(
xnk

)− m̂n

)2 + 4C2
∑

1≤k<j≤[Vnu]

q[k/Vn]q[j/Vn]

≤ 8C(1 − q)−1V −2
n

[
Vnu

]
rn + 4C2V −2

n r2n −→ 0.

This means that for any u > 0, hn(u) P−−→ mu. As hn(u) monotonically
increases, then hn(u) converges in probability to mu uniformly in any finite interval,

and μn(t) converges in probability to t/m. In particular, V −1
n νn(t) P−−→ t/m, and

V −1
n (νn(t) + 1) P−−→ t/m. This implies that V −1

n θ̃n,νn(t)+1(xn,νn(t)+1)
P−−→ 0, and

also V −1
n (t− tn,νn(t))

P−−→ 0. Now from (10.15) we see that the asymptotic behavior
of the left-hand side of (10.14) and of the 1st term in the right-hand side of (10.15)

is the same. In a similar way we prove that sn(u) P−−→ 0, uniformly in any interval
[0, T ]. Using the results on the convergence of a superposition of random functions

[BIL 68], we obtain that sn(μn(t)) P−−→ 0. Finally this implies (10.14) and proves
Lemma 10.1.

Now we return to the proof of Theorem 10.1. It follows from Lemma 10.1 that

An(t, xn0, in0) − tân(in0)m̂−1
n

P−−→ 0. Taking into account that the function e−z is
continuous and bounded in the domain {z ≥ 0} and cn(·) satisfy condition (10.1), we
obtain:

E
[Vnu]∏
k=1

(
1 − cn

(
xnk, in0

)
/Vn

) ≈ E exp

{
− V −1

n

[Vnu]∑
k=1

cn
(
xnk, in0

)}
≈ exp

{− uĉn
(
in0

)}
,
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E
∏

tnk≤t

(
1 − cn

(
xnk, in0

)
/Vn

) ≈ E exp
{− V −1

n

νn(t)∑
k=1

cn
(
xnk, in0

)}
≈ exp

{− uĉn
(
in0

)
m̂−1

n

}
,

where ĉn(i) are defined in (10.6). Consider Σ̃n(1) in (10.11). First we note that
Σ̃n(1) = Σn(3)(1 +O(C(3)

i /Vn)), where

Σn(3) = E
∫ ∞

0

exp
{− θt−An

(
t, xn0, in0

)}
an

(
xn(t), in0, j

)
×
∏

tnk≤t

(
1 − cn

(
xnk, in0

)
/Vn

)
dt.

As θ > 0, the integral in the domain t > L using (10.1) can be estimated uni-
formly in n by Ce−θL/θ. This value is small at large enough L > 0. According to the
convergence of An(t, x0, i0) the integral in the domain 0 ≤ t ≤ L after some algebra
is asymptotically equivalent to the value∫ L

0

exp
{− θt− (ân

(
in0

)
+ ĉn

(
ino

))
m̂−1

n t
}
Ean

(
xn(t), in0, j

)
dt

≈ ân

(
in0, j

)
m̂−1

n

∫ L

0

exp
{− θt− (ân

(
in0

)
+ ĉn

(
ino

))
m̂−1

n t
}

dt.

Finally, according to condition A), Σn(3) converges to the expression

a0

(
i0, j

)
m−1

∫ ∞

0

exp
{− θt− (a0

(
i0
)

+ c0
(
i0)
)
m−1t

}
dt

= a0

(
i0, j

)
m−1

(
θ +

(
a0

(
i0
)

+ c0
(
i0
))
m−1

)−1
.

Now consider Σn(2). Divide it on two sums, as j ≤ [VnL], and j > [VnL].
The second sum is no greater than E exp{−θtn,[VnL]}. According to Lemma 10.1,
tn,[VnL] ≈ Lm̂n. Thus, the second sum is small at θ > 0 and large L. The first sum
can be approximated by the expression:

[VnL]∑
j=1

E exp
{− (θm̂n + ân

(
in0

)
+ ĉn

(
in0

))
j/Vn

}
ĉn
(
in0, j

)
/Vn.

Using condition A), we can finally find the limit of Σn(2) in the form:∫ ∞

0

exp
{− (θm+ a0

(
i0
)

+ c0
(
i0
))
t
}
c0
(
i0, j

)
dt

= c0
(
i0, j

)
m−1

(
θ +

(
a0

(
i0
)

+ c0
(
i0
))
m−1

)−1
.
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Combining together limiting expressions for Σn(3) and Σn(2), we find that
τn1(xn0, in0) and βn1(xn0, in0) are asymptotically independent, τn1(xn0, in0)
weakly converges to the exponential variable with rate λ(i0), and βn1(xn0, in0)
weakly converges to ξ(i0). This implies the weak convergence of finite dimensional
distributions. As the limiting process is a stepwise process and the intervals between
sequential jumps of ζn(·) do not tend to zero, the weak convergence implies
J-convergence.

NOTE 10.1. If the state space for xnk in the limit forms one irreducible aperiodic
class, then condition (10.4) is satisfied and rn = r (some constant). Note that (10.4) is
also satisfied for more general cases, when in limit the state space can be reducible and
forms so-called Vn-s-set (all states in the time interval [0, Vn] asymptotically commu-
nicate, see section 7.3, and [ANI 00]).

10.1.2. Asymptotic aggregation of a semi-Markov environment

Now consider the case, when the embedded MP xnk is asymptotically reducible
and allows an asymptotic aggregation of its state space. This means that the state space
can be divided in the domains with asymptotically connected states with small tran-
sition probabilities between domains. To avoid complicated assumptions, suppose for
simplicity thatX andZ are discrete sets (X={x1, x2, . . .},Z={0, 1, . . .}), and com-
ponent ζn(·) has no additional jumps at times tnk. Let SMP xn(·) be given by sojourn
times {θn(x), x ∈ X}, transition probabilities {pn(x1, x2), x1, x2 ∈ X} of the
embedded MP xnk, and the initial state xn0. Then MPSMS (xn(t, xn0), ζn(t, in0)) is
constructed as above using transition rates {an(x, i, j), x ∈ X, i, j ∈ Z, i �= j}, and
the initial state (xn0, in0). This means that if at time t, xn(t) = x and ζn(t, in0) = i,
then the instantaneous transition rate for ζn(t, in0) from state i to j is an(x, i, j),
j �= i. Let Pn = ‖pn(x1, x2)‖x1,x2∈X . Assume that

X = ∪y∈YXy, Xy1 ∩Xy2 = ∅, y1 �= y2,

Pn = P (0)
n + V −1

n Bn,
(10.17)

where P (0)
n =‖p(0)

n (x1, x2)‖x1,x2∈X , is a stochastic matrix,Bn=‖bn(x1, x2)‖x1,x2∈X ,

and p(0)
n (x1, x2) = 0 as x1 ∈ Xy1 , x2 ∈ Xy2 , y1 �= y2. This means that X is divided

in disjoint domains with transition rates of the order O(1/Vn) between them.

For each y ∈ Y denote by x(y)
nk , k ≥ 0, an auxiliary MP with the state spaceXy and

the matrix of transition probabilities Pn(y) = ‖p(0)
n (x1, x2)‖x1,x2∈Xy

. Let ψ(y)
n (k),

k > 0, be the uniformly strong mixing coefficient for x(y)
nk (see (10.3)). Suppose that

for any y ∈ Y , ϕ(y)
n (k) satisfies condition (10.4) with the same sequence rn and the

value q < 1. Let π(y)
n (x), x ∈ Xy , be the stationary distribution of x(y)

nk . Denote as
above θ̃n(x) = Vnθn(x). In each domain Xy we average transition rates of ζn(·) by
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the corresponding stationary measure similar to (10.5), (10.6) as follows:

mn(x) = Eθ̃n(x), m̂(y)
n =

∑
x∈Xy

mn(x)π(y)
n (x), (10.18)

ân(y, i, j) =
∑

x∈Xy

an(x, i, j)mn(x)π(y)
n (x),

ân(y, i) =
∑
j �=i

ân(y, i, j).
(10.19)

Introduce the averaged transition rates between domains. Denote

Λ̂n

(
y1, y2

)
=
(
m(y1)

n

)−1 ∑
x∈Xy1

π(y1)
n (x)bn

(
x,Xy2

)
, y1 �= y2, (10.20)

where bn(x,A) =
∑

x1∈A bn(x, x1), A ∈ X . Put Λ̂n(y) =
∑

y2 �=y Λ̂n(y, y2). Sup-
pose that the following conditions hold:

A1) m̂(y)
n → m(y) > 0, y ∈ Y , and there exist values a0(y, i, j), a0(y, i), y ∈ Y ,

i, j = 0, 1, . . ., i �= j, such that for any y ∈ Y ,

ân(y, i, j) −→ a0(y, i, j), ân(y, i) −→ a0(y, i), i, j = 0, 1, . . . , i �= j,

and a0(y, i) =
∑

j �=i a0(y, i, j).
B) for any n > 0, supx,A |bn(x,A)| ≤ C < ∞, and there exist values Λ0(y1, y2),

Λ0(y1), y1, y2 ∈ Y , y1 �= y2, such that

Λ̂n

(
y1, y2

) −→ Λ0

(
y1, y2

)
, Λ̂n

(
y1
) −→ Λ0

(
y1
)
, y1, y2 ∈ Y, y1 �= y2,

and Λ0(y1) =
∑

y2 �=y1
Λ0(y1, y2).

Denote by y0(t, y0), t ≥ 0, an MP with values in Y given by transition rates
{Λ0(y1, y2), y1 �= y2} and the initial state y0. Let (y0(t, y0), ζ0(t, i0)), t ≥ 0, be a
two-component MP with the initial state (y0, i0), where ζ0(t, i0) is an MP switched
by y0(t, i0) in the following way: if at time t, y0(t, y0) = y, then the local transition
rates of ζ0(t, i0) are a0(y, i, j)/m(y).

Denote by K(·) a map from X to Y such that K(x) = y for all x ∈ Xy , y ∈ Y .
Consider the aggregated process K(xn(·, xn0)). Note that in general this process is
not Markov.

THEOREM 10.2. Suppose that the process (y0(·, y0), ζ0(·, i0)) is regular, for any

y ∈ Y , ϕ(y)
n (k) satisfies condition (10.4), conditions (10.1), (10.7), A1), B) hold and

(K(xn0), in0)
w=⇒ (y0, i0).

Then in any interval [0, T ] process (K(xn(t, xn0)), ζn(t, in0)) J-converges to
(y0(t, y0), ζ0(t, i0)).
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Proof. We again use Theorem 8.3. Let us represent (K(xn(t, xn0)), ζn(t, in0))
as an SP. Denote by 0 = Tn0 < Tn1 < · · · the sequential times of transitions
between domains Xy for SMP xn(·). They are constructed as follows: denote ynk =
K(xn(Tnk, xn0)), k ≥ 0. Then recursively

Tn1 = inf
{
t : t > 0, xn

(
t, xn0

) �∈ Yyn0

}
,

Tn,k+1 = inf
{
t : t > Tnk, xn

(
t, xn0

) �∈ Yynk

}
, k > 0.

We represent Tnk as the times of jumps of sums of indicators constructed on an
auxiliary MP. For each y ∈ Y denote by x̃

(y)
nk (x0), k ≥ 0, an MP with the state

space Xy , the initial state x0 ∈ Xy and the matrix of transition probabilities P̃n(y) =
‖p̃n(x1, x2)‖x1,x2∈Xy

, where

p̃n

(
x1, x2

)
= pn

(
x1, x2

)
pn

(
x1,Xy

)−1
, pn

(
x1,Xy

)
=
∑

x∈Xy

pn

(
x1, x

)
.

Let for any y ∈ Y , {χ(y)
nk (x), x ∈ Xy}, {β(y)

nk (x), x ∈ Xy}, and {θnk(x),
x ∈ X}, k ≥ 0, be the jointly independent families of random variables such that

P
(
χ

(y)
nk (x) = 1

)
= 1 − P

(
χ

(y)
nk (x) = 0

)
= 1 − pn

(
x,Xy

)
,

P
(
β

(y)
nk (x) = x1

)
= pn

(
x, x1

)(
1 − pn

(
x,Xy

))−1
, x1 �∈ Xy,

and P(θnk(x) ≤ z) = P(θn(x) ≤ z), z ≥ 0. Consider for any y ∈ Y the auxiliary
stepwise processes

χ(y)
n

(
m,x0

)
=

m∑
k=0

χ
(y)
nk

(
x̃

(y)
nk

(
x0

))
,

y(y)
n

(
m,x0

)
=

m∑
k=0

θnk

(
x̃

(y)
nk

(
x0

))
, x0 ∈ Xy, m ≥ 0.

Denote

μn

(
y, x0

)
= min

{
m : m ≥ 0, χ(y)

n

(
m,x0

)
> 0

}
,

τn
(
Xy, x0

)
= y(y)

n

(
μn

(
y, x0

)
, x0

)
, x0 ∈ Xy.

Also let x̃(y)
n (t, x0), t ≥ 0, be an auxiliary SMP with values in Xy and the ini-

tial state x0, which is constructed by the embedded MP x̃
(y)
nk (x0) and sojourn times

θnk(x).

We define an SP κn(t), t≥0, as follows. If xn(0)=x0∈Xy0 , we set κn(0)=x0,

and in the interval [0, τn(Xy0 , x0)), κn(t)= x̃(y0)
n (t, x0). If x̃(y0)

n (τn(Xy0 , x0)−0, x0)
= x̃0, then P(κn(τn(Xy0 , x0)) = x1) = P(β(y0)

n1 (x̃0) = x1), where x1 �∈ Xy0 .
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Furthermore, if β(y0)
n1 (x̃0) = x1 ∈ Xy1 , then in the next interval [τn(Xy0 , x0),

τn(Xy0 , x0) + τn(Xy1 , x1)), κn(t) = x̃
(y1)
n (t, x1), and so on. It is not hard to check

that the finite dimensional distributions of κn(t) coincide with the corresponding
distributions of the initial SMP xn(t, x0).

Now we construct the process ζ̃n(t, in0) with the initial state in0 on the trajectory
of κn(t) as a locally MP with transition rates an(x, i, j) in state κn(t) = x.
Then the process (κn(·), ζ̃n(·, in0)) has the same finite dimensional distributions
as (xn(·, xn0), ζn(·, in0)). Correspondingly, the aggregated process (K(κn(·)),
ζ̃n(·, in0)) is equivalent to (K(xn(·, xn0)), ζn(·, in0)).

The advantage of this construction is that (κn(·), ζ̃n(·, in0)) is represented as an SP
which is constructed by more simple processes defined in the domains Xy . Switching
times here correspond to the times Tnk of transitions between domains Xy and are
represented as the times of jumps of sums of indicators constructed on the auxiliary
MPs defined in each domain. To study the limiting behavior of the initial complicated
process we need to study the limiting behavior of the elementary processes in each
domain.

Let us check first the asymptotic mixing property of MP x̃(y)
nk (x0). Consider a fixed

domain Xy and denote:

P (0)
n (x,B) =

∑
u∈B

p(0)
n (x, u), P̃n(x,B) =

∑
u∈B

p̃n(x, u), x ∈ Xy, B ⊂ Xy.

Condition supx,A |bn(x,A)| ≤ C (see B)) implies that at large n,

sup
x,B

∣∣P (0)
n (x,B) − P̃n(x,B)

∣∣ ≤ C1/Vn,

where C < C1 <∞. Then for any k > 1 we obtain for k-step transition probabilities:

sup
x,B

∣∣P (0)
n (x, k,B) − P̃n(x, k,B)

∣∣ ≤ kC1/Vn

(see [ANI 88]). Denote by ϕ̃n(k), k > 0, and ϕ(0)
n (k), k > 0, the uniformly strong

mixing coefficients for x̃(y)
nk and for an MP with values in Xy and transition proba-

bilities P (0)
n (x,B), respectively (see (10.3)). Then, according to the relations above,

ϕ̃n(rn) ≤ ϕ
(0)
n (rn) + 2rnC1/Vn. So that, if ϕ(0)

n (k) satisfies condition (10.4), then
for some q1, q < q1 < 1 at large enough n, ϕ̃n(rn) ≤ q1. This means that we
can apply Lemma 10.1 to an MP x̃

(y)
nk (x0), as well. If P(xn0 ∈ Xy) = 1, then

according to Lemma 10.1 and condition A1) uniformly in u in each interval [0, T ],
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y
(y)
n ([Vnu], xn0)

P−−→ m(y)u. Furthermore, according to condition B)

Ee−θχ(y)
n ([Vnu],xn0) = E

[Vnu]∏
k=0

E
[
e−θχ

(y)
nk (x̃

(y)
nk (xn0)) | x̃(y)

nk

(
xn0

)]

= E
[Vnu]∏
k=0

(
1 − pn

(
x̃

(y)
nk

(
xn0

)
,Xy

)(
1 − e−θ

))

≈ E exp

{
− 1
Vn

[Vnu]∑
k=0

bn
(
x̃

(y)
nk

(
xn0

)
,Xy

)(
1 − e−θ

)}
≈ E exp

{− uΛ0(y)
(
1 − e−θ

)}
.

Writing the same relations for increments, we find that χ(y)
n ([Vnu], xn0) weakly

converges to a Poisson process with parameter Λ0(y). Correspondingly, μn(y, xn0)
weakly converges to the exponential random variable η(Λ0(y)) with parameter
Λ0(y), and τn(Xy, xn0), as a superposition of random functions, weakly converges
to η(Λ0(y))m(y).

This result shows that the time spent by xn(·) in the domain Xy is asymptotically
exponential with parameter Λ0(y)/m(y). Using Lemma 10.1 we can also prove that
the probability of a jump from Xy directly to Xy1 tends to Λ0(y, y1)Λ0(y)−1. This
means that the aggregated process K(xn(·)) weakly converges to an MP y0(·, y0). As
the transition rates are bounded, then y0(·, y0) has no simultaneous jumps a.s., which
also implies J-convergence.

Finally, according to Lemma 10.1 and condition A1), process ζ̃(y)
n (·, in0), con-

structed on the trajectory of x̃(y)
n (·, xn0) using transition rates an(x, i, j), J-converges

to an MP with averaged transition rates a0(y, i, j)/m(y). Using the representation
of (K(xn(·, xn0)), ζn(·, in0)) as an SP and Theorem 8.3, we finally prove Theorem
10.2.

Similar results can be proved if we have additional jumps at times tnk.

Consider an example related to the convergence of the aggregated process. Let
Vn = n and matrix Pn in (10.17) has the form:

Pn =

⎛⎜⎝1 − 3/nα 1/nα 2/nα

2/nα 1 − 2/nα − 1/nβ 1/nβ

3/nα 2/nβ 1 − 3/nα − 2/nβ

⎞⎟⎠ ,

where α > 0, β > 0. If α < 1, then rn = O(nα) and all states can be asymptoti-
cally averaged in the interval [0, n] (we can use Theorem 10.1). If α = 1, we are in
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the conditions of Theorem 10.2. If β < 1, then there are two domains: X1 = {1},
X2 = {2, 3}, and for domain X2, rn = O(nβ). If β = 1, there are three domains:
X1 = {1}, X2 = {2}, X3 = {3}.

Consider as an example, the case α = 1, β < 1. Then in the first domain X1,
π

(1)
n (1) = 1, and in X2, π(2)

n (2) ≈ 2/3, π(2)
n (3) ≈ 1/3. Consider a map: K(1) = y1,

K(2) = K(3) = y2. Suppose that mn(x) → m(x), x = 1, 2, 3. In this case it is easy
to calculate that m̂(1) = m(1), m̂(2) = (2m(2) + m(3))/3, and using (10.20) we
obtain: Λ0(y1, y2) = 3/m(1), Λ0(y2, y1) = 7/(2m(2) +m(3)).

If for example xn(0) ∈ {2, 3}, then K(xn(·)) J-converges to an MP y0(·) with
two states {y1, y2}, transition rates Λ0(yi, yj) and the initial state y2.

Note that the results of sections 10.1.1, 10.1.2 can be extended to non-homogenous
in time models (functions an(·) and process xn(·) may depend on time also).

10.1.3. Approximation of a stationary distribution

Results of section 10.1.1 deal with the approximation in the finite interval [0, T ].
We study now the approximation of a stationary distribution. Consider process (xn(t),
ζn(t)), t ≥ 0, introduced in section 10.1.1. To avoid complicated assumptions, sup-
pose that xn(t) = x0(Vnt), where x0(t), t ≥ 0, is a right-continuous SMP with
values in finite space X = {x1, . . . , xm}, Vn → ∞, and we do not have additional
jumps of ζn(·) at times tnk of jumps of xn(·), so that cn(x, i, j) ≡ 0, i �= j. Process
ζn(·) is constructed as before on the trajectory xn(·) as a local MP using the family of
transition rates {an(x, i, j), i, j ∈ Z, i �= j, x ∈ X}.

Denote by θ(x) a sojourn time of x0(·) in state x ∈ X . Suppose that Eθ(x) =
m(x) < ∞, x ∈ X , the embedded MP for x0(·) is irreducible and at least one of
the variables θ(x) is non-lattice. Then x0(·) is ergodic. Denote by ρ(x), x ∈ X , its
stationary distribution. Put

λ̂n(i, j) =
∑
x∈X

an(x, i, j)ρ(x), λ̂n(i) =
∑
j �=i

λ̂n(i, j).

Suppose that for any i, j ∈ Z, i �= j,

λ̂n(i, j) −→ λ0(i, j), λ̂n(i) −→ λ0(i), λ0(i) =
∑
j �=i

λ0(i, j). (10.21)

Let ζ0(t), t ≥ 0, be a regular MP given by transition rates λ0(i, j), i, j ∈ Z, i �= j.
The following result follows from Theorem 10.1.

STATEMENT 10.1. Suppose that values an(x, i) satisfy (10.1), (10.21) holds and
ζn(0) w=⇒ ζ0(0). Then in any interval [0, T ], process ζn(·) J-converges to ζ0(·).
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Now we consider the approximation of a stationary distribution. Denote by
{ρn(x, i), x ∈ X, i ∈ Z} a stationary distribution of (xn(·), ζn(·)) (if it exists).
Suppose first that Z is finite.

THEOREM 10.3. Let values an(x, i) satisfy (10.1), relation (10.21) hold, there exist
values ci > 0, i ∈ Z, such that for any i, minx∈X lim infn→∞ an(x, i) ≥ ci,
m(x) > 0, x ∈ X , and MP ζ0(·) be ergodic with stationary distribution Π(i),
i ∈ Z. Then at large n, (xn(·), ζn(·)) is also ergodic and for any x ∈ X , i ∈ Z,
ρn(x, i) → ρ(x)Π(i).

Proof. Consider the process (xn(·), ζn(·)). Suppose that the initial value (x0, i0) is
given. We construct the following recurrent sequences. Let tnk, k ≥ 1, and Ωnm,
m ≥ 1, be the times of sequential jumps of xn(·) and ζn(·), respectively. Denote
Tn1 = Ωn1, T̃n1 = min{tnk : tnk > Tn1}, Tn,m+1 = min{Ωnk : Ωnk > T̃nm},
T̃n,m+1 = min{tnk : tnk > Tn,m+1}, m ≥ 1. Let Xnm = xn(T̃nm), Znm =
ζn(T̃nm + 0), m ≥ 1. Then (Xnm, Znm), m ≥ 1, is the embedded MP for (xn(·),
ζn(·)). For any x1, x2 ∈ X , i, j ∈ Z, denote

pn

((
x1, i

)
,
(
x2, j

))
= P

((
Xn,m+1, Zn,m+1

)
=
(
x2, j

) | (Xnm, Znm

)
=
(
x1, i

))
.

Take m = 1. According to homogenity in time, we can put for simplicity in cal-
culations T̃n1 = 0. Then, by analogy to (10.8), given that (Xn1, Zn1) = (x, i) we can
write the following representation:

ET̃n2 = E
∞∑

k=0

tn,k+1

∫ tn,k+1

tnk

exp
{−An(u, x, i)

}
an

(
xn(u), i

)
du, (10.22)

ETn,2 = E
∫ ∞

0

u exp
{−An(u, x, i)

}
an

(
xn(u), i

)
du. (10.23)

According to conditions of Theorem 10.3, the tail of the 2nd integral in the domain
{u > L} at ε < ci and large enough n can be approximated by the value∫ ∞

L

u exp
{− (ci − ε

)
u
}(
Ci + ε

)
du =

Ci + ε

ci − ε
exp

{− (ci − ε
)
L
}
,

which is small at large L. According to Theorem 10.1, the integral in the domain
{u ≤ L} converges to

∫ L

0
u exp{−λ0(i)u}λ0(i)du, so that the right-hand side in

(10.23) converges to λ0(i)−1. Denote θnk = tn,k+1− tn,k, k≥0, δn(L)=C1L
2/V 2

n +
(C2/Vn) supx Eθ̃n(x)χ(θ̃n(x)>L). Then, given that (Xn1, Zn1)=(x, i), we obtain,
following the same steps as at the proof of (10.12), (10.13) and using an inequality
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similar to (10.9), that

E
(
T̃n2 − Tn2

)
= E

∞∑
k=0

∫ tn,k+1

tnk

(
tn,k+1 − u

)
exp

{−An(u, x, i)
}
an

(
xn(u), i

)
du

≤ E
∞∑

k=0

θnke
−An(tnk,x,i)

(
1 − e−an(xnk,i)θnk

)
≤ δn(L)

∞∑
k=0

E exp
{− citnk

}
≤ δn(L)

∞∑
k=0

(
max
x∈X

E exp
{− ciV

−1
n θ(x)

})k

−→ 0.

Finally, according to Theorem 10.1, we have proved that for any x ∈ X the dis-
tribution of the variable T̃n,m+1 − T̃nm, given that (Xnm, Znm) = (x, i), weakly
converges to the exponential distribution with rate λ0(i) and its expectation converges
to 1/λ0(i).

Now consider the behavior of pn((x1, i), (x2, j)). For any t>0, P(xn(t, x0)=x)
→ ρ(x), x ∈ X . As according to Lemma 10.1, An(t, x0, i0)

P−−→ λ0(i0)t, then, by
adding and subtracting the term Ee−λ0(i0)tEχ(xn(t, x0) = x), we obtain:∣∣Ee−An(t,x0,i0)χ

(
xn

(
t, x0

)
= x

)− e−λ0(i0)tEχ
(
xn

(
t, x0

)
= x

)∣∣ −→ 0. (10.24)

Combining (10.24) with the result of Theorem 10.1 we obtain that for any
x1, x2 ∈ X , i, j ∈ Z,

pn

((
x1, i

)
,
(
x2, j

)) −→ p0

((
x1, i

)
,
(
x2, j

))
= ρ

(
x2

)
λ0(i, j)/λ0(i). (10.25)

Denote by Δn(x, i) the total time spent by ζn(·) in state {i} in the interval
[T̃n1, T̃n,2) given that (Xn1, Zn1) = (x, i). By definition, Tn,2 − T̃n1 ≤ Δn(x, i) ≤
T̃n,2 − T̃n1. Then EΔn(x, i) → 1/λ0(i). Let {πn(x, i), x ∈ X, i ∈ Z} be the
stationary distribution of an MP with transition probabilities pn((x1, i), (x2, j)).
At large n it exists because transition probabilities pn(·, ·) are close to p0(·, ·) (see
(10.25)), and a two-component MP constructed by p0(·, ·) is irreducible, as ζ0(·) is
ergodic. Let Πn(i), i ∈ Z, be the stationary distribution of the component ζn(·).
According to the ergodic theorem for semi-Markov renewal processes, for any i ∈ Z,

Πn(i) =
∑
x∈X

πn(x, i)EΔn(x, i)

( ∑
x∈X, j∈Z

πn(x, j)EΔn(x, j)

)−1

, (10.26)
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and as n→ ∞,

Πn(i) −→ π̂0(i)λ0(i)−1

(∑
j∈Z

π̂0(j)λ0(j)−1

)−1

, i ∈ Z, (10.27)

where π̂0(i) =
∑

x∈X π0(x, i), and π0(x, i) is the stationary distribution of a two-
component MP with transition probabilities ρ(x2)λ0(i, j)/λ0(i) from state (x1, i) to
(x2, j).

Now consider an auxiliary MP (η(t), ζ̃0(t)), t ≥ 0, with values in X × Z and
transition rates ρ(x2)λ0(i, j) from state (x1, i) to (x2, j). Its embedded MP has tran-
sition probabilities ρ(x2)λ0(i, j)/λ0(i), and the sojourn time in state (x, i) has the
expectation 1/λ0(i). It is easy to check that the right-hand side in (10.27) is equal
to the stationary distribution of MP ζ̃0(·). As ζ̃0(·) is equivalent to ζ0(·), this implies
together with (10.24) the result of Theorem 10.3.

Note that the multiplicative form of a limiting stationary distribution in Theorem
10.3 is in agreement with the results on the aggregation of a finite MP [COU 77].

If Z is infinite, we restrict our study to the case when x0(·) is an MP, so that
θ(x) has an exponential distribution with a rate g(x), 0 < g(x) < ∞, x ∈ X . In
this case we obtain conditions which can be verified in particular applications. Let us
keep the notation of Theorem 10.3. In this case we define switching times as the times
of sequential jumps of ζn(·). Put (X̃nm, Z̃nm) = (xn(Ωnm + 0), ζn(Ωnm + 0)),
m ≥ 1. This MP is simpler than (Xnm, Znm) constructed in Theorem 10.3. Given
that (X̃n1, Z̃n1) = (x0, i0), denote by νn(x0, i0) a return time to domain (X, i0) for
(X̃nm, Z̃nm).

THEOREM 10.4. Suppose that values an(x, i) satisfy (10.1), (10.21) holds, x0(·) is
ergodic with stationary distribution ρ(x), x ∈ X , there exist values c > 0, N > 0,
such that minx∈X, i∈Z an(x, i) ≥ c, and for some (x0, i0), Eνn(x0, i0)2 < C < ∞
as n > N .

Then ζ0(·) is ergodic and for any x ∈ X , i ∈ Z, ρn(x, i) → ρ(x)Π(i), where
Π(i), i ∈ Z, is the stationary distribution of ζ0(·).

Proof. If Eνn(x0, i0)2 < C, then (Xnm, Znm),m ≥ 1, is positive recurrent. Accord-
ing to our conditions, the expectation of a return time to state (x0, i0) for (xn(·), ζn(·))
is also finite, and the component ζn(·) is ergodic with stationary distribution Πn(i)
(see (10.26)), where Δn(x, i) should be replaced by the value Ωn,2 − Ωn1 given that
(X̃n1, Z̃n1) = (i, x). According to Theorem 10.3, for each state (x, i) transition prob-
abilities and the expectation of a sojourn time converges to p0((x, i), ·) (see (10.25))
and 1/λ0(i), respectively. As νn(x0, i0) is uniformly integrable, then Eνn(x0, i0) con-
verge to the expectation of a return time to state i0 for the process ζ0(·) with the initial
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state i0 (as we have the convergence of the expectation of a sum of occupation times
for any finite sequence of states of (X̃nm, Z̃nm)). This means that Πn(i) → Π(i),
i ∈ Z. Together with (10.24) this proves the result of Theorem 10.4.

Note that the condition Eνn(x0, i0)2 < C can be verified for some classes of
queueing models.

10.2. Averaging and aggregation in Markov queueing systems with semi-Markov
switching

We illustrate the results of the previous section on the example of a state depen-
dent systemMSM,Q/MSM,Q/1/∞ introduced in section 2.2.2 with fast semi-Markov
switching.

10.2.1. Averaging of states of the environment

Suppose that x0(t), t ≥ 0, is an ergodic SMP with values in a finite space
X = {x1, . . . , xr} and a sojourn time θ(x) in state {x}. Denote by ρ(x), x ∈ X ,
its stationary distribution and by π(x), x ∈ X , the stationary distribution of the
embedded MP. Let {λ(x, i), μ(x, i), αA(x, i), αS(x, i), x ∈ X, i ≥ 0} be the
families of non-negative functions and Vn → ∞. We define a fast semi-Markov
environment as xn(t) = x0(Vnt). Let us denote by tnk, k ≥ 0, the sequential times of
jumps of xn(t). Consider a queueing process Qn(t), t ≥ 0, with switching governed
by xn(t) in the following way: if (xn(t), Qn(t)) = (x, i), then the local arrival rate
is λ(x, i) and the local service rate is μ(x, i). In addition, at any time tnk of jump of
xn(t) either an additional call may enter the system with probability V −1

n αA(x, i), or
a call on service may complete service with probability V −1

n αS(x, i). Denote

m̂ =
∑
x∈X

m(x)π(x),

λ̂(i) =
∑
x∈X

λ(x, i)m(x)π(x),

μ̂(i) =
∑
x∈X

μ(x, i)m(x)π(x),

α̂A(i) =
∑
x∈X

αA(x, i)π(x),

α̂S(i) =
∑
x∈X

αS(x, i)π(x),

A(i) =
(
λ̂(i) + α̂A(i)

)
/m̂, i ≥ 0,

Γ(i) =
(
μ̂(i) + α̂S(i)

)
/m̂, i ≥ 1, Γ(0) = 0.

(10.28)
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Note that ρ(x) = m(x)π(x)/m̂, x ∈ X . LetMQ/MQ/1/∞ be the approximating
state-dependent queueing system operating in the following way: as Q(t) = i, the
local arrival rate is A(i) and the service rate is Γ(i), where Q(t) is a number of calls
in the system at time t. The following result is a consequence of Theorem 10.1.

STATEMENT 10.2. Suppose that process Q(·) is regular and Qn(0) w=⇒ Q0. Then
process Qn(t) J-converges in each finite interval [0, T ] to Q(t) with Q(0) = Q0.

10.2.2. Asymptotic aggregation of states of the environment

Consider the system MSM,Q/MSM,Q/1/∞ investigated in the previous section
in the case when the process xn(·) admits an asymptotic aggregation of the state
space. Let xn(t), t ≥ 0, be an SMP with state space X = {1, 2, . . . , r}, given by
the sojourn time θ(x)/Vn in state {x} and the transition probability matrix Pn =
‖pn(x1, x2)‖x1,x2∈X of the embedded MP xnk. Assume that the conditions of asymp-

totic aggregation (10.17) hold, where for simplicity P (0)
n = P (0) (does not depend on

n), so that

p(0)
n

(
x1, x2

)
= p0

(
x1, x2

)
, x1, x2 ∈ X,

and also

bn
(
x1, x2

) −→ b0
(
x1, x2

)
, x1, x2 ∈ X.

For each y ∈ Y denote by x
(y)
k , k ≥ 0, an MP with the state space Xy and

transition probabilities p0(x1, x2), x1, x2 ∈ Xy . Let for any y ∈ Y , x(y)
k be irreducible

with stationary distribution π(y)(x), x ∈ Xy . Put m(x) = Eθ(x) and denote

m̂(y) =
∑

x∈Xy

m(x)π(y)(x),

λ̂(y, i) =
∑

x∈Xy

λ(x, i)m(x)π(y)(x),

μ̂(y, i) =
∑

x∈Xy

μ(x, i)m(x)π(y)(x),

α̂A(y, i) =
∑

x∈Xy

αA(x, i)π(y)(x),

α̂S(y, i) =
∑

x∈Xy

αS(x, i)π(y)(x),

A(y, i) = λ̂(y, i)/m̂(y) + α̂A(y, i)/m̂(y), i ≥ 0,
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Γ(y, i) = μ̂(y, i)/m̂(y) + α̂S(y, i)/m̂(y), i ≥ 1,
(
Γ(y, 0) ≡ 0

)
,

Λ(y, z) =
(
m̂(y)

)−1 ∑
x1∈Xy

π(y)
(
x1

) ∑
x2∈Xz

b0
(
x1, x2

)
, y �= z.

Let y(t), t ≥ 0, be an MP with values in Y and transition rates {Λ(y, z),
y �= z}. Consider a state-dependent Markov system with Markov switching
MM,Q/MM,Q/1/∞, which is described by a two-component MP (y(t), Q(t)),
t ≥ 0, in the following way: if (y(t), Q(t)) = (y, i), then the local arrival rate is
A(y, i) and the local service rate is Γ(y, i). This system stands for the approximating
queueing system for the initial system with fast semi-Markov switching. As we
see, the approximating system is a Markov one and has a simpler structure as it
is governed by a Markov process with the aggregated state space. Let K(·) be a
map from X to Y such that K(x) = y, x ∈ Xy , y ∈ Y . The following result is a
consequence of Theorem 10.2.

STATEMENT 10.3. Suppose that the conditions above are satisfied and as n → ∞,
(K(xn(0)), Qn(0)) w=⇒ (y0, Q0). Then in any interval [0, T ] the process (K(xn(·)),
Qn(·)) J-converges to (y(·), Q(·)) where (y(0), Q(0)) = (y0, Q0).

10.2.3. The approximation of a stationary distribution

Now we study the approximation of a stationary distribution. First, we investigate
the finite system MSM,Q/MSM,Q/1/N with losses and fast semi-Markov switching
considered in section 10.2.1. We keep the notation in (10.28) and put λ(x,N + 1) =
0, x ∈ X . Consider process (xn(t), Qn(t)) and denote by ρn(x, i), x ∈ X , i =
0, . . . , N , its stationary distribution. Let Π(i), i = 0, . . . , N +1, be the stationary dis-
tribution of the approximating queueing system MQ/MQ/1/N with rates A(i),Γ(i)
(see (10.28)). The following result is a consequence of Theorem 10.3.

STATEMENT 10.4. Suppose thatA(i) > 0, Γ(i) > 0,m(x) > 0, λ(x, i)+μ(x, i) > 0,
x ∈ X , i = 0, . . . , N + 1. Then at large n, ρn(x, i) exists and ρn(x, i) → ρ(x)Π(i),
x ∈ X , i = 0, . . . , N .

When a system is infinite (N = ∞), we restrict our investigation to the case when
x0(·) is an ergodic MP with the purpose of obtaining more transparent conditions.
Denote by ρ(x) a stationary distribution of x0(·). Suppose for simplicity that we do
not have additional jumps at times tnk, i.e. αA(x, i) ≡ 0, αS(x, i) ≡ 0. Consider a
system MM,Q/MM,Q/1/∞ with fast switching by an MP xn(t) = x0(Vnt). Denote
by ρn(x, i), x ∈ X , i = 0, . . ., the stationary distribution of (xn(·), Qn(·)). Let Π(i),
i = 0, . . ., be the stationary distribution of the approximating system MQ/MQ/1/∞
with rates λ̂(i), μ̂(i) (see (10.28)).

STATEMENT 10.5. Suppose that there exist constants 0 < c < C < ∞ such that for
any x ∈ X , i ≥ 0, c ≤ λ(x, i) + μ(x, i) ≤ C, and for some δ > 0 and L > 0,
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μ̂(i) − λ̂(i) ≥ δ as i > L. Then at large n, ρn(x, i) exists and ρn(x, i) → ρ(x)Π(i),
x ∈ X , i = 0, . . . .

Proof. Let Ωnm, m ≥ 1, be the times of sequential jumps of Qn(t). Put X̃nm =
xn(Ωnm), Z̃nm = Qn(Ωnm + 0), m ≥ 1. Then (X̃nm, Z̃nm) is an MP. Denote

pn

((
x1, i

)
,
(
x2, j

))
= P

((
X̃n,m+1, Z̃n,m+1

)
=
(
x2, j

) | (X̃nm, Z̃nm

)
=
(
x1, i

))
.

As functions λ(·), μ(·) are uniformly bounded, using Theorem 10.1 we can prove
that uniformly in x ∈ X , i ≥ 1, pn((x1, i), (x2, j)) → p0(i, (x2, j)), where

p0

(
i,
(
x2, j

))
= 0, as |i− j| > 1,

p0

(
i,
(
x2, i+ 1

))
= ρ

(
x2

)
λ̂(i)

(
λ̂(i) + μ̂(i)

)−1
,

p0

(
i,
(
x2, i− 1

))
= ρ

(
x2

)
μ̂(i)

(
λ̂(i) + μ̂(i)

)−1
,

and

E
[(

Ωn,m+1 − Ωnm

) | (X̃nm, Z̃nm

)
= (x, i)

] −→ (
λ̂(i) + μ̂(i)

)−1
.

Then uniformly in x ∈ X , i ≥ 1,

E
[
Z̃n,m+1 − Z̃nm | (X̃nm, Z̃nm

)
= (x, i)

]
−→ (

λ̂(i) − μ̂(i)
)(
λ̂(i) + μ̂(i)

)−1
.

(10.29)

Thus, for some n0, (X̃nm, Z̃nm) is irreducible as n > n0. As for some L > 0,
μ̂(i) − λ̂(i) ≥ δ at i > L, this condition implies that for some ε > 0 the left-
hand side in (10.29) is no greater than −ε as i > L. Then, according to the classic
Foster criterion, at n > N process (X̃nm, Z̃nm) is positive recurrent. Consider a
finite domain D = X × {0, . . . , L} and denote by νn(x,L + 1,D) a return time
to D for (X̃nm, Z̃nm) given that (X̃n0, Z̃n0) = (x,L + 1). In the same way as
was done in Theorem 4.1 [ANI 01], we can prove that for some q, 0 < q < 1,
P(νn(x,L + 1,D) > k) ≤ qk, k > 1, as n > N . This implies uniformly in n > N
the existence of the 2nd moment for νn(x,L+1,D) and for the return time to domain
(X, 0), respectively, and our result follows from Theorem 10.4.

As a conclusion, note that queueing models in a Markov and moreover in a semi-
Markov environment are very difficult for analytic study (for example, see [NEU 89]).
The results of this chapter provide us with an effective approach to the approximate
analytic analysis and simulation of queueing models in a random environment given
the assumption that the transitions of the environment are much faster than the transi-
tions of the queueing process.
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Chapter 11

Other Applications of Switching Processes

In this chapter we consider the applications of AP and DA for SP to several other
problems such as self-organization in multicomponent interacting Markov models,
and dynamic systems and random movements with fast Markov switching.

11.1. Self-organization in multicomponent interacting Markov systems

Consider the phenomena of self-organization that appear at the asymptotic analysis
of some interactive multi-component Markov systems and at the analysis of migration
models [WEI 88, WEI 91]. The presentation follows [ANI 95b]. First let us specify in
which sense we understand the phenomenon of self-organization. Consider the differ-
ential equation (4.22) for the limiting function s(·) in AP for SP, Chapter 4, which has
the form

ds(t) = b̃
(
s(t)

)
dt, s(0) = s0, (11.1)

where b̃(s) = b(s)/m(s). Let s∗ be a stability point such that

b̃
(
s∗
)

= 0, (11.2)

and there exists a domain D(s∗) such that if s0 ∈ D(s∗) then s(t) → s∗ as t→ ∞.

This means that s∗ is a stability point for equation (11.1) and relation (4.19) implies
for any ε > 0:

lim
t→∞ lim sup

n→∞
P
{∣∣Sn(nt)/n− s∗

∣∣ > ε
}

= 0. (11.3)

This relation describes the phenomenon of self-organization in switching system.

Now we study this phenomenon in a model of asymptotically large number of
interactive Markov systems with mutual influence between individual systems and

315
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the whole super-system. Consider n interacting Markov systems developing in the
following way. The systems are identical with finite set of states {1, 2, . . . , r}. The
family of non-negative functions λij(q), i, j = 1, r, i �= j, q = (q1, . . . , qr), qi ≥ 0,∑r

i=1 qi = 1 is given. Let νn(i, t) be the total number of systems which are in state i
in moment t. Denote by

νn(t) =
(

1
n
νn(i, t), i = 1, r

)
the vector of proportions of the number of systems in particular states. If at time t,
νn(t) = q and a system is in state i, then this system in a small interval [t, t+h] inde-
pendently of the other systems may pass to state j with probability n−1λij(q)h+o(h),
j �= i. Let us introduce a column-vector

b̃(q) =

(
− qiλi(q) +

∑
k �=i

qkλki(q), i = 1, r

)
, (11.4)

where λi(q) =
∑

k �=i λik(q), and put λ(q) =
∑r

i=1 qiλi(q).

THEOREM 11.1. Suppose that νn(0) = s0 and functions λij(q) satisfy local Lipschitz
conditions. Then

sup
t≤T

∣∣νn(nt) − s(t)
∣∣ P−−→ 0, (11.5)

where

ds(t) = b̃
(
s(t)

)
dt, s(0) = s0, (11.6)

and T is any positive value such that y(+∞) > T , where

y(t) =
∫ t

0

λ
(
η(u)

)−1du,

dη(u) = b̃
(
η(u)

)
λ
(
η(u)

)−1du, η(0) = s0.

Proof. In our case νn(t) is a homogenous Markov process and it is easy to see that
it can be described as a simple RPSM where τn1(nq) has the exponential distribution
with parameter λ(q) and

ξn1(nq) =
{

1
n
eij with probability qiλij(q)λ(q)−1, i, j = 1, r, i �= j, (11.7)

where eij is a column-vector for which the ith component is equal to −1, the jth com-
ponent is equal to 1 and other components are equal to 0. Thus, Eτn1(nq) = λ(q)−1,
Eξn1(nq) = n−1b̃(q)λ(q)−1, and our statement follows directly from AP for RPSM
in Theorem 4.3, section 4.3.



Other Applications of Switching Processes 317

Therefore, for analyzing self-organization phenomena we have to analyze the
points of stability of equation (11.6). These results can be used for analyzing the
problems of self-organization for multi-component Markov models of the society
suggested by W. Weidlich and W. Weidlich and G. Haag in [WEI 88, WEI 91] and
provide us with a new approach in the investigation of “synergetic” phenomena in
these models.

Now let us formulate the theorem on the DA. Denote by symbol f
′
(a) a matrix of

partial derivatives of the vector-function f(a):

lim
h→0

h−1
(
f(a+ hz) − f(a)

)
= f

′
(a)z.

Introduce a matrix B2(q) = ‖bij(q)‖, i, j = 1, r, where

bij(q) = −qiλij(q) − qjλji(q), i �= j, (11.8)

bii(q) = qiλi(q) +
∑
k �=i

qkλki(q). (11.9)

THEOREM 11.2. Let the conditions of Theorem 11.1 be satisfied, a continuous function
Q(q) = b̃′(q) exists and

√
n(νn(0) − s0)

w=⇒ γ0.

Then the sequence of processes γn(t) =
√
n(νn(nt) − s(t)) J-converges in the

interval [0, T ] to the diffusion process γ(t) satisfying the following stochastic differ-
ential equation:

dγ(t) = Q
(
s(t)

)
γ(t)dt+B

(
s(t)

)
dw(t), γ(0) = γ0,

where w(t) is a standard Wiener process in Rr.

Proof. Let us use DA for RPSM in Theorem 4.4, section 4.3. As τn1(·) has an expo-
nential distribution, according to Corollary 4.1, the matrix function D2

n(α) in Theo-
rem 4.4 has the form D2

n(α) = Eξn1(nα)ξn1(nα)∗ and by the definition of ξn1(nα)
(11.7) it is easy to calculate that in our case

Eρn(q)ρn(q)∗ = Eξn1(nq)ξn1(nq)∗ =
1
n2
B2(q)λ(q)−1,

where ρn(q) = ξn1(nq) − Eξn1(nq) − 1
n b̃n(q)(τn1(nq) − λ(q)−1). Therefore our

statement directly follows from Theorem 4.4 and Corollary 4.1, section 4.3.

Note that if q∗ is a stability point and s0 ∈ D(q∗), then the finite dimensional
distributions of process γ(t) at large t are close to the distributions of the stationary
diffusion process γ̃(t) satisfying the following stochastic differential equation:

dγ̃(t) = Q
(
q∗
)
γ̃(t) +B

(
q∗
)
dw(t), γ̃(0) = γ0, (11.10)

where q∗ is a stationary point of equation (11.6).
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Let us consider some examples.

EXAMPLE 11.1. Let r = 2, λ12(q̄) ≡ α, λ21(q̄) ≡ β. Then λ1(q̄) ≡ α, λ2(q̄) ≡ β

and system (11.2) with function b̃(q̄) defined by relation (11.4) has the form:{
−q1α+ q2β = 0
−q2β + q1α = 0

(11.11)

with condition q1 + q2 = 1. From (11.11) we obtain:

q∗1 = β(α+ β)−1, q∗2 = α(α+ β)−1. (11.12)

It can be verified that this solution is the point of stability of system (11.11). Denote
b̃(q̄) = (b1(q̄), b2(q̄)). Then in our example according to (11.4)

b1(q̄) = −q1α+ q2β = β − (α+ β)q1, b2(q̄) = −b1(q̄).

Then system (11.6) is reduced to one equation

ds1(t) =
(
β − (α+ β)s1(t)

)
dt, s1(0) = s

(1)
0 , (11.13)

where s(1)0 is the 1st component of vector s0. The solution of (11.13) has the form

s1(t) = q∗1 +(q∗1 −s(1)0 )e−(α+β)t, where q∗1 = β(α+β)−1. Correspondingly, s∗2(t) =
q∗2 + (q∗2 − s

(2)
0 )e−(α+β)t, where q∗2 = α(α+ β)−1, and s(t) → q∗ = (q∗1 , q

∗
2).

EXAMPLE 11.2. Now consider the case of a more general system but without feed-
back. Suppose that for any i, j, i �= j, λij(q̄) ≡ λij . This means that there is no
influence between the individual systems and a super-system. Consider an MP y(·)
with state space {1, . . . , r} and transition rates λij , i �= j, and assume that this pro-
cess is irreducible. Then the solution of system (11.2) where function b̃(q̄) is defined
by relation (11.4), is a stationary probability distribution π∗ for y(·). Correspondingly,
s(t) is a vector of transition probabilities for y(·) in interval [0, t] with initial distribu-
tion s0. Therefore, s(t) → π∗ as t→ ∞.

EXAMPLE 11.3. Let us consider the case of linear influence between different sub-
systems. Assume that λij(q̄) = qiλij , i, j = 1, r, i �= j. In that case system (11.2) has
the form:

λiq
2
i =

∑
k �=i

q2kλkj , i = 1, r, (11.14)

where λi =
∑

k �=i λik. It can easily be verified that if an MP y(·) defined above in
Example 11.2 is irreducible, then the solution of (11.14) is unique and has a form
q∗i =

√
πi, i = 1, r, where π∗ = (π1, . . . , πr) is a stationary distribution for y(·).

Similar results can be obtained for the systems in discrete time.
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11.2. Averaging principle and diffusion approximation for dynamic systems with
stochastic perturbations

In the theory of storage processes, in various models describing physical and bio-
logical processes, etc. different processes are developing as the solutions of deter-
ministic differential equations with stochastic perturbations. In this part we consider
two cases. The first case deals with the perturbations at the times of a recurrent flow,
and the second one deals with the semi-Markov perturbations. The presentation fol-
lows [ANI 95b].

11.2.1. Recurrent perturbations

Assume that f(α), α ∈ Rr, is a given deterministic function with values in Rr,
and the trajectories of a dynamic system ζn(t) with stochastic perturbations for any
n > 0 are described in the following way: ζn(0) = ζ0,

dζn(t) = f(ζn(t)) dt as t ∈ (tnk, tnk+1

)
,

ζn
(
tnk+1 + 0

)
= ζn

(
tnk+1 − 0

)
+

1
n
δk
(
ζn
(
tnk+1 − 0

))
,

(11.15)

where {tnk, k ≥ 0} is a recurrent flow such that tnk+1 − tnk = 1
nτk, {τk, k ≥ 0} is a

sequence of iidrv and {δk(α), α ∈ Rr}, k ≥ 0, are independent of {τl, l ≥ 0} jointly
independent in index k families of random variables with distributions not depending
on index k.

THEOREM 11.3. Suppose that Eτ2
1 <∞, for any L > 0,

sup
|α|≤L

E
∣∣δ1(α)

∣∣2 <∞, (11.16)

functions f(α) and g(α) = Eδ1(α) are continuously differentiable and the solution
of the equation

ds(t) =
(
f
(
s(t)

)
+m−1g

(
s(t)

))
dt, s(0) = ζ0, (11.17)

where m = Eτ1, exists and is unique in an interval [0, T ]. Then

sup
t≤T

∣∣ζn(t) − s(t)
∣∣ P−−→ 0. (11.18)

THEOREM 11.4. Let the conditions of Theorem 11.3 hold where
√
n(ζn(0) − ζ0)

w=⇒ γ0. Assume that for any L > 0,

lim
N→∞

sup
|α|≤L

E
∣∣δ1(α)

∣∣2χ(∣∣δ1(α)
∣∣ > N

)
= 0,
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and the function σ2(α) = E(δ(α)− g(α))(δ(α)− g(α))∗ satisfies the local Lipschitz
condition.

Then the sequence of processes κn(t) =
√
n(ζn(t) − s(t)) J-converges in the

space Dr
T to a diffusion process satisfying the following stochastic differential equa-

tion: κ(0) = γ0, and

dκ(t) =
(
f ′
(
s(t)

)
+m−1g′

(
s(t)

))
κ(t)dt+m−1/2D

(
s(t)

)
dw(t), (11.19)

where D2(α) = m−2b2g(α)g(α)∗ + σ2(α), b2 = Varτ1.

Proof. Denote by v(t, α), t ≥ 0, a solution of the equation

dv(t, α) = f
(
v(t, α)

)
dt, v(0, α) = α,

and put ξnk(α) = v(τk/n, α) − α + δk(v(τk/n, α))/n, k ≥ 0. The family
{(ξnk(α), τk/n), α ∈ Rr}, k ≥ 0, defines an RPSM Sn(t), t ≥ 0, according to
relations (4.13) where in our case variables τnk do not depend on argument α. Firstly,
we suppose that

sup
α

∣∣f(α)
∣∣ ≤ C <∞.

Then |v(u, α)−α| ≤ Cu. According to Theorem 4.8, section 4.6, to prove that in
our case

sup
t≤T

∣∣ζn(t) − Sn(t)
∣∣ P−−→ 0, (11.20)

it is sufficient to show that

nP
{
τ1 > nε

} −→ 0, n sup
α

P
{∣∣δ1(α)

∣∣ > nε
} −→ 0. (11.21)

However, relations (11.21) follow from conditions (11.16) and Eτ2
1 < ∞ in the

same way as it was shown in the proof of Theorem 4.4 (see the lines following relation
(4.45), section 4.4, or relations (4.85), (4.86), section 4.4).

Now we have to verify the conditions of Theorems 4.3 and 4.4. In our case
mn(α) ≡ n−1m, and it is easy to check that bn(α) = n−1(f(α)m+g(α))+O(n−2),
and

qn(α, z) −→ f ′(α) +m−1g′(α), n2Eρn(α)ρn(α)∗ → D(α)2.

Since the solution of equation (11.17) is bounded in the interval [0, T ], it is suf-
ficient to check all conditions in each bounded region |α| ≤ N . This observation
together with the results of Theorems 4.3 and 4.4 completes the proof of Theorems
11.3 and 11.4.
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11.2.2. Semi-Markov perturbations

Let us now consider a more general model. Suppose that xn(t) at each n > 0
is a fast SMP in the space X which is defined by the families of transition prob-
abilities p(x,A), x ∈ X , A ∈ BX and hitting times {τn(x), x ∈ X}, where
τn(x) = n−1τ(x). Also let {δk(x, α), x ∈ X, α ∈ Rr}, k ≥ 0, be the jointly inde-
pendent families of random variables with values in Rr and distributions not depend-
ing on k.

Denote by 0 = tn0 < tn1 < · · · the sequential times of jumps of process xn(t) and
put xnk = xn(tnk +0). Then process ζn(t), t ≥ 0, which stands for a dynamic system
with semi-Markov perturbations, is determined in the following way: ζn(0) = ζ0,

dζn(t) = f(xnk, ζn(t)) dt as t ∈ (tnk, tnk+1),

ζn
(
tnk+1 + 0

)
= ζn

(
tnk+1 − 0

)
+

1
n
δk
(
xnk, ζn

(
tnk+1 − 0

))
.

THEOREM 11.5. Suppose that supx Eτ2(x) <∞, for any L > 0,

sup
|α|≤L

sup
x

E
∣∣δ1(x, α)

∣∣2 <∞,

and in any region |α| ≤ L functions f(x, α) and g(x, α) = Eδ1(x, α) are bounded
and continuously differentiable in α uniformly in x ∈ X . Assume that an MP with
transition probabilities p(x,A) is uniformly ergodic with stationary measure π(A),
A ∈ BX , and the solution of the equation

ds(t) = m−1
(
f
(
s(t)

)
+ g

(
s(t)

))
dt, s(0) = ζ0 (11.22)

exists and is unique in an interval [0, T ], where

m =
∫

X

m(x)π(dx), m(x) = Eτ(x),

f(α) =
∫

X

m(x)f(x, α)π(dx), g(α) =
∫

X

g(x, α)π(dx).

Then relation (11.18) is true.

Proof. Let {τk(x), x ∈ X }, k ≥ 0, be the jointly independent families of random
variables with the same distribution as the generic variable τ(x). Denote by v(t, x, α),
t ≥ 0, a solution of the equation

dv(t, x, α) = f
(
x, v(t, x, α)

)
dt, v(0, x, α) = α.
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As was noted in the proof of Theorem 11.3, without loss of generality we may assume
that

sup
x,α

∣∣f(x, α)
∣∣ < C. (11.23)

Put

ξnk(x, α) = v
(
τk(x)/n, x, α

)− α+ δk
(
x, v

(
τk(x)/n, x, α

))
/n,

τnk(x, α) = τk(x)/n.

The families {(ξnk(x, α), τnk(x, α)), α ∈ Rr}, k ≥ 0, define RPSM Sn(t),
t ≥ 0. Using Theorem 4.3, section 4.3 and Theorem 4.8, section 4.6 we see that
our conditions imply relation (11.20). Denote now

ξ̂nk(x, α) =
1
n
τk(x)f(x, α) +

1
n
δk(x, α). (11.24)

According to relation (11.23) and local Lipschitz conditions for functions f(x, α)
and g(x, α) (that follow from the continuously differentiability in α) we can prove
that

n
∣∣E(ξnk(x, α) − ξ̂nk(x, α)

)∣∣ ≤ 1
n
C,

n2
∣∣E(ξnk(x, α)ξnk(x, α)∗ − ξ̂nk(x, α)ξ̂nk(x, α)∗

)∣∣ ≤ 1
n
C.

Thus, it is sufficient to check the conditions of Theorem 11.5 for the variables
ξ̂nk(x, α) and τnk(x, α) = τk(x)/n. After some algebra we obtain that

b(x, α) = m(x)f(x, α) + g(x, α), b(α) = f(α) + g(α),

m(α) ≡ m, b̃(α) = m−1b(α),

and the results of our theorem follow from Theorem 4.5, section 4.4.

Let us prove the diffusion approximation. Denote

ρ(x, α) =
(
f(x, α) − b̃(α)

)(
τ(x) −m(x)

)
+ δ1(x, α) − g(x, α),

c2(x) = Varτ(x),

σ2(x, α) = E
(
δ1(x, α) − g(x, α)

)(
δ1(x, α) − g(x, α)

)∗
,

D2(x, α) =
(
f(x, α) − b̃(α)

)(
f(x, α) − b̃(α)

)∗
c2(x) + σ2(x, α),

D2(α) =
∫

X

D2(x, α)π(dx),
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γ(x, α) = g(x, α) −m−1m(x)g(α) +m(x)
(
f(x, α) −m−1f(α)

)
,

B2
1(α) =

∫
X

γ(x, α)γ(x, α)∗π(dx),

B2
2(α) =

∑
k≥1

Eγ
(
x0, α

)
γ
(
xk, α

)∗
,

where P{x0 ∈ A} = π(A), A ∈ BX , xk, k ≥ 0, is an MP in X with one-step
transition probabilities p(x,A), and put B2(α) = B2

1(α) +B2
2(α) +B2

2(α)∗.

THEOREM 11.6. Let the conditions of Theorem 11.5 hold and

lim
L→∞

sup
x

Eτ(x)2χ
(
τ(x) > L

)
= 0.

Assume that for any N > 0 the following conditions hold:

lim
L→∞

sup
|α|≤N

sup
x

{
E
∣∣δ1(x, α)

∣∣2χ(∣∣δ1(x, α)
∣∣ > L

)}
= 0,

and for all x ∈ X as max(|a1|, |a2|) ≤ N ,∣∣D2
(
x, α1

)−D2
(
x, α2

)∣∣ ≤ CN

∣∣α1 − α2

∣∣
and

√
n(ζn(0) − ζ0)

w=⇒ κ0.

Then the sequence of processes κn(t) =
√
n(ζn(t) − s(t)) J-converges in the

space Dr
T to the diffusion process κ(t) satisfying the following stochastic differential

equation:

dκ(t) = m−1
(
f ′
(
s(t)

)
+ g′

(
s(t)

))
κ(t)dt

+m−1/2
(
D2
(
s(t)

)
+B2

(
s(t)

))1/2dw(t), κ(0) = κ0,

Proof. It can be verified that under the assumptions of Theorem 11.6,

√
n sup

t≤T

∣∣ζn(t) − Sn(t)
∣∣ P−−→ 0.

Furthermore, similar to the proof of Theorem 11.5 we can see that the behavior of
process κn(t) is asymptotically equivalent to the behavior of process

√
n(Ŝn(t)−s(t))

where RPSM Ŝn(t) is constructed by the families {ξnk(x, α), n−1τk(x)} (see
(11.24)). Thus, our result follows from Theorem 4.6, section 4.4.

Note that the dynamical systems with fast Markov switching were independently
studied using another technique in [TSA 93a, TSA 93b, KOR 05].
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11.3. Random movements

Let us study AP and DA for a random movement with semi-Markov switching.
A simple case is described in section 1.3.2, Chapter 1. Consider a more general case
when the velocity of movement may depend on the current value of the trajectory.
Some results in this direction are published in [ANI 99].

Let {v(i, α), α ∈ Rr}, i = 1, 2, . . . , d, be a family of continuous, with respect to
α, vector-valued functions in Rr, and xn(t), t ≥ 0, be an SMP with a finite number
of states X = {1, 2, . . . , d}. We put ζk(t, i, α) = tv(i, α), t ≥ 0, i = 1, d. Denote
by 0 = tn0 < tn1 < . . . the times of sequential jumps for xn(t) and introduce the
embedded MP xnk = x(tnk +0), k ≥ 0. Let us define a random movement inRr with
semi-Markov switching as a PSMS (xn(t), ζn(t)), t ≥ 0, constructed by the family
of processes {ζk(t, i, α), t ≥ 0, 1, r} and switching times tnk in the following way.
Denote νn(t) = max{k : k ≥ 0, tnk < t},

ζn0 = ζn(0), ζn,k+1 = ζnk +
(
tn,k+1 − tnk

)
v
(
xnk, ζnk

)
, k ≥ 0.

Then a position of movement ζn(t) at time t can be represented as:

ζn(t) = ζn(0) +
νn(t)−1∑

k=0

(
tn,k+1 − tnk

)
v
(
xnk, ζnk

)
+
(
t− tn,ν(t)

)
v
(
xn,ν(t), ζn,ν(t)

)
.

Assume that SMP xn(t) has fast switching with a sojourn time in state i of the form
τn(i) = τ(i)/n and study two cases: the embedded MP is irreducible, or it admits an
asymptotic aggregation of the state space.

11.3.1. Ergodic case

Suppose that the embedded MP xnk = xk does not depend on index n and is
irreducible with stationary distribution πi, i ∈ X . Assume that the 2nd moments of
sojourn times exist and denote Eτ(i) = m(i), Var τ(i) = σ2(i), i = 1, d. Put

m =
d∑

i=1

m(i)πi > 0, b(α) =
d∑

i=1

v(i, α)m(i)πi,

B2
2(α) =

∑
k≥1

Em
(
x0

)
m
(
xk

)(
v
(
x0, α

)−m−1b(α)
)(
v
(
xk, α

)−m−1b(α)
)∗
,

B2(α)=
d∑

i=i

πim
2(i)

(
v(i, α) −m−1b(α)

)(
v(i, α) −m−1b(α)

)∗+B2
2(α)+B2

2(α)∗,

D2(α) =
d∑

i=i

πi

(
v(i, α) −m−1b(α)

)(
v(i, α) −m−1b(α)

)∗
σ2(i),
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where it is assumed that in the calculations of B2
2(α), process xk is in the stationary

regime, i.e., P(x0 = i) = πi, i = 1, d.

STATEMENT 11.1. Let the functions v(i, α), i ∈ X , be locally Lipschitz with respect

to α, have no more than linear growth and ζn(0) P−−→ s0. Then for any T > 0

sup
0≤t≤T

∣∣ζn(t) − s(t)
∣∣ P−−→ 0,

where ds(t) = m−1b(s(t)) dt, s(0) = s0.

If, in addition,
√
n(ζn(0) − s0)

w=⇒ γ0, then the sequence
√
n(ζn(t) − s(t))

J-converges to the diffusion process satisfying the following stochastic differential
equation: γ(0) = γ0,

dγ(t) = m−1b′
(
s(t)

)
γ(t) +m− 1

2

(
D2(s(t)

)
+B2

(
s(t)

)) 1
2
dw(t), (11.25)

where w(t) is a standard Wiener process in Rr, and the solution of (11.25) exists and
is unique.

The proof follows straightforwardly from Theorems 4.5, 4.6, section 4.4.

11.3.2. Case of the asymptotic aggregation of state space

Suppose that the embedded MP also depends on parameter n in such a way that
conditions (8.27), (8.28) hold. For simplicity assume that each region Xy forms in a

limit one essential class. Let x(y)
k be an auxiliary MP in Xy with limiting transition

probabilities P (y) = ‖p0(i, j)‖, i, j ∈ Xy . Denote by π(y)(i), i ∈ Xy , its stationary
distribution. Put

Ays =
∑

i∈Xy

π(y)(i)
∑

j∈Xs

bij , y, s ∈ Y, y �= s.

For any y ∈ Y denote

m̂(y) =
∑

i∈Xy

m(i)π(y)(i), b̂(y, α) =
∑

i∈Xy

v(i, α)m(i)π(y)(i). (11.26)

Let y(t, y0) be an MP with values in Y , transition rates Ays/m̂(y), y, s ∈ Y ,
y �= s, and the initial state y0. Denote also by z(t, y0, s0) a differential equation
solution switched by process y(t, y0): z(0, y0, s0) = s0,

dz
(
t, y0, s0

)
= m̂

(
y
(
t, y0

))−1
b̂
(
y
(
t, y0

)
, z
(
t, y0, s0

))
dt.
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STATEMENT 11.2. Let the functions v(i, α), i ∈ X , be locally Lipschitz with

respect to α, have no more than linear growth and ζn(0) P−−→ s0. Let in addition,
P(xn(0) ∈ Xy0) → 1 as n → ∞, m̂(y) > 0, y ∈ Y , the functions b̂(y, α) be
locally Lipschitz and have no more than linear growth with respect to α. Then
the sequence (K(xn(t)), ζn(t)) J-converges in any interval [0, T ] to the process
(y(t, y0), z(t, y0, s0)).

The proof follows from Statement 11.1 and Theorem 8.3, section 8.3.

Now consider the case when in (11.26) b̂(y, α) ≡ 0. In this case we can prove
a DA. Note that as in this case the trajectory of ζn(·) converges to zero, we need to
calculate the limiting expressions only in point α = 0. For any region Xy denote

D̂2(y) =
∑

i∈Xy

v(i, 0)v(i, 0)∗σ2(i)π(y)(i),

B̂2
1(y) =

∑
i∈Xy

m2(i)v(i, 0)v(i, 0)∗π(y)(i),

B̂2
2(y) =

∑
k≥1

Em
(
x

(y)
0

)
m
(
x

(y)
k

)
v
(
x

(y)
0 , 0

)
v
(
x

(y)
k , 0

)∗
,

where it is assumed that in calculations of B̂2
2(y) process x(y)

0 is in stationary condi-

tions, i.e., P(x(y)
0 = i) = π(y)(i), i ∈ Xy . Put

Ĉ2(y) = D̂2(y) + B̂2
1(y) + B̂2

2(y) + B̂2
2(y)∗.

STATEMENT 11.3. If the conditions of Statement 11.2 hold, then the sequence
(K(xn(t)),

√
nζn(t)) J-converges to process (y(t, y0), γ(t, y0, s0)), where

γ
(
t, y0, s0

)
=
∫ t

0

m̂
(
y
(
t, y0

))−1/2
Ĉ
(
y
(
t, y0

))
dw(t).

This is a Wiener process with Markov switching.

The proof follows from Theorem 8.3, section 8.3 on the convergence of SP with
rare switching and DA for RPSM in an asymptotically aggregated environment, The-
orem 8.15, section 8.8.
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Chapter 12

Simulation Examples

In this chapter we illustrate some theoretical results of the book using simulations
in language R. R is a very convenient programming language and is freely distributed.
The recurrent structure of SP is convenient for writing simulation codes. Simulation
can be used for the illustration of asymptotic results and also for testing the models
and providing other research experiments. R-codes are provided for all examples and
can be used after corresponding modifications for simulation of similar models.

12.1. Simulation of recurrent sequences

Let us illustrate the results of section 4.2 for the averaging principle for switching
recurrent sequences defined by (4.1). Consider the interval [t0, t1], take a small step
h = 1/n, consider a grid xhk: xhk = t0 + kh, k = 0, . . . , [(t1 − t0)/h], and represent
(4.1) in the following form: ξ0h = y0,

ξh,k+1 = ξhk + a
(
xhk, ξhk

)
h+ βhk, k = 0, . . . ,

[(
t1 − t0

)
/h
]
, (12.1)

where a(x, y) is a given function. Consider an example: a(t, y) = f1(t)y + f2(t),
where f1(t) = a/t, f2(t) = b/tg , and a+ g �= 1. Then a solution of the equation

dy(t) = a
(
t, y(t)

)
dt, y

(
t0
)

= y0, (12.2)

has the form

y(t) = y0

(
t

t0

)a

− bta

a+ g − 1
(
t1−a−g − t1−a−g

0

)
.

Let us take a = −0.5; b = 1.5; g = 2; t0 = 1; t1 = 10; y0 = 1. Assume that the
random sequence βhk in (12.1) has the form: βhk = h(Uk(0, 1)−0.5), where Uk(0, 1)
is the sequence of iidrv with uniform (0, 1) distribution. In this case Eβhk = 0 and as
h→ 0, relation (4.4) is satisfied for any T > 0 with n = [1/h].

329
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In Figure 12.1 a solid line denotes a solution y(t) of equation (12.2), a dashed-
dotted line is a sample path of a simulated trajectory of ξkh for h = 0.02 and a dashed
line is a sample path for h = 0.001. Clearly for much smaller h the trajectory is much
closer to y(t) and this plot illustrates AP.

2 4 6 8 10

1.0
1.1

1.2
1.3

Figure 12.1. Graph of the solution of the differential equation and two simulated trajectories
of a recurrent sequence for h = 0.02 and h = 0.001

R-code for simulation can be written as follows:

a=-0.5; b=1.5; g=2
f1 = function(x) a/x
f2 = function(x) b/x^g
f3 = function(x,y) f1(x)*y + f2(x) # function a(x,y)

# exact formula for the solution y(x)
ff4=function(x) {
y0*(x/t0)^a -(b/(a+g-1))*x^a*(x^(1-a-g)-t0^(1-a-g))
}
# Graph of the solution y(x) in interval [t_0,t_1]
hh=0.01
xx=seq(t0,t1,hh)
plot(xx,ff4(xx), type="l", col="blue",
lty=1, lwd=2, xlab=NA, ylab=NA, ylim=c(0.9,1.4))

# Simulation of the recurrent sequence
hh2=0.02;
xx2=seq(t0,t1,hh2)
kk2=length(xx2)
# Simulation of the random variables beta_k
ranxi=runif(kk2)-0.5
zz=numeric(kk2)
zz[1]=y0
for(i in 1:(kk2-1)){
zz[i+1]=zz[i]+hh2*f3(xx2[i],zz[i])+hh2*ranxi[i]
}
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# Graph of the trajectory
lines(xx2, zz, type="l", lty=4, lwd=2, col="red")

The last part can be run for different hh2 in order to obtain different sample paths.
If the solution of (12.2) cannot be found in the closed form, then we can calculate it
numerically using the first order recurrent Runge-Kutta procedure:

yh,k+1 = yhk + ha
(
xhk, yhk

)
, k = 0, . . . ,

[(
t1 − t0

)
/h
]
, yh0 = y0, (12.3)

and defining the approximate solution as yh(t) = yhk as thk ≤ t < th,k+1. It is
well-known that the accuracy of approximation is O(h), i.e.

sup
t∈[t0,t1]

∣∣y(t) − yh(t)
∣∣ = O(h).

12.2. Simulation of recurrent point processes

Consider a simulation of a recurrent point process of the form

tk+1 = tk + τ
(
tk
)
, k ≥ 0,

where t0 is given. Denote by X(t) the number of events in interval [0, t] starting from
t1. Consider the case where τ(t) has an exponential distribution with rate λ(t) =
1 + a

√
t, t ≥ 0. Two simulated sample paths of X(t) are shown in Figure 12.2.
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Figure 12.2. Two sample trajectories of X(t) in the interval [0, 10] for a = 0.5

R-code for simulation can be written as follows:

lla = function(x,a) 1+a*sqrt(x) ## rate function
# function for simulation of a sequence t_k, k \ge 1
frec2 = function(T,a) {
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tt=numeric()
tt[1] = rexp(1,lla(0,a))
k = 1
while (tt[k] <= T) {

tt[k+1] = tt[k] + rexp(1,lla(tt[k],a))
k = k +1

}
return(tt)

}
# simulation of a sequence t_k, k \ge 0
T=10; a=0.5
ptt1=c(0,frec1(T,a))
llen1=length(ptt1)
kk1=seq(0,llen1-1,1)

# graph of X(t)
plot(ptt1,kk1, type="s", col="blue",
lty=1, lwd=2, xlab=NA, ylab=NA, xlim=c(0,T))
# second sample path
ptt2=c(0,frec1(T,a))
llen2=length(ptt2)
kk2=seq(0,llen2-1,1)
lines(ptt2,kk2, type="s", col="red", lty=1, lwd=2)

12.3. Simulation of RPSM

Consider a simulation of RPSM (simple case) defined in section 1.2.2. According
to (1.8), (1.9) we introduce the following recurrent sequences:

t0 = 0, th,k+1 = thk + hτk
(
Shk

)
, Sh,k+1 = Shk + hξk

(
Shk

)
, k ≥ 0,

where the distributions of the family {(τk(s), ξk(s))} do not depend on index k, S0

is given and h is a scaling coefficient which stands for 1/n. Set Sh(t) = Shk as
thk ≤ t < th,k+1, t ≥ 0. Consider as an example the case where τ(s) has an exponen-
tial distribution with rate λ(s) = (1+s)−1, s ≥ 0, and ξ(s) has a uniform distribution
in interval (c(s) − 2, c(s) + 2) where c(s) = (1 + s)−1. These specific functions are
chosen with the purpose of obtaining a closed-form expression of the limiting function
s(t) in (4.20). A sample path of process S(t) is shown in Figure 12.3.

Let us illustrate the averaging principle and diffusion approximation for Sh(t) at
small h using Theorems 4.3, 4.4, section 4.3. In this case m(s) = 1 + s, b(s) =
(1 + s)−1, and as h → 0, supt≤T |Sh(t) − s(t)| P−−→ 0, where the function s(t)
satisfies the equation (4.20) in the form

ds(t) =
(
1 + s(t)

)−2dt, s(0) = S0,

with a solution s(t) = 3
√

3(t+Q) − 1, where Q = (1 + S0)3/3.
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Figure 12.3. Graph of a simulated trajectory of S(t) in the interval [0, 10] for h = 1

Figure 12.4 illustrates AP and shows that at small h the trajectory of Sh(t) is quite
close to function s(t) uniformly in the whole interval.
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Figure 12.4. Graphs of the simulated trajectory of Sh(t) and the function s(t), shown by the
dashed line, in the interval [0, 10] for h = 0.01 and S0 = 1

To illustrate DA we use Theorem 4.4 and find thatQ(s) = −2(1+s)−3, g(s) = 0,
and D2(s) = Eξ2(s) = 4/3 + (1 + s)−2. Thus, equation (4.36) has the form:

dγ(t) = −2
(
1 + s(t)

)−3
γ(t)dt+D

(
s(t)

)(
1 + s(t)

)−1/2dw(t), γ(0) = 0,

and therefore γ(t) is a non-homogenous Ornstein-Uhlenbeck process. The graph in
Figure 12.5 illustrates the behavior of the normalized difference (Sh(t) − s(t))/

√
h

which looks like a trajectory of a Brownian motion.
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Figure 12.5. Graph of the difference (Sh(t) − s(t))/
√

h. Illustration of DA for RPSM

12.4. Simulation of state-dependent queueing models

Consider a queueing system MQ/MQ/1/∞ with input rate λ(q) and service rate
μ(q) investigated in section 5.2.2. A general code for simulation can be written as
below where h is a scaling factor which stands for 1/n and the functions λ(q) and
μ(q) should be defined. In order to be definite we take λ(s) ≡ λ, μ(s) = μs, this
corresponds to the system M/M/∞. Then equation (5.16) implies: s(t) = λ/μ +
(s0 − λ/μ)e−μt, t ≥ 0.

funla = function(x, lam) lam ## input rate
funmu = function(x, mu) mu*x ## service rate
# probability of a jump up
ppx=function(x,lam,mu) funla(x,lam)/(funla(x,lam)+funmu(x,mu))

## Function for simulation of the queueing process Q(t)
funqueue <- function(T,lam,mu,Q0,h) {
tt=numeric() ## sequence of jumps t_k
zz=numeric() ## sequence Q_k
tt[1] =0
zz[1]=Q0
k = 1
while (tt[k] <= T) {
tt[k+1] = tt[k] + h*rexp(1,funla(zz[k],lam)+funmu(zz[k],mu))
zz[k+1]=zz[k]+h*(2*rbinom(1,1,ppx(zz[k],lam,mu))-1)
k = k +1

}
return(c(tt,zz))
}
## Simulation of the queueing process Q(t)
Q0=5; T=10; h=1; la=1; mu=0.5
outque=funqueue(T,lam,mu,Q0,h)
len1=length(outque)
tt=outque[1:(len1/2)]
zz=outque[(len1/2+1):len1]
# Graph of Q(t)
plot(tt,zz,type="s",col="blue",lty=1,lwd=2,xlab=NA,ylab=NA,xlim=c(0,T))
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Figure 12.6. Sample path of the process Q(t) at h = 1, Q0 = 5, λ = 1, μ = 0.5
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Figure 12.7. Two sample paths of Q(t) at Q0 = 5, λ = 1, μ = 0.5. Step-wise line
corresponds to h = 0.2, wavy line – to h = 0.01. Graph of s(t) is shown

by a straight solid line

A sample trajectory of the queueing process Q(t) is shown in Figure 12.6. Fig-
ure 12.7 illustrates AP and DA for process Qh(t). At h = 0.2 we see quite a large
deviation between Sh(t) and s(t), the deviation is much less at h = 0.01. R-code for
simulation can be written as follows.

Q0=0; T=10; h=0.01; mu=0.5
## Simulation of the trajectory of Q(t)
outque=funqueue(T,lam,mu,Q0,h)
len1=length(outque)
tt=outque[1:(len1/2)]
zz=outque[(len1/2+1):len1]

# graph of Q(t)
plot(tt,zz,type="s",col="blue",lty=1,lwd=2,xlab=NA,ylab=NA,xlim=c(0,T))
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Figure 12.8. Graph of ζh(t) = (Qh(t) − s(t))/
√

h at h = 0.01. Illustration of a DA

# function s(t)
funst =function(u,lam,mu) lam/mu+(Q0-lam/mu)*exp(-mu*u)
lines(tt,funst(tt,lam,mu), type="l", col="red", lty=2, lwd=2)
# graph of s(t)
lines(tt,funst(tt,lam,mu), type="l", col="red", lty=1, lwd=2)

DA is illustrated in Figure 12.8. In this case a limiting process for ζh(t) is described
as a solution of a stochastic differential equation

dζ(t) = −μζ(t)dt+
(
λ+ μs(t)

)1/2dw(t), ζ(0) = 0, (12.4)

which is an Ornstein-Uhlenbeck type process. R-code is given below.

plot(tt,(zz-funst(tt,lam,mu))/sqrt(0.01), type="s", col="blue",
lty=1, lwd=2, xlab=NA, ylab=NA, xlim=c(0,T))
abline(h=0)

We can also simulate a solution of equation (12.4) directly using the fact that at
small h a solution is approximated by a stochastic recurrent sequence:

ζh,k+1 = ζhk − μζhkh+
(
λ+ μs(kh)

)1/2
wk

√
h, ζh0 = 0,

where wk is a sequence of iidrv with normal N (0, 1) distribution. R-code for the sim-
ulation of the solution in the interval [t0, T ] can be written as below and Figure 12.9
shows one simulated sample path which looks similar to the graph in Figure 12.8.

T=10; lam=1; mu=1; zet0=0; t0=0
hh=0.01; K=round(T/hh)
# calculation of grid t_k
tt=numeric(K)
tt[0]=t0
for(k in 1:(K-1)){
tt[k+1]=t0+k*hh
}
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Figure 12.9. A sample path of process ζ(t) (see (12.4))

vnorm=rnorm(K) ## simulation of a sequence w_k, k=1,..,K
# calculation of a sequence \zeta_{hk}
zet=numeric(K)
zet[0]=zet0
for(k in 1:(K-1)){
zet[k+1]=zet[k]-mu*zet[k]*hh+
(lam+mu*funst(tt[k],lam,mu))^(1/2)*vnorm[k]*sqrt(hh)
}
# graph of \zeta(t)
plot(tt,zet,type="l",col="blue",lty=1,lwd=2,xlab=NA,ylab=NA,xlim=c(0,T))
abline(h=0)

12.5. Simulation of the exit time from a subset of states of a Markov chain

Consider the simulation method of Markov models and let us illustrate the asymp-
totic exponentiality of the exit time from a subset of states proved in section 6.2
on the example of a Markov chain Y (t) with 4 states {1, 2, 3, 4}. Consider a subset
X0 = {1, 2, 3} with matrix of transition rates λij :

Λ =

⎛⎜⎝0 1 2 ε

1 0 1 2ε
1 3 0 3ε

⎞⎟⎠
where transition rates λi4 to state 4 are small (λi4 = εi, i = 1, 2, 3). Let Ωε(x0) be the
exit time from X0 starting from state x0 ∈ X0. Denote by ρi, i ∈ X0, a stationary dis-
tribution of an MP with transition rates λij , i, j ∈ X0, i �= j. It is easy to calculate that
in this case the stationary distribution is {1/4, 1/2, 1/4}. Let βε =

∑
i∈X0

ρiλi4 = 2ε
be the stationary exit rate. Then, according to Corollary 6.3, section 6.2, at small ε the
variable βεΩε(x0) is approximated by an exponential distribution with rate 1. To illus-
trate this statement we first provide R-code for simulation of the exit time Ωε(x0).
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eps=0.01
matLa = matrix(nrow = 3, ncol=4) ## rate matrix \Lambda
matLa[1,]=c(0,1,2,eps)
matLa[2,]=c(1, 0, 1, 2*eps)
matLa[3,]=c(1,3,0, 3*eps)
# matrix of transition probabilities of the embedded MP
matP = matrix(nrow = 3, ncol=4)
for (i in 1:3){
matP[i,]=matLa[i,]/sum(matLa[i,])
}
# vector of the exit rates from the states 1,2,3
vecLa=numeric(3)
for(i in 1:3){
vecLa[i]=sum(matLa[i,])
}

# Function for simulation of exit time starting from state x_0
# xx[k] is the embedded MP, tt[k] is a sequence of jumps of Y(t)
x0=1
funMarkov <- function(x0) {
tt=numeric()
xx=numeric()
xx[1] =x0 ## initial state
tt[1]=0
k = 1
while (xx[k] < 4) {
tt[k+1] = tt[k] + rexp(1,vecLa[xx[k]])
xx[k+1]=c(1,2,3,4) %*% rmultinom(1,size=1,prob=matP[xx[k],])
k = k +1

}
return(c(length(xx),tt[length(xx)]))
}
# length(xx) is the number of jumps in the subset X_0 before exit
# tt[length(xx)] - exit time

For the illustration of the asymptotic exponentiality of ζε = βεΩε(x0) we need to
carry out many simulation runs of the exit time and use some statistical tests. Figure
12.10 shows a histogram of 105 simulation runs of the variable ζε. The continuous line
shows a graph of the function exp{−x}, the probability density function of the expo-
nential distribution with rate 1. As we see, the latter curve practically coincides with
histogram. This result confirms the statement of Corollary 6.3, section 6.2. Similar
results can be shown for the number of jumps before the exit.

R-code for simulation and statistical testing:

M=10^5 # number of simulation runs
matSim <- matrix(nrow = M, ncol=2) ## output of simulation
for (i in 1:M){
matSim[i,]=funMarkov(x0)
}
# first column - simulated values of the number of jumps
# second column - simulated values of the exit time



Simulation Examples 339

0 1 2 3 4 5

0.0
0.2

0.4
0.6

0.8
1.0

Figure 12.10. Comparison of the histogram of the exit time and exponential probability
density function with rate 1

rh1=1/4; rh2=1/2; rh3=1/4; ## stationary distribution
vecrho=c(rh1,rh2,rh3)
statrate=vecrho %*% matLa[,4] ## stationary exit rate

# Histogram of 10^5 simulated exit times normalized by
# a stationary exit rate
hist(matSim[,2]*statrate,main=NA,xlab=NA,ylab=NA,
br=c(seq(0,5,0.125),max(matSim[,2]*statrate)+1),prob=TRUE,
xlim=c(0,5),col="lightblue", border="pink")
# graph of the exponential probability density function, rate=1
xxx=seq(0,5,0.01)
lines(xxx, exp(-xxx), type="l", col="red", lty=1, lwd=2)

Let us illustrate the so-called quasi-ergodic properties of S-sets. As ε→ 0, a subset
X0 forms an S-set and therefore as small ε, Ωi(x0)/Ω(x0) ≈ ρi, i = 1, 2, 3, where
Ωi(x0) is the total time spent in state i up to the exit from X0. This result can easily
be verified by simulation. Let us take ε = 0.0001 and use the following function for
simulation of sequences xk and tk up to the first exit time:

x0=1
funMarkov2 <- function(x0) {
tt=numeric()
xx=numeric()
xx[1] =x0
tt[1]=0
k = 1
while (xx[k] < 4) {
tt[k+1] = tt[k] + rexp(1,vecLa[xx[k]])
xx[k+1]=c(1,2,3,4)%*% rmultinom(1,size=1,prob=matP[xx[k],])
k = k +1

}
Item=matrix(nrow = 2, ncol=length(xx))
Item[1,]=xx
Item[2,]=tt
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return(Item)
}

## Simulation of the ratios \Omega_i(x_0)/\Omega(x_0)
Matout1=funMarkov2(x0) ## simulation of sequences x_k, t_k
xxx=Matout1[1,] ## sequence x_k
ttt=Matout1[2,] ## sequence t_k
leng=length(xxx) ## number of jumps before the exit
## sequence \tau_k of occupation times in states x_k
times=numeric(leng-1)
for (i in 1:(leng-1)){
times[i]=ttt[i+1]-ttt[i]
}
statdis=numeric(3) ## ratios of \Om_i(x_0)/\Om(x_0)
for (i in 1:3){
statdis[i]=sum(times[i <= xxx & xxx <i+1])/ttt[leng]
}

For a particular simulation run, the length of vector xxx is 19041 and statdis =
(0.248, 0.509, 0.243) which is very close to the exact values (0.25, 0.5, 0.25). The
same illustration can be performed for a stationary distribution of the embedded MP.

12.6. Aggregation of states in Markov models

Let us illustrate the results of Chapters 8 and 9 on the asymptotic aggregation
of state space of Markov processes. Consider a Markov chain Yε(t) with 4 states
{1, 2, 3, 4} and matrix of transition rates

Λ =

⎛⎜⎜⎝
0 1 0.5ε ε

0.5 0 ε 2ε
0.5ε ε 0 0.5
ε 2ε 0.5 0

⎞⎟⎟⎠ .

As we see, there are two subsets of statesX1 = {1, 2} andX2 = {3, 4} with small
transition rates between subsets. Yε(t) spends an asymptotically exponential time in
each region (which was illustrated in the previous example) and then jumps to another
region. This behavior is shown in Figure 12.11. R-code for simulation is given below.

eps=0.005
matLa <- matrix(nrow = 4, ncol=4)
matLa[1,]=c(0,1,0.5*eps,eps)
matLa[2,]=c(0.5, 0, eps, 2*eps)
matLa[3,]=c(0.5*eps,eps,0, 0.5)
matLa[4,]=c(eps,2*eps,0.5, 0)
# matrix of transition probabilities of the embedded MP
matP <- matrix(nrow = 4, ncol=4)
for (i in 1:4){
matP[i,]=matLa[i,]/sum(matLa[i,])
}
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Figure 12.11. One sample path of process Yε(t) for ε = 0.005. The upper stepwise line shows
the trajectory of the aggregated process K(Yε(t)). This line can be considered as

a sample path of an MP with two states {X1, X2} and aggregated transition rates:
λ̂X1,X2 = 5ε/2, λ̂X2,X1 = 9ε/4

vecLa=numeric(4)
for(i in 1:4){
vecLa[i]=sum(matLa[i,])
}
# Function for simulation of a MP in interval (0,T)
funMarkovAg <- function(T) {
tt=numeric()
xx=numeric()
xx[1] =x0
tt[1]=0
k = 1
while (tt[k] < T) {
tt[k+1] = tt[k] + rexp(1,vecLa[xx[k]])
xx[k+1]=c(1,2,3,4)%*% rmultinom(1,size=1,prob=matP[xx[k],])
k = k +1
}
Item=matrix(nrow = 2, ncol=length(xx))
Item[1,]=xx
Item[2,]=tt
return(Item)
}

## Simulation of the trajectory of Y_\e(t) in interval (0,500)
Matout1=funMarkovAg(500)
plot(Matout1[2,],Matout1[1,],type="s",col="blue",lty=1,lwd=1,
xlab=NA, ylab=NA,xlim=c(0,500),ylim=c(1,5.5),axes=FALSE)
axis(1, at=seq(0,500,by=50))
axis(2, at=seq(1,4,by=1), lwd=3, col="blue")
abline(v=0, lwd=1)
funK= function(j) ifelse(j <=2, 4.5,5.5) ## aggregation function
## adding trajectory of the aggregated process K(Y_\e(t))
lines(Matout1[2,],funK(Matout1[1,]),type="s",
col="red",lty=1,lwd=3)
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component, 19, 25
quasi-Birth-and-Death process, 41,
50, 268, 271
quasi-ergodic, 57, 70, 241, 244, 286
with Markov switching, 269, 270
with semi-Markov interference of
chance, 20, 26
with semi-Markov switching, 43, 45,
46, 292, 294, 300

Ornstein-Uhlenbeck process, 128, 129,
149, 154

piecewise Markov aggregate, 20, 26
Poisson process, 23, 46, 48, 68, 69, 126,

129, 135, 138, 141, 144, 145, 151,
166, 209, 216

random evolution, 20, 26, 28, 84
random movement, 29
renewal process, 26, 143

semi-Markov process, 21, 23, 25, 29,
105, 144

switching process, 13, 20, 24, 45, 108,
110, 112, 118, 164
process with independent increments
and Markov switching, 21, 29
process with independent increments
and semi-Markov switching, 20, 23,
25
recurrent semi-Markov type process,
24, 26, 39, 83, 88, 95, 106, 110, 132,
135, 137, 141, 144, 148, 155, 160,
247, 252, 316
recurrent semi-Markov type process
with Markov switching, 27, 28
state-dependent flow of random
events, 32
switching diffusion process, 31
switching dynamic system, 30, 319
two-level Markov system, 33

Wiener process, 78, 100, 104, 106, 122,
131, 154, 253
with Markov switching, 326

with independent increments, 21, 63, 67,
78, 79

with Markov switching, 28
with semi-Markov switching, 28, 44, 51,

112, 135, 137, 145, 148, 163, 166, 324
strong mixing coefficient, 65, 96, 209

U
uniformly strong mixing coefficient, 58,

65, 73, 74, 98, 236, 239, 240, 247, 272,
279, 286, 300




