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Preface

Contemporary communication systems and computer networks usually have a
rather complex structure and therefore require creating more complicated mathemat-
ical models of queues and developing new approaches for modeling and asymptotic
investigation. The main features of these systems are the stochasticity of the processes
describing the behavior in time, influence of various internal and external events which
may change (switch) the behavior of the system, the presence of different time scales
for different subsystems (very fast internal computer time and user interaction time,
etc), and the hierarchic structure. Wide classes of such systems can be adequately
described with the help of so-called “switching” stochastic processes.

Switching processes (SP) have been developed by the author for describing the
operation of stochastic systems with the property that their development in time varies
spontaneously (switches) at some random points of time which may depend on the
previous system trajectory. According to Kolmogorov, these processes can be called
random processes with discrete interference of chance or with discrete components.
Processes of this type often appear in the theory of queueing and communication sys-
tems and networks, branching, population and migration processes, in the analysis
of stochastic dynamical systems with random perturbations, random movements and
various other applications.

SP can be represented as a two-component process (z(t),((t)), t > 0, with the
property that there exists a sequence of Markov points of time ¢; < t5 < --- such that
in each interval [t,tx+1), ©(t) = x(tx), and the behavior of the process ((¢) in this
interval depends only on the value (x(tx), ((tr)). (t) is a discrete switching compo-
nent and the points of time {¢;} are called switching times. SP can be described in
terms of constructive characteristics and is very suitable in analyzing and asymptotic
investigating of stochastic systems with “rare” and “fast” switching.

The class of SPs is the natural generalization of well-known classes of random
processes such as Markov processes that are homogenous in the 2nd component, pro-
cesses with independent increments and Markov or semi-Markov switches, piecewise
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Markov aggregates, and Markov processes with Markov and semi-Markov switching
(random evolutions). Wide classes of queueing models can be described in terms of
SPs. The class of switching queueing models includes, as examples, various types of
state-dependent queueing systems and networks in a Markov or semi-Markov envi-
ronment, queueing models under the influence of flows of external events or inter-
nal perturbations, unreliable systems, retrial queues, hierarchic queueing systems, etc.
Therefore, the asymptotic theory of SPs can be effectively applied to the investigation
of wide classes of queueing systems and networks.

In the book several large directions of asymptotic results for SP are investigated
and successfully applied to various classes of switching queueing models.

The first direction is devoted to the limit theorems of averaging principle (AP)
and diffusion approximation (DA) type in the case of fast switching. Theorems on the
convergence of the trajectory of an SP to a solution of a differential equation (AP) and
the convergence of the normalized difference to a diffusion process (DA) are proved
for different subclasses of SP: recurrent processes of a semi-Markov type (RPSMs),
processes with semi-Markov switching and general SP with feedback between both
components. The results are based on the investigation of the asymptotic properties of
a special subclass of SP — RPSMs theorems on the convergence of recurrent sequences
with Markov switching to the solutions of stochastic differential equations and the
convergence of superpositions of random functions.

This class of theorems is the basis of a new approach to the investigation of tran-
sient phenomena for service processes in overloading queueing systems and Markov
and semi-Markov type networks, retrial queues, etc. Numerous examples for the illus-
tration AP and DA for queueing models are considered.

The second direction is devoted to the limit theorems for SP with slow switching.
Models of this type appear at the investigation of hierarchic systems in different scales
of time (slow and fast). The conditions, when an SP of a rather complicated struc-
ture can be approximated by an SP of a simpler structure, in particular, by a Markov
or semi-Markov process, are established and various applications to processes with
Markov and semi-Markov switching are considered. The method of investigation uses
the results on the convergence of the accumulating type processes constructed on the
trajectory of Markov or semi-Markov process satisfying some form of the asymp-
totic mixing condition in triangular scheme to processes with independent increments
(homogenous or non-homogenous in time). A special class of non-homogenous in
time Markov processes with transition probabilities slowly varying in the expanding
time scale is introduced. These processes have quasi-ergodic properties and are called
quasi-ergodic Markov processes. Under rather general conditions it is proved a Pois-
son approximation of the flows of rare events governed by a Markov process satisfying
an asymptotic mixing condition, in particular with the state space forming a so-called
S-set (asymptotically connected set), and the exponential approximation of the exit
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time from S-set. Special attention is paid to the analysis of the flow of rare events
defined on stochastic systems satisfying asymptotic mixing conditions, in particular,
with state space forming an S-set. These models naturally appear at study queueing
models with asymptotically “fast” service (or low traffic). Applications of a method
of S-sets are considered for different classes of queueing systems.

Using these results and the results on the convergence of SP with slow switching,
the models of the asymptotic aggregation of the state space of Markov and semi-
Markov processes (homogenous and non-homogenous in time) are investigated.
These results create the basis for a theory of the asymptotic decreasing dimension and
aggregation (consolidation) of the state space of stochastic systems. Special attention
is paid to the hierarchic Markov and semi-Markov systems operating in different
time scales. These systems under rather general conditions can be approximated by
a simpler Markov system with averaged transition characteristics. The applications
to the asymptotic aggregation of a state space and approximation by Markov models
with averaged characteristics are considered for different classes of Markov and
non-Markov queueing models in a random environment.

The asymptotic aggregation of SP in different time scales is the next natural level
of development. The conditions of the convergence of SP to solutions of differen-
tial and stochastic differential equations with coefficients depending on a limiting
aggregated Markov or semi-Markov process are obtained. Various applications to the
asymptotic aggregation of overloaded queueing systems and networks under the influ-
ence of hierarchic random environment in different time scales are considered.

The results of the book were obtained while the author was working at Kiev
University as Head and Professor of Applied Statistics Department at the Faculty of
Cybernetics (1978-2002) and also as Visiting Professor at Bilkent University, Ankara
(1997-2002). Some results were reflected in different courses on stochastic processes
and queueing models that the author taught at Kiev University and Bilkent University
for graduate and post-graduate students.

The book contains many practical examples of asymptotic results for queueing
models and is directed to applied mathematicians and researchers, post-graduate stu-
dents and engineers working in the field of stochastic systems, queueing models and
applications to computer sciences, biology, ecology, physical and social sciences.
Some theoretical results are illustrated by examples of simulation in R.

The author is sincerely grateful to professors Vladimir Korolyuk, Anatoli Sko-
rokhod, Igor Kovalenko and Nikolaos Limnios for a fruitful long-term collaboration
and useful discussions.

Vladimir V. Anisimov
March 2008






Definitions

Throughout the book we use the following abbreviations:

P(A) probability of event A

E¢ expectation of a random variable &
Var¢ variance of a random variable £

MP Markov process

SMP  semi-Markov process

RPSM recurrent process of semi-Markov type
PSMS process with semi-Markov switching

SP switching process
w the weak convergence of random variables in the sense

of weak convergence of probability distributions

— the convergence in probability
the space of right-continuous functions defined on [0, T’]

Dr with finite left limits (Skorokhod space)

Cr the space of continuous functions defined on [0, 7]
[a] usually means the integer part of @

a vector in space R"

a transposed vector

We say that the sequence of random processes (,(-) J-converges to the process
Co(+) in an interval [0, 7] as n — oo, if the sequence of measures generated by ¢, ()
in Skorokhod space D weakly converges to the corresponding measure generated by

Co(*)-

J-convergence in [0, 7] means a weak convergence of finite dimensional distribu-
tions in all points in [0, 7] except possibly a countable set and a relative compactness
of corresponding measures in [0, 7] (see [BIL 68]).
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Readers are refered to [SKO 56, BIL 68, ETH 86] for the definition of Skorokhod
space and J-convergence.
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Chapter 1

Switching Stochastic Models

This chapter is devoted to the description of the main types of switching stochastic
models.

1.1. Random processes with discrete component

The operation of a wide range of stochastic systems can be described in terms of
random processes such that the character of their operation over time varies sponta-
neously (switches) at random times.

Models of this type appear at the investigation of systems operating in a random
environment, systems with different stochastic perturbations and also systems of a
complex hierarchic structure. Switching may be determined by external factors (for
example, when a system operates in an environment and does not influence the envi-
ronment itself), and also by internal and interconnected factors (switching is deter-
mined by some events depending on the trajectory of the system). The latter situation
corresponds to the case of feedback. Thus, in the general case, the switching times
may be random functionals of the previous trajectory of the system.

Switching models appear in the theory of queueing systems and networks, branch-
ing processes, in the analysis of stochastic dynamic systems with random perturba-
tions, in recurrent algorithms with random calculation times and other various appli-
cations.

According to Kolmogorov, these processes are called random processes with dis-
crete interference of chance or with a discrete component. A wide range of different
modifications of processes with discrete interference of chance have been studied:
Markov processes that are homogenous in the second component [EZO 69], processes
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with independent increments and semi-Markov switching [ANI 73], piecewise
Markov aggregates [BUS 73], Markov processes with semi-Markov interference
of chance [GIK 75] and Markov and semi-Markov evolutions [KAC 74, GRI 69,
HER 74, HER 03, KER 78a, KER 78b, KUR 73, PAP 72, PIN 75, KOR 94, KOR 05].
SPs were introduced by the author [ANI 75, ANI 77, ANI 78, ANI 88b].

Different classes of asymptotic results for processes with a discrete component
were investigated by many authors. The Law of Large Numbers and the Central
Limit Theorem for random evolutions have been proved by different authors
[GRI 69, PAP 72, KUR 73, KER 78a, KER 78b, PIN 75, ANI 73, ANI 88b, KOR 93,
KOR 94, WAT 84, KOR 90]. The next natural stage is the investigation of the
asymptotic behavior of random evolution in transient conditions.

There are two major directions of asymptotic results for processes with a discrete
component. The first direction is devoted to the limit theorems of averaging principle
(AP) and diffusion approximation (DA) in the case of fast switches. Various AP and
DA results for dynamic systems and stochastic differential equations with fast Markov
switching were proved by [KHA 68, SKO 89, TSA 93a, TSA 93b].

The author investigated AP and DA for special subclasses of SP [ANI 90,
ANI 92a, ANI 93, ANI 94, ANI95] and these results were applied to branching
processes [ANI 96], stochastic differential equations [ANI 86, ANI 89] and to
different classes of queueing systems [ANI99a, ANI99c, ANI 02b, ANI 92b,
ANI 99b, ANI 01, ANI 04]. Another approach based on the asymptotic results for
semi-groups of perturbed operators associated with corresponding Markov processes
was developed by V.S. Korolyuk ef al. and various applications to dynamic systems
and queueing models [KOR 94, KOR 99, KOR 04] are studied.

The second direction is related to the aggregation (merging) of the states of
stochastic systems. These situations appear when we consider two-level (hierarchic)
systems with “fast” transitions on the first level and “slow” transitions on the second
level. For example, a stochastic system with fast transitions operates in an external
environment with slow transitions. The approach based on the asymptotic results
for semi-groups of perturbed operators was also successfully applied to this class of
problems [KOR 93, KOR 99, KOR 00, KOR 04, KOR 05].

The author developed a different approach based on the limit theorems for SP in
the case of slow switches [ANI 73, ANI 78, ANI 88b, ANI 88a] and investigated the
conditions when an SP of a rather complicated structure can be approximated by an
SP of a simpler structure, in particular, by a Markov or a semi-Markov process. These
results created the basis for a new approach to problems of asymptotic decreasing
dimension and aggregation of state space of stochastic systems. Different applications
to reliability and queueing models and dynamic systems are considered in [ANI 88b,
ANI 00a, ANI 02a, ANI 04, ANI 87, ANI 99b, ANI 00b].
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In the following sections we consider some special models of processes with a
discrete component such as Markov or semi-Markov processes, processes with inde-
pendent increments and Markov or semi-Markov switching.

1.1.1. Markov and semi-Markov processes

First let us consider a well-known constructive definition of homogenous
Markov process (MP) in continuous time. Let {T(k)(x), x € X}, k >0, be jointly
independent at different & families of random variables such that the variable
7(®)(z) at each z, k has an exponential distribution with parameter \(x) where the
values A\(z), z € X, are given. Here X is a metric space with Borel o-algebra
Bx (we call it a measurable space (X, Bx)). The family of transition probabilities
{p(z,A), v € X, A € Bx} is also given. Suppose that x( is the initial value.
We construct a Markov sequence i, kK > 0, using transition probabilities in the
following recurrent way: tqg = 0, tx11 = tx + T(k)(l'k), and

P{xk+16A|xk=x}:p(Js,A), re€ X, A€ Bx, k>0.

Then the process
z(t)=ap asty <t <tpyr, t >0,

is a homogenous MP in continuous time. The transition rates from state x to the region
A (x ¢ A) are calculated using the formula: A\(x, A) = p(z, A)A(z).

If the variables {7(*)(z), € X}, k > 0, have arbitrary distributions, then the
process x(t) is a semi-Markov process (SMP). In both cases the times ¢;, can be con-
sidered as switching times for the trajectory of the process.

Note that the process z(t) is correctly defined only in the interval [0, ., ), where
too = limyp_ oo tr. If £y N oo as k — oo, then this process is defined in the interval
[0, 00) and we call it regular. Here a symbol L, means the convergence in probability.

In the following we will say that the process () is regular if in any finite interval
with probability one it has a finite number of jumps.

1.1.2. Processes with independent increments and Markov switching

Let z(t), t > 0, be a regular homogenous MP with values in a measurable space
(X, Bx) and let the following families that are independent of x(-) be given: the fam-
ily of jointly independent at different £ homogenous processes with independent incre-
ments {£¥)(t,z), t >0, x € X}, k > 0, (Lévy processes) and the family of jointly
independent at different & random variables {y¥)(z), » € X}, k > 1, with values
in R. Suppose also that the distributions of processes ¢(¥) (¢, 2) and variables v*) ()
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do not depend on index k. It is known that a characteristic function of the Lévy process
can be represented in the form

Eexp {in(l)(t, z)} = exp {typ(0,z)},

where the cumulant function (6, x) has a well-known Lévy-Khintchine representa-
tion. Denote

E exp {iﬂ’y(l)(x)} =p(0,x), ze€X, 0¢c(—00,00).

Suppose that the functions (0, z), ¢(0, z) at each fixed 6 as functions in x are
measurable with respect to o-algebra By .

We define a two-component MP (z(t),((t)), ¢ > 0, with values in (X, R) using
the families introduced above. Let (x¢, o) be an initial value, x(¢) a right-continuous
homogenous MP and 2(0) = xy. Denote by 0 = ¢y < t; < to < --- the times of
successive jumps of x(¢) and let 2, = x(tx), k > 0, be the values of the embedded
MP. We put ((0) = ¢, and set

Ct) = C(tr) + €W (tan) — €W (tn, zx), ast € [tu,tir),

C(tr) = ¢(te —0) +7¥) (24), k>o0.

(1.1)

This means that in the interval [ty, ;1) the process ((¢) takes the increments of
the process £(F)(t,x;,) and at time ¢, it has a jump of the size ¥(*)(z}). Thus, by
the construction, at the fixed trajectory of x(t) the process ((t) develops as a non-
homogenous process with independent increments and momentary value of the cumu-
lant function (0, z(t)) and it takes additional jumps at the times ¢5, k& > 0, of the
size v¥) (x1,). Let, for simplicity, ¢, = 0. Thus, the characteristic function of the
one-dimensional distribution of the process {(t) is given by the expression:

Eexp{i@((t)}:Eexp{/o ¥(0,z(u))du + Z lncp(H,xk)}. (1.2)

0<trp <t

Here the expectation is taken with respect to all possible trajectories of x(u),
0 < wu < t. If the intervals [a;, b;], j = 1,7, are not overlapping, then

. {iiejw(bj) - w@-))}

T bj
—EHexp{/ V(0;, z(u))du + Z lngo(Hj,xk)}.

J a;<tp<b;
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This construction can be easily extended to the case where the processes &%) (¢, x)
are non-homogenous in time and the distributions of variables v*) (z, t) also depen-
dent on t. In this case the process (x(t), ((t)), t > 0, is non-homogenous in time. Note
that as x(+) is regular, the process (z(t),((t)), t > 0, is defined in the interval [0, co).

By definition the two-component process (z(t),((t)), t > 0 is an MP which is
homogenous in the 2nd component. This means that

P{a:(t—i—s) €A Ct+s)<z|x(t)==x, ((t) :y}
CP{at+5) € A, Clt+5) < 2~y alt) = 2, (1) =0},

t>0,8>0,z€X, y,2z € (—00,00).

Note that Markov processes that were homogenous in the 2nd component were
defined in [EZO 69].

1.1.3. Processes with independent increments and semi-Markov switching

Let z:(t), t > 0, be an SMP with the state space X and let the family of homoge-
nous processes with independent increments & (%) (t,z),t >0,z € X, and the family
of random variables 'y(k)(x), x € X, satisfying the conditions above, section 1.1.2,
be given. Relations (1.1) thus define the two-component process (z(t),((t)), t > 0,
which is the process with independent increments and semi-Markov switching (PII
SMS) [ANI 73].

Let us consider a three-component process (z(t),y(t), ((t)), t > 0, where v(t) =
t — maxy, <; t. This process is a homogenous MP that is homogenous in the second
component (see previous section 1.1.2). The one-dimensional distributions for ((t)
are also defined by formula (1.2).

Now let us consider as an example a Poisson process with a random rate. Let
A(t), t > 0, be the non-negative random process which represents the instantaneous
rate for a Poisson process Iy (t). This means that at given trajectory of A(t,w)
the process 1Ty, (t) is developing as a non-homogenous Poisson process with the
instantaneous rate A(¢,w). A Poisson process of this type is called a double stochastic
Poisson process or Cox process [COX 80].

The joint distributions in non-overlapping intervals [a;, b;], j = 1, r, are calculated
as follows

A (ai, bl) i

ni! ’

P{Tl5 ) (b:) = ey (a5) = miy i = T,r} = B[ exp {— A(ai,bi)}

i=1

where A(a,b) is a random cumulative rate in the interval [a, b]: A(a,b) = f; Au)du.
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Consider a special case. Let the family of non-negative functions a(z), = € X,
and the random process z(¢) with values in X be given. Suppose that the random
rate \(t) has the form \(t) = a(x(t)), t > 0. In this case the process ITy)(t) is
a Poisson process with a rate which is switching by the process x(t). In particular,
if 2(t) is a homogenous MP, then the two-component process (x(t), ILy)(t)) is a
homogenous PIT MS (see section 1.1.2). If the process () is an SMP, then the process
(x(t), ) (t)) is a homogenous PII SMS.

1.2. Switching processes
1.2.1. Definition of switching processes

In this section we introduce a general definition of the class of switching processes
(SPs). Let

Fi = {(Ck(t,I‘,Oé),Tk-(l',OZ),ﬂk(I,Oé)), t>0,z€eX, ac Rr}v k> 0,

be jointly independent in index k parametric families, where (X, By ) is a measurable
space, (. (t, x, o) for each fixed k, x, «v is a random process with trajectories belonging
to the Skorokhod space D" (the space of right-continuous functions having left-side
limits which are also called cadlag functions), and 73 (z, @), Ok (z, o), are possibly
dependent on (j (-, 2, ) random variables, 7, (-) > 0, B (-) € X. We assume that the
vectors from R" are column vectors and the variables introduced are measurable in
the ordinary way in the pair (z, a) concerning o-algebra Bx X Br-. Let (z¢, Sp) also
be the initial vector in X x R" independent of F, k > 0. We introduce the following
recurrent sequences:

to =0, tpy1 =tr+ 7 (Tk, Sk),

(1.3)
Sk1 = Sk + & (@r, Sk),  Tra1 = Br(zk, Sk), k>0,
where & (x, ) = (i (T (2, @), z, @), and set
C(t) = Sk + Gt — trs zk, Sk), (14)

x(t):mk, asty <t <tp41, t>0.
A two-component process (z(t),((t)), t > 0, is thus called an SP [ANI 75,
ANI 77]. We also introduce a process
S(t) =Sk asty <t <tgy1, t >0, (1.5)

and call it a semi-Markov recurrent process (RPSM) [ANI 90]. Note that by definition
RPSM S(¢) is an embedded process for ((t).



Switching Stochastic Models 25

It is worth noting that the general definition of an SP allows feedback between
the discrete component z(+) and the switched component {(-) (case of feedback). Dif-
ferent classes of random evolutions studied earlier by other authors allow only the
dependence of the component {(-) on the process x(-). This corresponds to the case
when we have an external environment corresponding to the process z(+) and its oper-
ation does not depend on the process ((-), but operation of (-) may depend on the
state of 2(+). The case of feedback was not considered by other authors.

Consider a particular case when there is no switching component z(-) and the
process ((+) is switching at some random times ¢ Let

Fr = {(CG(t,a), (), t >0, € R"}, k>0,

be jointly independent in index & families of random processes (x (¢, ) with trajecto-
ries belonging to the Skorokhod space D! and random variables 73 («) measurable in
the natural way. We introduce the following recurrent sequences:

to=0, tpy1 =1+ Tk(Sk), Sk+1 =Sk + §k(5k)7 k>0, (1.6)
where & () = (i (7r (), @), and set

C(t) =Sk 4 Ce(t —tr, Sk) asty <t <tppr, t=>0. (1.7)

Process ((t), t > 0, is thus a special case of an SP which is switched by its own
values at the switching times ¢, constructed recurrently using the values of {(+) at the
switching times. This definition will be used later to describe some classes of queueing
models.

In what follows we assume that the SP is regular, i.e. the component x(-) with
probability one has a finite number of jumps in each finite interval. Now as an illus-
tration we consider the special subclasses of SPs.

Assume that the characteristics of the families Fj, & > 0, do not depend on param-
eters @ and k. Then xg, kK > 0, is a homogenous Markov process (MP) and z(t),
t > 0, is a semi-Markov process (SMP). Assume also that the variables 75 (x) at each
2 € X are independent of the processes (i (¢, x), t > 0. In that case, if the variables
7, () have the exponential distribution, then x(¢), ¢ > 0, is an MP, and if in addition
Cr(t,z), t > 0,is at each = € X, the process with independent increments, thus the
two-component process (x(t), ((t)), ¢ > 0, forms an MP which is homogenous in the
second component [EZO 69].

If the variables 74 (x) have arbitrary distributions, process () is a process with
independent increments and semi-Markov switching introduced in [ANI 73], see sec-
tion 1.1.3.
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Suppose now that the process (x (¢, x) at each € X is an MP. Then the process
¢(t), t > 0, 1in [BUS 73] is called a piecewise Markov aggregate and in the book by
Gikhman and Skorokhod it is called an MP with semi-Markov interference of chance
[GIK 75]. If the processes (i (t, z) are realized in a Banach space and described by a
semigroup of operators, then the process ((t) in [GRI 69, HER 74] is called a random
evolution.

Now we consider separately a class of recurrent processes of semi-Markov type
(RPSM) which is a special subclass of SP introduced above. It is defined as the embed-
ded process for an SP (see equation (1.5)). This process is a stepwise process and has
a simpler structure than a general SP. Below we consider some special RPSM models
which will be used later in the description of stochastic queues and the problems of
asymptotic analysis.

1.2.2. Recurrent processes of semi-Markov type (simple case)
Let
Fr ={(&(a),m(a)), a€ R}, k>0,

be jointly independent families of random variables with values in the space R" x
[0,00), and Sy be an independent of Fy, k > 0 random variable in R". Note that the
variables & («) and 7 () can be dependent. We introduce the following recurrent
sequences:

to=0, tpp1r =1tk +7k(Sk), Sky1 =Sk +&(Sk), k>0  (1.8)
and set
S(t) =Sk asty <t <tpe, t>0. (1.9)
Process S(t) thus forms an RPSM (in this case a discrete switching component
x(t) is absent).

If the distributions of the families F} do not depend on parameter k, process S(t)
is a homogenous SMP. If the distributions of the families F}, do not depend on both
parameters « and k, then the times tg < ¢ < --- <t - - -, form a recurrent flow and
S(t) can be interpreted as a reward renewal process.

1.2.3. RPSM with Markov switching

Let
Fr = {(«fk(x,a),m(a:,a)), reX, ac RT}, k>0
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be jointly independent families of random variables taking values in R” x [0, c0), and
let x;, [ > 0, be an MP independent of Fj, & > 0, with values in a space X and
(20, So) be the initial value. We put

to =0, try1 Ztk—FTk(.rk,Sk), Sk+1:Sk+€k('rk7Sk)a k>0, (1.10)
and set

S(t):Sk, x(t):xk, tr <t <tgy1, t > 0. (1.11)

The two-component process (x(t),S(t)) then forms an RPSM with additional
Markov switching. If the distributions of variables 7 (z, @) do not depend on the
parameters « and k, then 2(t) is an SMP.

1.2.4. General case of RPSM
Let
Fio = {(& (@, ), 7u(z, ), Be(z,a)), z€ X, a € R}, k>0,

be jointly independent families of random variables with values in the space R" x
[0,00) x X, (20, S0) be the initial value. We put
to =0, tpy1 =tr+ 7 (Tk, Sk), (L12)
Sk1 = Sk + & (@r, Sk),  Tra1 = Bk, Sk), k>0,

and set

S(t) =Sk, x(t)=wmp asty <t <tgy1, t>0. (1.13)

The two-component process (x(t), S(t)), t > 0 then forms a general RPSM with
feedback between both components. In particular, when the distributions of the vari-
ables O (x, o) do not depend on parameter «, sequence zj, is an MP with values in X
and this case corresponds to the previous case (RPSM with additional Markov switch-
ing). In the general case, we have feedback between components x(¢) and S(t) at the
switching times (case of feedback).

1.2.5. Processes with Markov or semi-Markov switching

Consider the case when a random process operates in the external Markov or semi-
Markov environment. Let

Fi = {Ck(t,m,a), t>0, zeX, aERT}, k>0,
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be the jointly independent parametric families of random processes with trajectories
in Skorokhod space D", where (X, Bx) is a measurable space. Let x(¢), t > 0,
also be the independent of Fj, k > 0, right-continuous SMP with values in X and
So be the initial value. We suppose that the variables introduced are measurable in the
ordinary way in the pair (x, a) with respect to o-algebra Bx X Bpr.

Denote by 0 = ¢y < t; < --- the times of consecutive jumps of z(-) and put
xp = x(tx), k > 0. We construct a process with Markov (or semi-Markov) switching
in the following way. Put

Sk+1 = Sk + &k,
where
& = Co(Th> Tk, Sk)s Th = i1 — ti,
and set

C(t) = Sk + Gt — thyxr, Sk) asty <t <tpgq, t>0. (1.14)

Then the two-component process (x(t),((t)), ¢ > 0, is a process with Markov
switching (PMS) if x(t) is a Markov process, or a process with semi-Markov switch-
ing (PSMS), if «(t) is a semi-Markov process.

The component z(t) itself is a switching environment. Let us also introduce the
embedded process

S(t):Sk asty <t <tpy1- (1.15)

We can easily see that the process (x(t), S(t)) is an RPSM with independent
Markov switching (section 1.2.3).

Consider a special case where {((t,z), t > 0} is the family of Markov pro-
cesses and denote by ((t,x, «) the process ((t, ) with the initial value «. Process
(x(t),¢(t)) thus forms a Markov random evolution (when x(t) is a Markov process),
or a semi-Markov random evolution (when x(¢) is a semi-Markov process).

1.3. Switching stochastic models

In this section we consider different examples of switching stochastic models
which can be described in terms of an SP.
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1.3.1. Sums of random variables

Let {&k(x), x € X}, k > 0, be the jointly independent families of random vari-
ables in R", and let x, £ > 0, be an MP in X that is independent of these families.
Denote

Cm = &(zr), m=0. (1.16)
k=0

The two-component process (Z,,(n), m > 0, is a process with independent
increments and Markov switching in discrete time (see section 1.1.2).

Furthermore, let p(z, A, o), v € X, A € B,, be at each a € R" the family of
transition probabilities and the natural conditions of measurability are satisfied. Let
(o be some initial state and we define the sequence x, k > 1, in the following way:

P{xk+1€A‘xi7Cia ng}:p(mkaA7<k)7 k207

where (j, is given by expression (1.16). Then the two-component process (Zm, Cm ),
m > 0, is an SP with feedback between both components. In this case (2, () is an
MP, but component z,,, itself in general is not an MP.

1.3.2. Random movements

In this section we describe a random movement switched by a Markov or semi-
Markov environment. This means that the speed vector depends on the current state of
the environment.

Let vy,vs,..., v, be deterministic vectors in R", x(¢), ¢t > 0, be an MP or
SMP with a finite number of states {1,2,...,m}. We put (x(¢,7) = tv;, t > 0,
i = 1,m, (the movement when the state of the environment is i) and denote by
0 =ty < t1 < --- the times of successive jumps of x(¢). Then an SP constructed
by the family of processes (x(t,7), t > 0,47 = 1,m, by switching component z(t)
and times ?; generates a random movement in R" with Markov or correspondingly
semi-Markov switching.

Let us represent the position of movement (t) at any time ¢. Denote

v(t)=max{k: k>0, ty <t}.

If (o is the initial position, then setting > " ! = 0 we obtain:

v(t)—1

) =Cot Y (tear = ti) vy + (E—tue)) Vayyy- (1.17)
k=0
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1.3.3. Dynamic systems in a random environment

Let {f(z,a), x € X, o € R"} be the family of functions with values in the
space R”, {vk(z, ), v € X, a € R"}, k > 0, be the jointly independent families of
random variables with values in R" and z(t), ¢ > 0, be a stepwise random process in
X which is independent of introduced families. In addition, let £; < t5 < --- be the
sequential times of jumps of process x(t). We introduce process ¢ (t) in the following
way: at each interval (¢, t511),

C(0) = o, dC(t) = f(an,C(1))dt, (1.18)
where z, = x(t + 0), and at times ¢y,
C(th1 +0) = C(tes1 — 0) + v (2, C(ths1 — 0)), k>0, (1.19)

which means process ((t) has a jump of size vy (v, ((tx+1 —0)) at time ¢4 depend-
ing on the value of the switching component and the value of the trajectory of ((t) at
this time. Note that when z(¢) is an MP or SMP, ((¢) is a dynamic system with Markov
or semi-Markov switching.

To represent process ¢(t) as an SP we introduce the family of functions v(¢, z, a)
in the following way:

v(0,z,0) = «, do(t,z,a) = f(amv(t,gc,oz))dt7 (1.20)

and suppose that a unique solution of (1.20) exists on each interval [0, ¢] for any z, a.
For each k > 0, we put 7, = tg41 — tg, x = 2(tx + 0), and define the family of
processes {(x(t, x, )} in the following way:

Ce(t,z,a) =v(t,z, o) ast < Ty, x =,
Ck(Tk,Z',OZ) = U(Tk,l‘,()() + ’Yk(xa ’U(Tk,.’l), Oé))
Then the family of processes (i (¢, x, «), t < 7, together with sequences t; and
xy, define SP (x(t), ((t)), ¢ > 0 according to formulae (1.3), (1.4).

1.3.4. Stochastic differential equations in a random environment

Let {¢(z,a),b(z,a), x € X, a € R} be the family of vector and matrix-valued
functions of the dimension r and r x r, respectively, and let w(t), ¢t > 0, be a standard
Wiener process in R” and z(t), ¢ > 0, be an MP or SMP, which is independent of
w(t). We introduce process ((t) as a solution to the following stochastic differential
equation:

¢(0) = Co, dC(t) = c(a(t), ((t))dt + b(a(t), {(t))dw(t), (1.21)
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where at each € X coefficients ¢(z,a) and b(z, a) satisfy the conditions of the
theorem of the existence and uniqueness of the solution. The process ((t) is a diffu-
sion process with Markov of semi-Markov switching and then the pair (x(t),((t)),
t > 0, is an SP which is a Markov process with Markov (or semi-Markov) switch-
ing. In this case the distributions of processes (i (¢, x,«) do not depend on index
k and for each x, a, process (1 (¢, z, a) is defined as follows: ¢;(0,2,a) = « and
d¢i (¢, z, ) = e(x, (1 (¢, x, «))dt + bz, ¢ (t, z, ) )dw(t).

In this example the behavior of process x(¢) does not depend on the values of
¢(-) and the main process ((-) is switched by process x(-) (no feedback between
both components). Now we describe the case of feedback. Let {c(z, «),b(z, a),
x € X, a € R"} be the family of vector and matrix-valued functions of the
dimension r and r x 7, respectively, and let the parametric family of functions
{q(z,A,z), z € X, A € Bx, o € R"}, measurable in the ordinary way, be given
such that at each fixed «, ¢(z, A, @) are the transition rates of some non-breaking
stepwise MP in X.

We construct an SP (z(t), ((t)), t > 0, in the following way: ((t) satisfies equation
(1.21), where x(t) is constructed jointly with {(¢) as a stepwise process in X such that
forallz ¢ A, € R,

P{z(t+h) € A|z(t) ==z, ((t) = a} = q(z, A,a)h + o(h).

In this case (x(t),((t)) is an MP and we have an effect of mutual influence
between both components (case of feedback).

1.3.5. Branching processes

Let us consider the state-dependent branching process in continuous time which is
defined in the following way. The non-negative functions p(m), v(m), m = 0,1,...
and the independent families of random variables {n(m), m = 0,1,...} and {y(m),
m = 0,1,...}, with values in {0,1,2,...} and {0,£1,42,...}, respectively, are
given. Let Q(¢) be the total number of particles at time ¢. If Q(¢t) = m, then in a
small interval [¢t,¢ + h|, each particle, independently of others, with probability
u(m)h + o(h), can be transformed into n(m) particles, and also with probability
v(m)h + o(h), the whole population of m particles can be transformed into
[m + ~(m)]4+ particles, where [k]+ = max(0, k).

In this case process Q(t) can be described as a simple RPSM. Let {74(m),
m = 0,1,...}, k > 0, and {&(m), m = 0,1,...}, k > 0, be the independent
families of random variables, where 71(m) has an exponential distribution with
parameter A(m) = mu(m) + v(m) and

P{&(m) € A} = mp(m)A(m)~'P{n(m) —1 € A}
+ v(m)A(m) " 'P{[m + 'y(m)LL —m e A}.
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Thus, process Q(t) is equivalent to a simple RPSM which is defined by the family
{(&(m), 7:(m)), m =0,1,...}, k > 0, according to formulae (1.8), (1.9).

By analogy we can construct a branching process with Markov or semi-Markov

switching and with different types of interacting particles.

1.3.6. State-dependent flows

Consider a flow of random events which is constructed in the following way. Let
{mk(a), @ > 0}, & > 0, be families of non-negative variables, which are jointly
independent of index k. We introduce the following recurrent sequence:

to=0, tpy1=tp+7k(te), k>0
Then sequence {t;, k > 0} represents a state-dependent flow of random events.
By definition,
P{tk_H —tp<z|tr=a,t;=a;, i =1k— 1} = P{Tk(oz) < z}
Note that by definition, a sequence tj, k > 0, can be represented as an RPSM. If

the distributions of variables 7 («) do not depend on index k and parameter «, then
sequence {t, k > 0} represents a well-known recurrent flow.

By analogy we can construct a state-dependent flow in a random environment. Let
{(me(z, &), Pr(z,)), « >0, x € X, k > 0} be parametric families of random

variables which are jointly independent of index k. Suppose that the initial value z is
given. Let us define the following recurrent sequences:

to =0, thy1 =tp+ 7e(Thsth)s  Trs1 = Be(whste), k= 0.

The pair (xy, t);) represents a state-dependent flow in a random environment.

We can also construct a corresponding SP. Denote

v(t) = max{k k>0, t < t}, z(t) = zypy, St) =ty
Then a two-component process (x(t), S(t)), t > 0, is an SP.

1.3.7. Two-level Markov systems with feedback

Consider n interacting Markov systems which are operating in the following way.
Each system has a finite state space {1, 2, ..., r}. Let the family of non-negative func-

tions \i;(q), 4, = Lr,i # j, 3= (¢1,---,4r), ¢ > 0, Y.;_; ¢ = 1, be given.
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Denote by v, (i, t) the total number of systems in state ¢ at time ¢ and put
_ 1 ) L —
Un(t) = —vn(iyt), i=1,1).
n

If at time ¢, 7,, (1) = @, and a system is in state 7, then this system in a small interval
[t,t + h] independently of other systems can jump to state j with probability

n~ i (@h+o(h), j#i,
or, correspondingly, with probability
1—n"") " Xij(@h+o(h)
J#i
the system stays in state 7. Then process 7,, () represents a two-level Markov system.

Denote by x(t) the state of the kth system at time ¢. Then the process

(Tn(t), (z1(t),...,2zn(1))), t>0,

can be represented as an SP and, by definition, at each interval [s, t] such that 7,, (u) =
G, s < u < t, the process xy(t) is an homogenous MP with transition rates \;;(q),
i,7 = 1,7, i # j. In this case we have feedback between components 7,,(¢) and

(x1(t), ..., xn(t)).
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Chapter 2

Switching Queueing Models

2.1. Introduction

A class of switching processes is a convenient tool for the description and asymp-
totic investigation of wide classes of queueing systems. In this chapter we provide
various examples of switching queueing systems. Traditionally a queueing system is
defined by the input flow of calls (or customers), by the queue discipline (in which
order incoming calls are taken for service) and by the character of service. In what
follows we use a general classification of queueing systems introduced by Kendall.
According to this classification a standard queueing system is defined by a sequence
of 4 basic symbols. The first symbol defines the input flow, the second characterizes a
service time, the third defines the number of servers, the fourth defines the number of
waiting places.

For example, the letters M, D, E, G for the first symbol mean that the durations
of the intervals between times when the calls (customers) enter the system are inde-
pendent, identically distributed, random variables and have exponential, degenerative,
Erlang or general distribution, respectively. The letters M, D, E, GI for the second
symbol in a similar way define the type of distribution of the service time.

Additional sub-indexes can mean different specifications of the system, e.g. index
B at the first symbol means that calls arrive in batches, e.g. Mp, means that calls
arrive at the times of events of a Poisson process in batches. Index B at the second
symbol, e.g. Mp, means that the service if provided in batches. Index () means the
additional dependence of input flow (or service) on the value of the current queue
(state-dependent system). For example, notation M, at the first place means that the
rate of a Poisson input process depends on the current value of the queue. Index M or
SM means the dependence of input flow (or service time) on the state of an external
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Markov or semi-Markov process. This case can be interpreted as a queueing system in
a Markov or semi-Markov environment, or a system governed by an external Markov
or semi-Markov process. If this is not specified, it is usually assumed that the calls
are taken for service in the order of their arrival at the system (the so-called FIFO
discipline, first-in-first-out).

For example, a traditional system M /M /m/s means that the calls arrive one at a
time according to a Poisson process (exponential interarrival times), there are m iden-
tical servers with exponential service times and s waiting places. The call upon arrival
at the system either takes one of available servers, if any, or joins the queue (occupies
one of the waiting places), if there are free places. If there are no available servers or
waiting places, this call leaves the system. If the call takes one of the available servers,
then after the exponential service time this call leaves the system. Immediately after
service completion the server is ready to take the next call from the queue, if any.
Otherwise, the server waits for the next call to arrive. If the call joins the queue, then
it will take the first available server only when all calls standing in the queue before
him have been taken for service.

By switching queueing model we mean that the queueing process can be repre-
sented as an SP. A large class of switching queueing models is the queues in a ran-
dom environment. Usually the environment is considered as an external process which
is not influenced by the behavior of the internal characteristics, for example, queue-
ing processes. The systematic investigation of queues in a Markov environment was
started by Neuts [NEU 81, NEU 89] who also introduced the notion of the Markov
arrival process also known as the compound Poisson arrival process with Markov
switching. Different classes of queueing models in a Markov environment and later in
a semi-Markov environment have been investigated by many authors. See for example
[PUR 74, O’C 86, SZT 87, FAL 88a, FAL 88b, GEL 90, ANI 92b, FIS 93, LUC 94b,
LUC 94a, HE 96, BOC 03, KIM 07b]. A good survey of papers on queueing models
in a Markov environment is provided in [KIM 07a].

In the cases when there is feedback between the environment and queueing pro-
cesses in the system, the environment itself is not a Markov or semi-Markov process
and in this case it is more natural to describe these models as switching models. In the
next sections we consider some classes of queueing systems and networks which can
be represented using switching processes.

2.2. Queueing systems

2.2.1. Markov queueing models

Let us illustrate the basic ideas of how to represent the queueing process in the sys-
tem as an SP with the example of a rather simple, state-dependent, Markov queueing
model.
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2.2.1.1. A state-dependent system Mg /Mg /1/o0

A system consists of one server with infinite buffer (an infinite number of waiting
places). The calls arrive one at a time and are served according to the FIFO discipline.
Let non-negative functions {A(q), £(¢), ¢ > 0} be given. Denote by Q(¢) the total
number of calls in the system at time ¢. The system operates as follows. If at time ¢,
Q(t) = ¢, then the local arrival rate is A\(q). This means that the probability that a new
call arrives in a small interval [t, ¢ + h] is A(¢)h + o(h). Correspondingly, the local
service rate is 1(q) (the probability that a call in service completes service in a small
interval [¢,t+ h] is u(q)h+ o(h)). After service completion the call leaves the system.

It is well known that in this case process Q(¢), t > 0, is a Birth-and-Death process.

Let us represent this in a recurrent form. Denote by £; < to < - - - the times of any
change in the system (arrival of a call or service completion), and put Q = Q(¢x+0),
k > 0. Suppose that ty = 0, Q(0+) = Qo.

First, let us define the family of jointly independent random variables {74 (q),
&k(q), ¢ > 0}, k > 0, where 74(¢) has an exponential distribution with parameter
A(q) = Mq) + p(q)x(g > 0), & (q) is a variable that is independent of 7 (¢) such
that

£(9) +1, with prob. A\(¢)A(q) 1,
E\q) = . _
—1,  with prob. zu(¢)x(q > 0)A(q) ",
and x(A) is the indicator of set A. Define the following recurrent sequences:
Qo=Qo, Qri1=Qr+&(Qr), @D
to=0, tpp1=1tr +Tk<@k)> k>0,

and put

Q(t) = Qp, asty <t <ippr, t>0. (2.2)

As we can see, process @(t) is a simple RPSM (see section 1.2.2) and by defini-
tion the finite dimensional distributions of process ()(t) coincide with corresponding
distributions of queueing process Q(t).

_ The advantage of the representation of the queueing process as an RPSM is that
Q(t) is a superposition of the two more simple recurrent processes in discrete time, ¢
and Qp, k > 0.

This representation also provides an idea for how to study the limiting behavior of
Q(t). If we can prove that the appropriately scaled two component process (tk, Qk)
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weakly converges to process (y(u), g(u)), u > 0, where components y(u) and g(u)
are possibly dependent, then under some regular assumptions we can expect that the
appropriately scaled process ()(t) weakly converges to the superposition of y(u) and
q(u) in the form q(y~'(¢)), where y~1(¢) is the inverse function.

Similar representation is true for a system M¢/Mq /r/cc. In this case, given that
Q(t) = ¢, we assume that the local rate of incoming calls is A(¢) and the service
rate for each busy server is u(q). Q(¢) is thus a Birth-and-Death process with birth
and death rates A\(¢) and min(q, r)u(q), respectively, and in the expressions above,

A(q) = A(g) + min(g,7)u(q),

£0la) = +1, with prob. A(¢)A(q)~*,
R = —1, with prob. min(q,7)u(q)A(q)~*.

Representations (2.1), (2.2) have a similar form for Markov networks and also for
batch arrivals and service. In these cases variables i (¢) may take vector values and
variables 7 (¢) again have the exponential distributions. By analogy, we can write
similar representations for more general systems with a non-Markov arrival process
and non-exponential service. For these cases we need to choose switching times ;, in
an appropriate way and construct corresponding processes reflecting the behavior of

queueing processes in intervals [ty, tg+1)-

For further exploration note that in fact the exponentiality of 75 (g) is not essential
for the asymptotic analysis. This means, if we can prove quite general theorems on the
convergence of the recurrent processes, constructed according to relations (2.1), (2.2),
then these theorems can be used for the analysis of more general queueing models, for
which the queueing processes have representations similar to (2.1), (2.2).

In this way we can analyze rather general switching queueing models. For these
models the queueing processes can be represented in terms of SP in the form similar
to (2.1), (2.2). From the other side, rather general results on AP and DA for an SP
are proved in [ANI 90, ANI 92a, ANI 94, ANI 95] (see Chapter 4). These results pro-
vide us with the new methodology for asymptotic investigation of switching queueing
models.

2.2.1.2. Queueing system My /Mnro/1/m

Consider, as a more complicated example, a state-dependent queueing system in a
Markov environment. Let z(t), ¢ > 0, be an homogenous MP with finite state space
I = {1,...,d} and transition rates a(i,l), i,] = 1,d, ¢ # . z(t) stands for the
external Markov environment. In addition, let the family of non-negative functions
A4, ), p(4,4), i = 1,d, j = 0,m + 1, be given. The system consists of one server
with m waiting places. The calls enter the system one at a time. Denote by Q(t) the
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number of calls in the system at time ¢, 0 < Q(¢t) < m + 1. If z(¢) = i and Q(t) = 7,
then the local input rate for incoming calls is A(4, j) and the local service rate is 1(, 5)
(1(,0) = 0). The call, upon arrival at the empty system, is immediately taken for
service. When the server is busy, the call joins the queue. After completion of service
the call leaves the system and the next call from the queue, if any, is immediately taken
for service. If a call enters the system and at that time Q(¢) = m + 1, then this call is
lost.

To describe this system as a switching system consider a two-component MP
z(t) = (2(¢), Q(t)), t > 0, with state space I x {0,...,m + 1} and transition rates
a((i,5), (1,q)), 4,1 = 1,d, j,q = 0,m + 1, where

a((l,j),(l,j)):a(l,l), Z7l:ma‘7:0,m+]—7
a((i,5), (i,j + 1)) = A(i,j), i=1,d, j=0,m;
a((i,5), (i,5 — 1)) = p(i,j), i=1,d, j=T,m+1,

(other rates are zeros). The two-component process z(t) stands for the switching com-
ponent (or environment). Note that process x(t) belongs to the class of so-called quasi-
Birth-and-Death processes introduced by [NEU 89].

In addition, let (j(t, (¢, + 1)) be a Poisson process with parameter A(z,m + 1),
i=1,d,and (;(t, (i,7)) =0asj <m+ 1.

We construct an SP (x(t),((¢)), ¢ > 0, using the Markov component z(¢) and
processes (x () according to formula (1.14) (or (1.1)), where z(t) = (z(t), Q(t)) and
So = 0. This process is then a process with independent increments and Markov
switching, see section 1.1.2, component (Q)(t) is the value of the queue and ((¢) is the
number of calls lost in interval [0, ¢].

Observing process (x(t), ((t)) we can also calculate other characteristics of the
system. Let v 7 (t) (v~ (t)) be the number of jumps up (+1) (and down (—1) corre-
spondingly) of the process Q(t) in interval [0, ¢]. v () is thus the number of calls
which entered the system in interval [0, ¢] and v~ (¢) is the number of calls served in
this time interval.

Note that if the rate of input process A(i,7) = A(¢) (depends only on the state of
Markov environment), then the input process is usually called a Markov modulated
input process [NEU 89] and in fact is a Poisson process with random rate A(z(¢)) or a
doubly-stochastic Poisson process [COX 80].

2.2.1.3. System MQB/MQB/UOO

Consider a rather general Markov system which includes state-dependent systems
with batch arrivals and service, systems with different types of calls, impatient calls,
etc.
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Let the non-negative functions \(q), 1(q), vi(q), i = 1,m, ¢ € R™, be given.
In addition, let @(q), ¥(q), 8;(7), i = 1,m, g € R™, be the random variables with
values in R'["'. There is one server and an infinite number of waiting places. Assume
that there are different types of calls or calls of different priorities. Denote by Q(t)
the vector describing the number of calls of different types in the system at time ¢,

Q(t) € RY.

The system operates in the following way: if Q(t) = @Q, then the local arrival rate
is A\(Q) and a batch of @(Q)) calls may enter the system. Correspondingly, the local
service rate is 1(Q) and a batch of min{7(Q), Q} calls may complete service (in the
case of vector-valued variables the minimum is taken in each component). In addition,
each call of type ¢ in the queue independently of the others may be transformed into
€; + 3,(Q) calls with the local rate v;(Q), where € is a vector with the ith component
which is equal to one and other components are equal to 0. Calls after service comple-
tion leave the system. If a vector 3,(Q)) can have negative components (for instance,
there are impatient calls), then after transformation we obtain max{0,Q + 5,(Q)}

calls in the system.

2.2.2. Non-Markov systems

2.2.2.1. Semi-Markov system SM /Mg /1

Consider a queueing system of the type SM /Mg /1 which is described in the
following way. Let z(¢), t > 0, be a right continuous SMP with values in a measur-
able space (X, Bx) and let the functions pu(x,m), x € X, m = 0,1,2,... be given
((x, m) are measurable relatively o-algebra Bx and stand for the local transition
rates). Let t1 < to < --- be a sequence of the times of jumps of x(t). We say that the
input flow is semi-Markov if the calls enter the system one at a time at the times .
The system has one server and the service rate at time ¢ is (2 (t), Q(t)), where Q(¢)
is the number of calls in the system at time t. After completion of service the calls
leave the system.

To describe process (z(t), Q(t)) as an SP, we introduce the jointly independent
families of stepwise decreasing MPs {ny(t,z,m), t > 0, x € X, m = 1,2,...},
k > 0, with values in {0,1,2,...} such that n;(0,z,m) = m for any x, m, k, the
transition from state j is possible only to state ; — 1, and at small h,

P{Uk(t +h, xam) =51 | Uk(t»fﬂvm) = .]} = /J,(.I‘,])h + O(h)’
where we assume that p(x,0) = 0. In addition, let {(7%(z), Bk (z)), = € X}, k >0,

be the jointly independent families of random variables, which are independent of the
introduced processes, defining the transitions of an SMP z(t) in the following way:
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Ti(x) > 0, Br(z) € X, and
P(t,z,A) = P{r(z) <t, Bi(z) € A}
=P{tey1 —te <t, x(tos1) € A| 2z(tx) = 2}, (23)
t>0,ze€ X, Ac Bx, k>0,

where P(t,z, A) is a transition probability for SMP z(t). Then we introduce the fam-
ilies of processes (j (¢, x, m) in the following way:

Cr(t,z,m) =n(t,z,m), t<7i(x),

Ck (Tk(x),x,m) =Nk (Tk(a:),x,m) + 1.

By definition process (x(t), Q(t)) is an SP which is defined by the families
{(Ck(tvxam)?’rk(gj)aﬂk(m))7 t> 07 T € X7 m = 07 17 o }7 k > 07

according to relations (1.3), (1.4). This process belongs to the class of Markov pro-
cesses with semi-Markov switching.

By analogy we can describe a more complicated queueing system of the type
SMq/Msn,g/1/00 where the input process depends on the values of the queue
in the system and is constructed using independent families of random variables
{me(z,m), © € X, m > 0}, k > 0, and an MP z, k > 0, with values in X as
follows. The calls enter the system one at a time. If a call enters the system at time
ti and the total number of calls in the system becomes (), then the next call enters at
time

ti41 =tk +Tk($k,Q)-

The service in the system is provided in the same way as in the system SM/
MSM,Q/I/OO.

In this case the two-component process (x(t), Q(t)) is an SP, but the component
x(t) itself is not a semi-Markov process and there is feedback between the input flow
and the values of the queue.

Now we consider a queueing system where the input flow is a Poisson process
modulated by an external semi-Markov environment and the values of the queue in
the system.

2.2.2.2. System Msnr,o/Msw,g/1/o0

Let z(t), t > 0, be an SMP with values in a measurable space X and functions
AMaz,m), p(z,m), z € X, m = 0,1,2,... be given, where A(-) and x(-) stand for
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the input and service rates, respectively. The input flow is a Poisson flow switched
by process x(t) and the value of the queue and is constructed in the following way.
The calls enter the system one at a time and in the interval where 2:(t) = x and
Q(t) = m, the input rate is A(xz,m) and the service rate is p(x,m). The call, after
service completion, leaves the system.

To describe process (x(t), Q(t)) as an SP we introduce the families of Birth-and-
Death processes {ny(t,z,m), t > 0, z € X, m = 0,1,2,...}, k > 0, such that
n,(0,z,m) = m and in state j, the birth and death rates are A(x,j) and p(z, ),
respectively. Denote (i (t,z,m) = n(t,2,m) — m, t > 0, where we assume that
u(x,0) = 0.

Then the processes (i (¢, z, m) together with a process z(t) according to relations
(1.14) determine a process with semi-Markov switching which is equivalent to process

(z(t), Q1))

2.2.2.3. System Msnr.o/Msn,q/1/V

Consider a similar system as above with the input calls and service portions
of a random size depending on the current state of the system (queue size or total
volume of the information in the system, etc.). The system has a buffer of a restricted
capacity. Let x(t), t > 0, be an SMP with state space X given by the embedded
Markov process xj, k > 0, and the family of sojourn times {7(z), =z € X}. Also
let the jointly independent parametric families of non-negative random variables
{n(z,a), v € X, a > 0} and {k(z,a), z € X, a > 0}, and the families of
non-negative functions {\(z, ), p(z, ), r(x, ), x € X, a > 0} be given where
0<r(za) <l1.

An input flow is a Poisson flow modulated by process x(t) and the current state
of the buffer. The calls have a random size which can be interpreted as a volume of
information, required amount of work, etc. The input flow is defined in the following
way. Denote by Q(t) the total volume of the information in the buffer at time ¢. If
x(t) = x and Q(t) = ¢, then the local input rate is A\(x, ¢) and the size of incoming
call is n(x, q). At the fixed state of the system the sizes of different incoming calls
are jointly independent. If a call of size 7(x,q) enters the system, then either with
probability 1 — r(z, ¢) the total volume of information becomes min (g + n(z, g), V)
(this size is added to the total volume of the information in the system up to threshold
V') or with probability 7(z, ¢) the call is lost.

The system has one server with local service rate u(z,q). Each time the
server completes the service, it takes a random portion of the information of size
min(Q(t), k(x(t),Q(t))) and after completion of service this portion leaves the
system. If the buffer is empty, the servers waits until some portion of information
arrives at the buffer.
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To describe process (xz(t),Q(t)), t > 0, as a process with semi-Markov
switching we introduce jointly independent families of stepwise MPs {7 (¢, z, &),
t >0,z € X, a > 0}, k > 0, with values in [0,00) and distributions not
dependent on index k. Process ~i(t,z,a) is constructed as follows. For each
z,a, k, v:(0,2,a) = «, and if at time t, v (t,z, ) = s, then with the local rate
Az, s) + p(x, s) the process can get a jump of the size §(x, s) where
min {n(z,s),V — s} with probability A(z, s) (A(z, s) + p(z, s))fl,

/6’(‘%'7 5) = . . . -1
—min {x(z,s), s} with probability u(z, s)(A(z,s) + p(z,s)) .

We introduce the families of processes (i (t, z, ): (i (t, z, o) = Y (t, z, ) — @,
t < 74(x). Then process (z(t), Q(t)) defined as an SP according to relations (1.3),
(1.4) using the introduced families (;(-) and SMP z(-) is equivalent to process
(2(t), Q(t)). This process is an MP with semi-Markov switching.

2.2.3. Models with dependent arrival flows

Consider a system G /Mg /1/0c. There is one server and an infinite number of
waiting places. The non-negative function p(a) > 0, @ > 0, and the independent
families of non-negative random variables {7%(a),« > 0}, k& > 0, with distributions
not depending on index k are given. The system operates as follows: the calls enter the
system one at a time and are served according to the FIFO discipline. Denote by Q ()
the total number of calls in the system at time ¢. If a call enters the system at time %y,
and Q(tx + 0) = g, then the next call enters the system at time 541 = tx + 7%(q),
and the service rate in the interval (¢, tg+1) is (q).

In this case we do not have a switching component xy. Let us choose 74(q) as
switching intervals and construct processes (x(t, ¢) in interval [0, 7 (q)] as follows:

Cu(t,q) = —min {q, I (t, u(q)) } ast < 7(q),
Ck(Tr(q), q) = 1 — min {q, Mk (1% (q), 1(q)) },

where II (¢, 1) are jointly independent Poisson processes with parameter y. Then we
can represent ()(t) as an SP where formulae (1.3), (1.4) are modified as follows:

to =0, tpp1 =tk + 7% (Qr), Qrgr = Qu + G (thsr — tr, Qu), k =0,

Q(t) = Qr + Ce(t — tr, Qi) asty <t <tpq1, t > 0.

(2.4)

In the same way we can describe models with the dependent batch arrival and
service and extend this description to queueing networks.
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2.2.4. Polling systems

Consider a system with r stations and a single moving server. An arrival flow at
station 7 is a Poisson flow with rate \;. Denote by @;(¢) a number of calls at station 7 at
timet, Q(t) = (Q1(t),...,Q.(t)). Let (i) and k4 (i, 7) be the random variables that
are independent at different k > 0,¢,7 = 1, ..., r, with distributions not depending on
index k. If the server arrives at station i at time ¢, and Q(t) = Q = (Q1, . .., @,), then
it occupies the station for time r (7) and the service rate in this period is u;(Q;). All
calls being served at the station during this period leave the system. After completing
time ky (i), the server with probability pi; chooses station j, and it takes a random
time k (7, ) to arrive at this station. During the travel time no service is provided.
When the server arrives at station j, the service immediately starts with rate 1¢;(Q;),
where (); is the number of calls at station j at the time of arrival, and so on.

Let us represent this system as a switching system. Denote by t;, k& > 0, the
sequential times of arrivals of the server at any station (o = 0). We construct process
x(t) in the following way: x(t) = i, ty, < t < ty41, if at time ¢, the server arrived
at station 4. Then z(t) is an SMP with the embedded Markov chain z;, = z(t; + 0)
and occupation times constructed in the following way. Denote by % (¢) the random
variables that are independent of r, (z) such that

P (Fi pr ri(i,5) < 2).

Thus P(tp11 —tr < 2z | @ = i) = P(kp(d) + Re(d) < 2), B > 0. Let
yk(t,1,Q), t > 0, be the Birth-and-Death processes that are independent at dif-
ferent £ > 0, ¢ = 1,...,r, with initial value () and constant birth rate \; and
death rate 11;(Q), respectively. In addition, let ITj (¢,4, A), ¢ > 0, be the Poisson pro-
cesses that are independent at different &, ¢, with parameter A\. We introduce process
Colt,1,Q) = (¢YV)(t,1,Q;), j = T,7) ininterval [0, (i) + 74 (i)] as follows:

Ckl (t77’7 QZ) = (t77;7 QZ) - QZ as 0 S t S "{k(y’)7

()(t,%Qz) =y (ki (2),1, Qi) — Qi + Iy (t — (i), 4, i)
as Iik(l) <t< Kk(i) + ?&k(i);

D (t,1,Q5) =T (t,,A5) as0 <t < k(i) +&pli), j=T,7, j #i.

Using the families {(,(¢,7,Q)} and an SMP z(¢) we can construct an SP
(x(t),Q(t)), t > 0, according to relations (1.14). This process belongs to the class of
Markov processes with semi-Markov switching and relations (1.14) in our case have
the form:

tO = Oa @k+1 = @k +Zk(t/€+l - tk’v'rlﬁak)v k > 07

_ _ _ (2.5)
Q) = Qp + (ot — tr, 2k, Q) asty <t <tgyr, t>0.



Switching Queueing Models 47

We can also consider a workload process W;(t) at station ¢ (the total time that a
call arriving at time ¢ will spend in the system). If Q;(t) = Q;, then for any fixed
t, W;(t) can be represented as the hitting time to level (); of a Poisson type process
switched by an SMP x(¢).

It is also possible to consider other types of service policy. For instance, under the
gated policy we suppose that if the server upon arrival at station 7 sees (); calls in the
queue, it spends at the station the time which is necessary to complete the service of
all those @Q; calls. Other calls, arriving during this time, go to the queue and wait until
the next arrival of the server.

In this case, the total time k(i) = (i, Q);) spent by the server at station ¢ depends
also on Q; and is represented in the form: £ (i, Qi) = >_1 <)< o, m(Q:), where 17 (Q;),
[ > 1, are jointly independent and exponentially distributed with parameter 1(Q;)
variables (we assume that 2(1) = 0). The family of processes (i (¢, i, @) is constructed
in a similar way. Note that here 2(t) is not an SMP.

Note that in terms of SPs it is also possible to describe different classes of Markov
and semi-Markov queueing systems and networks with unreliable servers and also
some classes of retrial queues [ANI 99a, ANI 99b, ANI O01].

2.2.5. Retrial queueing systems

In retrial systems the calls finding the server busy may join a special retrial queue
and repeat their attempts for service after a random time.

Consider as an example a system M¢/G/1/w.r with one server and an infinite
number of waiting places. Calls enter the system one at a time. If the server is free,
it immediately takes the call for service. If the server is busy, the call joins a spe-
cial retrial queue (orbit) and repeats its attempts for service according to a random
procedure described below.

Let M(q), v(q), ¢ > 0, be given non-negative functions. Denote by Q(t) the number
of calls in the orbit at time ¢. Let £; < to < --- be the sequential times of service
completion, ¢y = 0. Denote Qr = Q(tx +0). We assume that in the interval [ty txt1)
the input flow is a Poisson flow with parameter A(Q)) and each call in the queue
independently of other calls with local rate v((Q)) may re-apply for service. If the
server is free, it takes the call for service. If the server is busy, the call remains in the
queue and repeats its attempts for service in the same way. A service time s does not
depend on the type of call (if the call appears from the input flow or from the orbit)
and has a general distribution function B(z) = P(k < z). We denote this system
as Mq/G/1/w.r. This is a state-dependent retrial system. In particular, if A\(q) = A,
v(q) = v, we obtain a classical retrial system M /G /1/w.r [FAL 90, FAL 97].



48  Switching Processes in Queueing Models

Let us represent the process Q(t) as an SP. We choose times tj, as the switching
times. Given that Q, = ¢, denote 7 (q) = ti+1 — ti. By definition

P(7i(q) <) = P(n(A(g) +r < x),

where 7(a) is an exponentially distributed random variable that is independent of «
with parameter a and A(q) = A(q) + qv(q). Further, denote & (Qr) = Qr+1 — Qk-
We can then write a representation:

P(fk(@k) <z \ Qk =q, Kk = z)
= (AMq) + av(9)) " (g(@P (I (2) = 1 < 2) + A(@)P(Iy () (2) < 7))
=P (I (2) — x(q) < 2),

where I1;,(t) is a Poisson process with parameter b, and x(¢) is a Bernoulli random
variable, P(x(¢) = 1) = 1 = P(x(q) = 0) = qv(q)/A(q).

Let us define the family of processes (x(t,q), t > 0, ¢ € {0,1,2,...}, k =
0,1,2,..., as follows: (x(t,q) are jointly independent at different &k processes with
distributions not depending on index &, and

0, t <n(q)
Gt q) = S Wy (t—nlq))  nlq) <t <nlq) +r, (2.6)
My (8) — x(q) t=mn(q)+~,

Then this family of processes jointly with switching times ¢j, define an SP @(t)
according to relations (1.3), (1.4), where component xj, and variables [y (-) are absent,
and the jump value at switching time is &1 (2, ¢) = IIy(q)(x) + x(¢). The process Qt)
is equivalent to retrial queue Q(¢).

Note that for the system above the input and service rates in each switching interval
depend on the value of Q(¢x + 0) just after the switching time. In a similar way we
can represent a retrial queueing model where the input and service rates at any time
depend on the current value of queue Q(¢).

2.3. Queueing networks

A stochastic queueing network in a usual understanding consists of several nodes
each of which works as a queueing system. Calls arrive at different nodes according to
a multivariate process. Nodes might be of several types: the nodes taking the incoming
calls, the nodes responsible for service and the nodes directing the calls which are
completed service out of the network.
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Let the network consist of r nodes. Usually it is assumed that the call after service
completion at node i either with probability p;; passes to node j, j = 1,...,7, or
with probability p; o leaves the network. Matrix P = ||p;;li=1,....r; j=0,...r is called a
routing matrix. Note that P is a stochastic matrix as in each node ¢, Z;ZO pij = L.

The network is defined if each node is described as a queueing system and the
routing matrix is given. For example, if each node is working as - /M /7 /s system and
the input process is a multidimensional Poisson process, then according to Kendall’s
classification we denote this network as (M /M /m/s)". This means that the input at
node ¢ is a Poisson input with rate \;, there are m; servers and s; waiting places,
and after service completion the call either with probability p;; is immediately sent to
node j, 7 = 1,...,r, or with probability p;o leaves the network. The calls entering
node 7 (from the input process or from other nodes) are served according to the FIFO
discipline. If a new call enters node ¢ and there are already m; +s; calls (all servers and
waiting places are busy), then this call is lost. The networks of type (GI/G/mi/s)"
can be defined in a similar way.

A network is called closed if for all 7, p;o = 0 and there are no input calls. Other-
wise, the network is called open. A standard Jackson network means that input flows
in all nodes are Poisson flows, calls are identical and service times are exponential.

In the following sections we consider a representation of queueing processes for
different classes of state-dependent Markov and non-Markov networks in terms of
SPs. This representation plays a key role in the forthcoming sections at the investi-
gation of limit theorems of averaging principle and diffusion approximation type for
normalized queueing processes.

2.3.1. Markov state-dependent networks

In this section we consider different sub-classes of Markov state-dependent net-
works.

2.3.1.1. Markov network (Mg /Mg /m/o0)"

Consider a queueing network (Mq /M¢ /T/c0)” which consists of r nodes. There
are m; servers in each node and an infinite number of waiting places. Denote a number
of calls in the ith node at time ¢ by Q(i,t) and let Q(t) = (Q(i,t), i = 1,7) be a
column vector. Let the family of functions {\;(g), 14:(q)}. the family of stochastic
matrices ||p;; (q) G € [0,00)" and the initial vector Q)(0) also be given.

Hi:l,r7 7=0,r

The network operates as follows: if Q() = g, then at time ¢ a local input rate to the
ith node is A\;(q) and the local service rate at each busy server is 1;(q). After service
completion in node 7 a call either with probability p;;(q) enters jth node, j = 1,7, or
with probability p;o(q) leaves the network.
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In this case the process @(t), t > 0, is a multi-dimensional Markov process and it
can be described as a quasi-Birth-and-Death process where level j corresponds to the
total number of calls in the network [NEU 89].

2.3.1.2. Markov networks (Mq /Mg, g/T/00)" with batches

Consider a queueing network (Mg g/Mg g/M/oc0)” with batch state-dependent
Markov arrival process and service. It consists of » nodes with m; servers at node ¢
and an infinite number of waiting places. Denote by Q(4, t) a number of calls in node
i at time ¢ and put Q(t) = (Q(i,t), i = 1,7). Let there be given:

1) a family of non-negative functions {\;(q), 1:(q),vi(q)}, @ = 1,7, where
a— (Q1,-~-,Q7),

2) the families of integer random variables {9;(q), v;(q ) with values in {0, 1, ...}
and the variables {3;(q)} with values in {0, +1,...},i =

3) a family of stochastic matrices P(q) = ||pi; (Q)|;—1+

,7‘+1;
4) the initial vector Q(0).

The system operates as follows. If at time ¢, Q(t) = g, then:
1) with local arrival rate \;(q), 0;(q) calls may enter node 7,7 = 1, r;

2) with local rate g;p;(q), min{v;(q), ¢;} calls may complete service at node 4
and all of them either with probability p;;(g) are passed to node j, j = 1,r, or with
probability p; »+1(q) leave the network;

3) each call in the queue at node ¢ independently of others with local rate v;(7q),
may be transformed into max{3;(q), 1 — ¢;} calls, i = 1, .

In this case process @(t), t > 0, is also a multidimensional MP. However if the
size of batches is more than one with positive probability, then this process is not a
quasi-Birth-and-Death process.

Markov models of the type (M q/Mar,q/mi/s:;)" with local input and service
rates depending on the current state of the queueing processes in the nodes and on the
state of some external Markov environment can also be described as multidimensional
Markov processes that are a particular case of an MP with Markov switching.

In the next section we consider more general state-dependent queueing networks
with input and service batches of a random size switched by some semi-Markov envi-
ronment.

2.3.2. Non-Markov networks

2.3.2.1. State-dependent semi-Markov networks

Consider a network (Mgar,q/Msar,g/1/00)" switched by a semi-Markov envi-
ronment, which in some sense is a generalization of the models considered in section
2.3.1. Suppose that there are r nodes and one server at each node with infinite buffer.



Switching Queueing Models 51

Let 2(t), t > 0, be an SMP with state space X = {1,2,...,d} which stands for the
external environment. Let the families of non-negative functions {\(z,q), u;(z,9),
j = 1,r, x € X}, routing matrices P(z,9) = |pij(«,9) =17, joi7 € X,
and the independent families of random vectors {7j(z,q), * € X} with values in R,
and non-negative random variables {x;(z,q), * € X, j = 1,r} also be given (here
qERL).

Denote by Q;(t) the total amount of work in the buffer at node ¢ at time ¢ and
put Q(t) = (Q1(t),...,Q.(t)). If at time ¢, (x(t),Q(t)) = (x,), then with the
local arrival rate A(z,q) a call of a random size 7j(x, ) may enter the system (the ith
component of vector 7j(x,q) enters node 7). Correspondingly, with local service rate
wi(z,q) a random portion of work of size %;(x,q) = min{x;(z,q), ¢;} may leave
node 7. Immediately after this, either with probability p;;(z,q) this portion goes to
node j, j = 1,7, or with probability p; ,+1(z,q) leaves the network. Here we may
assume for simplicity that p;(z,q) = 0if ¢; = 0, where § = (q1, .- -, qr)-

To describe process (x(t),Q(t)), t > 0, in the network as an SP, we introduce
the independent families of multi-dimensional MPs {7, (¢t,2,g), t > 0, © € X,
q € R}, k > 0, with distributions not depending on % and with values in R, in
the followmg way: 7,(0,2,9) = ¢, and if at time ¢, 7, (¢,2,9) = 3, then the pro-
cess 7, (t,z,q) can make a jump of the size §(z,3) with the local rate A(z,3) =
Az, 3) + Y., pi(z,5), where

7n(zx,s), with pr. A(x,5)A(x,3)7 1,
0(x,5)=1 (—&+e;)&i(z,3), withpr. p;(2,3)pij(z,5)A(z,5)7L, i, j=1r.

—e;Ri(z,3), with pr. p1;(z,5)pi r11(z,5)A(z,5) 71,

2.7)

Now we construct the family of processes (;,(t, ,q), t > 0, in the following way.
Let at each 2z € X, 7(z), k > 0, be a sequence of iidrv having the same distribu-
tion as the sojourn time 7(z) in state z. Then (¢, x,q) is defined on the interval
[0, 7(z)], and (. (t,2,q) = 7,(t,2,§) — G 0 < t < 7x(x). We choose switch-
ing times t;, as times of sequential jumps of x(t). Then process (z(t), Q(t)), t > 0,
which is constructed using introduced processes ((-) and an SMP x(+) according to
section 1.2.5, is a process with semi-Markov switching. This process is equivalent
to process (z(t), Q(t)), t > 0. For this case, an arrival process may be called a semi-
Markov modulated Poisson process by analogy to a Markov modulated arrival process

[NEU 89].

If we add an additional node r 4 1 and consider it as an accumulating node for the
output process Z(t), then in the same way we can describe the process (z(t), Q(t),
Z(t)) as PSMS. By analogy, we can consider different classes of calls, a priority
service, etc.
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2.3.2.2. Semi-Markov networks with random batches

Now consider a more complicated non-Markov network of the type (Msar,q/
Msar,g/1/00)" which in some sense is a generalization of the system described in
section 2.3.1.2. The network consists of 7 nodes with one server in each node. Suppose
for simplicity that each node has an infinite capacity.

Let SMP x(t) with values in a space X, parametric families of non-negative func-
tions {/\(1'7Q)hui(xvq)apij(xvq)a L= Wa J= Wa relX, g€ R:»}’ independent
parametric families of random vectors {¥(x,q), + € X, ¢ € R'_ } and random vari-
ables {x;(z,q), i = 1,r, v € X, ¢ € R, } with values in R", and R respectively
be given. Here Z;:o pij(x,q) = 1 for any i, x,q. Denote by Q;(¢) the total vol-
ume of the information or total amount of work in the ¢th node at time ¢ and put

Qt) = (Q1(1), .-, Qr(t)).

If at time ¢, (z(t), Q(t)) = (z,q), then with the local arrival rate \(z,q) a call of
a random size 7(x,g) may enter the system (the ith component of the vector 7(z, q)
enters node 7). Correspondingly, with the local service rate y;(x,q) a random portion
of work of a size ;(x,q) = min{x;(x,q), ¢;} may leave node 7. Immediately after
this, either with probability p;;(x,q) this portion goes to node j, j = 1,r, or with
probability p; ,+1(x,q) it leaves the network. Here we may assume for simplicity that
Ml(xaq) =0 lfql =0, Whereq = (qlv v 7qT)'

To describe the process (z(t), Q(t)) in the network as an SP, we introduce the
independent families of multi-dimensional Markov processes {7 (¢, z,q), t > 0,
x € X, ¢ € R}, k> 0 with values in R, and distributions not depending on
k in the following way: 7x(0,2,3) = ¢ and if at time ¢, J;(¢,z,q) = 3, then
the process i (t,x,q) can make a jump of the size ((x,5) with the local rate
A(x,5) = Mz, 8) + X1, (=, 5), where:

B, 5)
¥(z, §) with probability \(z, 3)A(z,5) 71,

=
—
&
W
~—
L
~
I
—_
=

=< (= e +ej)&i(z,5) with probability ) (z, §)p;;(z, 5)
) with probability ;9 (z, 5)pio(z, 5)A(x, 5) T,

where we denote by e; a column-vector in R” with the ¢th component equal to one
and the other components equal to zero.

Let us introduce now the family of processes {C.(t,,q), t > 0} in the following
way. Let at each € X, 7(z), & > 0, be a sequence of iidrv having the same
distribution as the sojourn time 7(z) in state x. Then ((, z,q) is defined on interval
[0, 7(2)], and ;. (t,2,§) = F(t,2,9) — G 0 < t < 7i(x). We choose switching

times ¢, as times of sequential jumps of z(t). Then process {(x(t),Q(t)); t > 0},
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which is constructed using introduced processes (. () and an SMP x(-) in section
1.2.5 according to (1.14), is a process with semi-Markov switching (PSMS). This
process is equivalent to process {(z(t), Q(t)); t > 0} in the network.

For this case, an arrival process may be called a semi-Markov modulated Poisson
process by analogy with the Markov modulated arrival process [NEU 89].

If we add an additional node r 4 1 and consider it as an accumulating node for the
output process Z(t) (total number of calls that left the network in the interval [0, ¢]),
then in the same way the process (z(t), Q(t), Z(t)) can be described as a PSMS.

By analogy we can also describe the network (SM/Mg/1/0c0)” with semi-
Markov input (calls enter the system at times of jumps of some SMP), consider
different classes of calls, priority service, etc.

These examples show that various classes of stochastic queueing networks operat-
ing in a random environment can be described in terms of SP.

2.3.2.3. Networks with state-dependent input

Consider a network (Gg/Mg/1/00)" where the input flow may depend on the
current state of the network. Let there be r nodes with one server in each node and
an infinite number of waiting places. In addition, let (i, t) be the number of calls in
the ith node at time ¢ and Q(t) = (Q(i,t), i = 1,7). Assume that functions 1;(g),
probabilities ¢;(g) and p;;(q), ¢ = 1,7, j = 0,7, ¢ € R, and the jointly independent
family of non-negative variables {7, (g)}, k& > 0, with distributions not dependent on
index k are given, where forany i = 1,7,q € R’,, Z;f:l pi; (q) = 25:1 q;(q) = 1.
The network operates in the following way: if a call enters the system at time ¢, and
Q(ty —0) = Q, then this call with probability ¢;(Q) enters the jth node, the next call
enters the system at time ¢, =t + 7% (@), and the service rate in this period in the
ith node is f; (@), i = 1, 7. In addition, if a call in this interval completes its service

in the ith node, then this call with probability p;;(()) goes to the jth node, j = 1,7,

and with probability p;o(Q)) leaves the network.

To describe process Q(t) as an SP, note that in this case there is no switching
component 3. We consider 7 (Q) as switching intervals. Denote for any fixed vec-
tor @ = (u1,..., ) and stochastic matrix P = ||p;jlli=1,....r, j=0,....r bY (-/M,/
1/00/P)" a queueing network without input flow, with service rate in ith node x; and
routing matrix P. This means that a call after completion of service in the ith node
with probability p;; goes to the jth node, and with probability p;o leaves the network.

Note that for any fixed & and P, a network (-/M,,/1/00/P)" is a Markov network.

Assume that the initial number of calls in this network is a vector ¢ and denote
by &k(t,q, @, P) the number of calls in the network in node k at time ¢. Put

&(t,q,m, P) = (&(t, 4,1, P), ..., &(t,G, 11, P)), this is a multidimensional MP.
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Let us define the family of processes (} (¢, q) as follows: in interval 0 < t < 73,(q),
C(t,q) = &(t,q,m, P) — g, where i = (111(q), - .., () and P = P(g). When
t = 13(q), then {(7%(q)) = ¢(7x(q)—) + 0(C_(q)) — G, where 6(Z) is a vector with
jth component equal to one with probability ¢;(Z) and other components are equal to
zeros, and {_ (q) = ((7(q)—). We can thus represent () as a special case of an SP
according to relations (1.6), (1.7).
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Chapter 3

Processes of Sums of Weakly-dependent
Variables

In this chapter we consider limit theorems for stepwise random processes con-
structed by the sums of independent random variables defined on a random sequence
satisfying some form of mixing condition in a triangular scheme. Special attention is
given to the case when a switching sequence is a Markov process (homogenous or
inhomogenous in time). A special notion of quasi-ergodic non-homogenous in time
Markov processes is introduced [ANI 83, ANI 88]. The processes have the property
that their one-step transition probabilities (or transition rates) vary slowly in time, and
itis proved that the sums of random variables switched by a quasi-ergodic process con-
verge to processes with independent increments with the local characteristics averaged
by local stationary distribution (quasi-ergodic distribution) of a quasi-ergodic process.

The results of this chapter are used in the following chapters in the study of asymp-
totic behavior of a special type of switching processes and applications to switching
queueing systems.

3.1. Limit theorems for processes of sums of conditionally independent random
variables

In this section we study in a triangular scheme J-convergence of stepwise proc-
esses constructed by the sums of independent random variables on a random sequence
to the processes with independent increments assuming that the sequence satisfies a
uniform mixing condition. The exposition partially follows [ANI 83, ANI 88].

Let zp, k > 0, be a random sequence with values in a measurable space (X, Bx)
and let
Fnk:{gnk(x); IEX}, kZO,
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be the families of jointly independent and independent of {z,;, { > 0} random
variables with values in R". We suppose that at each & function &, (z,w), w €
((Q, Bq) is the original probability space) is measurable in the pair (z, w) with respect
to Bx X Bq (i.e., £,k (2nk) is a random variable). Consider the sequence of sums

Sn(m) = Zgnk (mnk)a m > 0,
k=0

and the sequence of stepwise random processes
Ca(t) = Sn([nt]), t=>0,

where [a] denotes the integer part of value a.

Denote by F* a g-algebra generated by the random variables {x,;, m <[ < k}
and let

on(k,j) = sup |Pn(B | A) — P,(B)
A€F}, BeFs®

» k<, (3.1

be the uniformly strong mixing coefficient (P,,(-) is the measure in (9, Bg) induced
by ,,(+)). Denote

an (A k,z) = InEexp {i()\,fn(k7:r))}, reX, NeR", k>0,
nn()H k) = Qn ()\a k,l’nk), O‘n()\a k) = Enn(/\a k)?

B2\ k) = Elna(\ k) — an(\R)[, k>0,

[nt]

An(A ) =) an(\k), 0<t<T,
k=0

where it is assumed that the corresponding expressions are defined for all A € R". In
addition, let &%, k£ > 0 be the sequence on jointly independent random variables such
that

ImEexp {i(\, &ux) } = an(N k), AER", k>0.

We introduce the following stepwise process with independent increments

[nt]

Gut) = &ur, 0<t<T,

k=0
that in some sense is the process approximating the behavior of ¢, (¢), and put

[nT]

q”(/\) = Z ﬁ?xk()V k) +38 Z \Y% @n(lﬁj)ﬁn(/\v k:)ﬁn(/\v.])
k=0

0<k<j<[nT]
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THEOREM 3.1. Ifforany A € R", asn — oo,
Gn(A) — 0, (3.2)

then for any integer s >0, \; € R", j =1, s, asn — oo,

E exp {ZZ (Aj,gn(tj))} — Eexp {ZZ (Aj,én(tj))}‘ — 0.

sup
0<t;<T, j=1,s j=1 j=1
] (3.3)
(finite dimensional distributions of processes (, (t) and (,(t) are equivalent).
If in addition there is a sequence N,, such that, as n — oo:
N, — o0, n N, — 0,
(3.4)

1ax n (k,k+ N,) — 0,

ateach A € R",

N,

Zan(Av k+ l7yk)

k=1

:ykGX,kl,Nn}HO, (3.5)

max sup
1<nT

[nu]
1—1»120 hrrln_)solip 15231)% %1<exi>l< ;an()\, E+1)| = (3.6)
and for any t € [0, T,
hm lim sup ‘A A t) ’ =0, (3.7)

n—oo

then for each bounded functional f(-), continuous with respect to the convergence in
Skorokhod J-topology in the space D[TO ]

Ef(Cu() —Ef(Cu()) — 0. (3.8)

Proof. Since variables &, (2,,%) are conditionally independent at the fixed sample
trajectory x,%, the following representation holds:

Eexp{ ()\ Sn( } EHE 7(>\ Enk(Tnk)) | k}

=0 (3.9)

- H enNksmny) Eexp {An(A, m)},
k=0
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where A, (A, m) = >/ nu(A k), and also Ren, (A, k) < 0 for each A € R",
k > 0, with probability one, where Re « is the real part of complex number a.

Now we use the well-known inequality ([BIL 68], Lemma 1 in section 20): if the
real variables ¢ and 7 are Fé“ and I j°° -measurable, respectively, k < j, then

|E¢n — ECEn| < 2y/0,(k, 5)VEIE[2V/E2.

If variables ¢ and 7 take complex values, then from inequality /E(Rez)2 +

VE(Im 2)2 < v/2,/E|z|2, that is true for any complex z, we obtain
|E¢n — ECEn| < 4/ 0, (k, j)VEIE[2/En2.

Taking into account this inequality it is not hard to show that as m < nT,
2

E|A, (A, m) — An( =E| ) (A k) — Ena(\ k)
k=0
<3 E[n.(\k) — Eg.(\ k)|
k=0
+2 Z E‘nn(/\7k)_Enn()‘ak>H77n()‘7])_Enn()‘vj)‘ SQn()‘>
0=k<j<m

Furthermore, from the relation fol exp{z +t(y — z)}dt = (y — z) "1 (e¥ — e?),
which is true for any complex z, y, it follows that as Rex < 0, Rey <0,

le¥ —e”| < |z —yl. (3.10)

Since Rea, (N, k,z) < 0, and Ren, (A, k) < 0 with probability one, it follows
that for any ¢ > 0,

[Eexp {i(A,¢a(t)} — Bexp {i(A Ca(t)) }|
< E’exp {A ()\, ])} — exp {A ()\, ])}‘
< B[A, (A [nf]) — An (A [of])| b

g(E|An()\,[nt])fAn(>\ ){)1/2 < Va(A) — 0.

This relation implies the convergence of one-dimensional distributions. The con-
vergence of the multi-dimensional distributions follows from the formula

[nt]
Eexp{ Z )\J,Cn } Eexp{znn }
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where

777L<Z/\sak> as0 <k < [ntl}a
s=1

T]n< Z )\S,k‘> as [ntj] <k < [ntj+1], 1< _j <.

s=j+1
This relation proves the first part of Theorem 3.1.

Now we prove that under the conditions of this theorem the measures generated
by the sequence of processes ¢, (-) are weakly compact in space ng - According to
[GRI 73] we need to prove that

lim limsup sup { |E[exp {i()\, Cn(t+s) — Cn(t)) }A] — 1| :
h—+0 pn—oo (3.12)

0§t§T,s<h,AeFO[”t]}:0.

Taking into account inequality |e®t8 — 27| < | — ¢7| which is true for any
complex «, (3, v such that Rea < 0, and adding and subtracting several terms, we
obtain the following representation:

[E[exp {i(X, Calt +5) = Calt) } | A] — 1]

[n(t+s)] [n(t+s)]
= |E exp{ Z nn(/\,k:)}|A +E exp{ Z nn(/\,k)}|A
k=[nt]+1 k=[nt]+N,+1
(a(t+5)] (a(t+5)]
:I:Eexp{ Z nn()\,k)} :I:Eexp{ Z an()\,k)} -1
k=[nt]+N,+1 k=[nt]+N,+1
[nt]+N,,
<E exp{ > nn(/\,k)}—l | A
k=[nt]+1
[n(t+s)] [n(t+s)]
+ |E| exp{ Z nn()\,k)} | A —Eexp{ Z nn()\,k:)}‘
k=[nt]+ N, +1 k=[nt]+Nn+1
[n(t+s)]
+E exp{ S (k) - an(m»} -1
k=[nt]+N,+1
[n(t+s)]
+ exp{ > an()\,k:)} — 1| =6, + 0y + 03 + b4
k=[nt]+N,+1




62 Switching Processes in Queueing Models

Furthermore,
[nt]+ N,
SH<E| > m(\k)|[A
k=[nt]+1
Ny,
< sup{ Zan()\,k+l,xk) A <nT, e X, k= l,Nn} —0
k=1

as n — oo according to relation (3.5). Then, using the inequality,

‘/Xf( P(dx) /f Q(dz)

which holds for any complex bounded function f(z) and any probabilistic measures
P(-),Q(-) (this inequality follows from the analogous inequality for real functions

[BIL 68]) and taking into consideration that A € f(gnt], we obtain

<2\@§up|f |sgp|P(A)—Q(A)| (3.13)

0y < 2\/§gpn([nﬂ, [nt] + N,, + 1) < 2\/5;21&); ©n (k, k+ N, + 1) — 0,

according to relation (3.4). Variable 03 tends to 0 according to inequality (3.10), and
04 — 0 due to condition (3.6).

Now it remains to prove that the weak compactness of the measures generated by
¢n(+) in the space D[o 7] together with condition (3.6) implies (3.8). Using the known
inequality

2 1 [t
P{|§|>u}<u/ |1 = Eexp {i(\&)}|dA,
and condition (3.7) we find that forany 0 < ¢ < T,

LILH;Q lirrlnésolip P{|¢.(t)| > L} =o0. (3.14)

Note that the measures generated by fn() in the space DmT are also weakly
compact as using condition (3.6) it is easy to check the condition of the (3.13) type.
Now we choose from n an arbitrary subsequence nj; — oo. Consider the sequence
of processes (y, (-). According to the weak compactness it is possible to choose a
subsequence 7y, such that the measures generated by sequences (p, (+) and Gy, ()
weakly converge in DF&T} to a measure generated by a proper (due to relation (1.13))
random process (o(+). Thus

Ef(Cny, () = Ef (Cuy, () — Ef (Go() = Ef(Co()) =

This relation according to the arbitrary choice of the sequence nj implies (3.8).
O
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NOTE 3.1. Condition (3.5) can be replaced by a weaker condition: for any € > 0,
N,

> an(NEk+ 1Lz k)

lim max sup P{
=1

n—oo k<nT AcFFE
0

>5|A} = 0. (3.15)

Theorem 3.1 is the approximative type theorem. As a consequence let us consider
the convergence to a process with independent increments.

THEOREM 3.2. Let
lim A,(\t)=A(\t), t>0, (3.16)

n—oo

and the conditions of Theorem 3.1 hold where condition (3.7) is replaced by
A(+0,t) =0, ¢>0. (3.17)

Then the sequence of processes (,(+) J-converges in the interval [0, T] to the pro-
cess with independent increments (o(-) such that

Eexp {i(X, (o(t)) } = exp {A(\, 1)} (3.18)

Proof. Condition (3.16) implies that the multi-dimensional distributions of process
Ca(+) weakly converge to corresponding distributions of process Co(-) as (,(-) is the
process with independent increments. Then from relation (3.3) it follows that the
multi-dimensional distributions of process (,(-) also weakly converge to the distri-
butions of process (o(-).

Now under conditions of the 2nd part of Theorem 3.1 the sequence of measures
generated by the sequence of processes ¢, (+) is weakly compact in space D[TO - This
implies our result.

Theorems 3.1 and 3.2 state the fact that the distributions of the initial process ¢, (-)
are well enough approximated by the distributions of the process with independent
increments C,,(-) and (o(-). Local characteristics of these processes can be obtained
by averaging of transition probabilities by the switching sequence x,,.

The natural question appears: in which cases it is possible to calculate these aver-
aged characteristics in terms of some stationary characteristics of process x,,;? Now
we consider the sufficient conditions when relation (3.2) holds.

COROLLARY 3.1. Let there exist a sequence Ny, such that conditions (3.4) hold and
forany A\ € R,
[nT]
limsup » B, (A, k) < Cx < 00; (3.19)
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Bn(A) = max Zﬁn (A k+1) — 0. (3.20)

k<nT

Then for any \ € R", g, (\) — 0.

Proof. The proof follows from the relation

[nT]
lim sup g, (A) < limsup ( Z Bn(N\ k)

n—0o0 n—oo

(7]
+8) " Bu(A k) max Z Ba(A\ 1+ 1) gon(l,l—i—i))
k=0 =1

1<[nT)

< limsup (C,\ﬂn(/\)

n—oo

+ 8C (m(A) +Cx max max on(l, 1+ O)) =0,

which follows from conditions (3.4), (3.19) and (3.20). ]

Similar results can be obtained for the accumulative processes defined on the pro-
cesses in continuous time of the form:

Ca(t) = /On A&, (u, ,(w)). (3.21)

Process (,(-) in this case can be formally defined in the following way. Let
2n(t), t > 0, be a random process with values in a measurable space (X, Bx)
and {a,(\,t,z), A € R", t > 0, x € X} be a family of Bx-measurable by
variable z functions such that for any fixed ¢, z, the function exp{a, (\,t,2)} is a
characteristic function of an infinitely divisible law. We thus define a process ¢, (¢)
by its finite-dimensional distributions in the following way:

Eexp {i()\,Cn(t))} = Eexp { /On an()\,u,xn(u))du},
Eexp{ Z /\],Cn } Eexp{/onlan<z)‘k’u’x"(u)>du (3.22)

k=1

—I—Z/m”l ( Z Ay Wy Ty (1 )du}
k=j+1

forany 0 <t <ty <--- <tpm, A\; € R",m> 1.
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Thus, at the given trajectory (), process (,(t) is the process with condition-
ally independent increments and it can be characterized as the inhomogenous in time
process with independent increments switched by process z;,(-). The family of pro-
cesses with independent increments is defined by the family of cumulant functions
an (A, t, z). The results of Theorems 3.1 and 3.2 hold for process ¢, (¢) as well, where
in the corresponding conditions the sums should be replaced by integrals.

3.2. Limit theorems for sums with Markov switching

Now we consider as the consequences of Theorems 3.1 and 3.2 the case where
the switching sequence is a homogenous or non-homogenous Markov process. The
exposition partially follows [ANI 83].

Let x5, £ > 0, be a non-homogenous MP with values in a measurable space
(X, Bx) given by the family of transition probabilities

pn(k,x,j,A) = P(xnj EA|xp, = x), r€e X, Ae Bx, k<j, (3.23)

and an initial state x,,o. Let us define the uniformly strong mixing coefficient by the
formula

en(k,j) = sup |pn(k, 21,5, A) = pu(k, 22,5, A)|, k< j, (3.24)

z1,22,A
and define a weaker coefficient — strong mixing coefficient:

'(;n(kvj) = sup {‘P(xnk € A7 Tnj € B)

(3.25)
—P(zn, € A)P(2,; € B)|: A,B € Bx }.

Now we provide the sufficient conditions when Theorems 3.1 and 3.2 hold. Let us
keep all the notations given above.

COROLLARY 3.2. Letateach A € R",

lim n max sup ‘an()\,k,x)’ < C) < o0, (3.26)
n—oo  k<nT pcx

there is a sequence N,, such that, as n — 00,

N, — o0, n !N, — 0, (3.27)
and
kn%i)} max n(k,k+m) — 0. (3.28)

Then relation (3.3) is true.
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If in addition conditions (3.16), (3.17) hold, then the sequence of processes ()
J-converges in interval [0,T] to the process with independent increments (y(-) (see
equation (3.18)).

Indeed, it is easy to check that under our assumptions the conditions of Theorem
3.1 are valid.

NOTE 3.2. Condition (3.28) holds if there is an integer sequence 7, and a g,
0 < ¢ < 1, such that n~'r,, — 0 and

sup p, (k, k + rn) <q. (3.29)
k>0

Indeed, by definition 1, (k,j) < @, (k,j). Moreover, according to [DOO 53],
(3.29) implies

ok, k+ ) < gV/m7t k>0, 5> 1. (3.30)
Thus, we can choose a sequence N,, in the form: N,, = [\/nr,]. This sequence

satisfies conditions (3.27) and according to (3.30) relation (3.28) is also valid.

Now consider a homogenous case. Let x,x, £k > 0, be a homogenous MP with
values in a measurable space (X, B ) given by the family of transition probabilities

pn(z,k,A) =P(z,, € A|2,(0) =2), z€X, A€ By, k>1, (3.31)

and an initial state x,,(0). Also let F,, = {&(z), € X}, k > 0, be the families
of jointly independent random variables with values in R" that are independent of
{1, 1 > 0} and whose distributions do not depend on index k. Denote

an(\z) =InEexp {i(A, & (1,2))}, z€X, AeR".
Suppose that there is a sequence of probability measures 7,,(A), A € Bx, such
that process x,, kK > 0, is uniformly ergodic in the following sense: there exists a

sequence N,, — oo such that n='N,, — oo and

lim sup sup ‘pn(x, k,A)— Fn(A)‘ =0. (3.32)
=0 k>N, reX, AEBx

We put

an(N) = /X an (N @) (dz). (333)
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COROLLARY 3.3. Let condition (3.32) hold and at each A\ € R",

lim sup n sup |an()\,x)| < C) < 0, (3.34)
lim nan(\) = AN), (3.35)

where A(£0) = 0.

Then the sequence of processes C, () J-converges on interval [0, T to the homoge-
nous process with independent increments (o () such that

Eexp {i(), (o(t)) } = exp {A(N)t}. (3.36)

The proof follows straightforwardly from Corollary 3.2.

Note that condition (3.29) implies condition (3.32). In particular applications con-
dition (3.29) can be checked. For example, if x,, is an MP with finite state space X
and matrix of one-step transition probabilities P, and P, — Py as n — oo, where
an MP with matrix Fp is ergodic, then condition (3.29) is true where instead of r,, we
can take a large enough value L.

3.2.1. Flows of rare events

Now consider the applications of Theorems 3.1 and 3.2 and the corollaries above
to the case where we consider the sums of rare indicators with Markov switching.

3.2.1.1. Discrete time

Let %, K > 0, at any n = 1,2,... be a non-homogenous MP with values
in a measurable space (X,Bx) given by the family of transition probabilities
(3.23) and @, (k,7) is the uniformly strong mixing coefficient defined by formula
(3.24). Let {xnr(x), * € X}, K > 0, be the families of jointly independent
and independent of {z,;, I > 0} random indicators, where P(x,i(z) = 1) =
1 = P(xnr(x) = 0) = ppi(x). Consider the sequence of stepwise random processes

[nt]

Ca(t) =D X (@nr), > 0.
k=0

Denote

Pnk = Epnk (znk)y bnk = Sugpnk(x)a k > Oa (337)
e

and put

[nt]

Ay (t) = Z Pnk-
k=0
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Let IT,,(¢) be a Poisson process with cumulative rate A, (¢) in interval [0, ¢]. The
following results are a consequence of Corollary 3.1.

STATEMENT 3.1. Let there be a sequence N,, such that conditions (3.4) hold,

[nT]

limsup Y bpi < Crp < 003 (3.38)
Np,

Bn = max, by k1 — 0. (3.39)

Then the finite dimensional distributions of processes ,(t) and I1,,(t) are asymp-
totically equivalent.

In particular this means that

An ()"
sup sup P(Cn(t) = k) — exp { - An(t)} ] — 0.
t<T k>0 !
STATEMENT 3.2. Ifin addition for any t < T,
A () — Ao(t), (3.40)

where Ao(t) is a continuous function, then (,(t) J-converges to the Poisson pro-
cesswith cumulative rate I1y(1).

Consider a homogenous in time MP x5, & > 0. Assume that the distributions of
variables { . (z), € X}, k > 0, do not depend on index k. Let the process z,, at
each n be ergodic with stationary measure 7,,(A). Denote

B = / Pt (2)7n(d2), by = SUp o (). (3.41)
X xeX

Statements 3.1 and 3.2 lead to 3.3.

STATEMENT 3.3. Let condition (3.29) be true and

limsup np,, < oo, 7r,b, — 0. (3.42)

n—oo

Then the finite dimensional distributions of process (,, (t) are asymptotically equiv-
alent to the distributions of a homogenous Poisson process I1,,(t) with rate np,.

If in addition, np,, — \ then (,(t) J-converges to a Poisson process with rate \.
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3.2.1.2. Continuous time

Similar results can be proved for MPs in continuous time. Let x,,(¢), ¢ > 0, at any
n = 1,2,... be a non-homogenous MP with values in a measurable space (X, Bx)
and let {¢,(¢,x), t > 0, € X}, be non-negative functions measurable in a natu-
ral way with regard to o-algebra Bx. Let (,,(t) be a doubly stochastic Poisson pro-
cess [COX 80] switched by x,,(¢). This means that the local rate of jump at time ¢ is
Gn(t, 2, (t)). Denote

Gn(t) = Bqn (t,2,(t)),  bu(t) = sup gu(t, ), >0, (3.43)
reX

and put
nt
An(t):/ Gn (u)du.
0

The following results can be proved in a similar way as in Theorem 3.1 and Corol-
lary 3.1.

STATEMENT 3.4. Let there be sequence N,, such that conditions (3.4) hold,

nT
lim sup/ by (u)du < Cr < o0 (3.44)
n— 00 0
t+N,,
Bn = sup/ by (u)du — 0. (3.45)
t<T Jt

Then the finite dimensional distributions of processes C,(t) and 11, (t) are asymp-
totically equivalent.

Consider a homogenous in time MP x,,(¢), ¢ > 0, and assume that the family of
local rates {q, (x)} is given. Let ¢, (¢) be a doubly stochastic Poisson process switched
by x,,(t) with the local rate of jump at time ¢, ¢, (2, (t)). Assume that the process
at each n is ergodic with stationary measure 7, (A). Denote

an = A qn(m)wn(dx), by = sup qn(x) (3.46)

rzeX
STATEMENT 3.5. Let condition (3.29) be true and

limsup ng, < oo, rpb, — 0. (3.47)

n—oo

Then the finite dimensional distributions of the process (,(t) are asymptotically
equivalent to the distributions of the homogenous Poisson process 1L, (t) with rate

NGn.

If in addition, ng,, — A, then (,(t) J-converges to a Poisson process with rate \.
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At the study of flows of rare events the time of the first event can be interpreted
as the time of loss of a call in the queueing system or the time of the first failure.
As the results of section 3.2.1 state that the flows of rare events under rather gen-
eral conditions J-converge to Poisson processes, this means that the time of the first
event weakly converges to the time of the first jump of a limiting Poisson process. For
homogenous in time models this means the exponential approximation of the time of
the first jump.

Some consequences of these results for asymptotically connected MPs are consid-
ered later in section 7.2 and in applications to the analysis of the time of the first loss
of a call in queueing models.

3.3. Quasi-ergodic Markov processes

When we study the behavior of stepwise processes switched by a non-homogenous
sequence, the main problem in particular applications is to evaluate the behavior of
the cumulative function A,,(\,t) (or A, (¢) in the flow of rare events), where these
functions are calculated using the distribution of the switching component at time ¢.
When the characteristics of the process slowly vary in a corresponding scale of time,
we can expect that this distribution can be approximated by a corresponding quasi-
ergodic distribution of the process at time ¢.

In this section we consider a special subclass of non-homogenous in time MPs, so-
called quasi-ergodic MPs, with the rates (or probabilities) which vary slowly in time.
These processes satisfy a strong mixing condition and in some sense have the ergodic
properties in a corresponding scale of time. Quasi-ergodic MPs were first introduced
in [ANI 83, ANI 88].

DEFINITION 3.1. An MP xpk, k > 0, with values in (X, Bx) is said to be quasi-
ergodic if there is a family of probability measures 7w(t, A), A € Bx, t > 0, such that
foranyT' > 0,

lim limsup  sup ‘P(:rn’[m] €Az ny—; = x) —7(t, A)‘ =0. (348
J70 n—oo AeBx, t<T

Let us consider the conditions in terms of local transition characteristics when
an MP is quasi-ergodic. Assume that the MP x,,; is given by the family of one-step
transition probabilities at step k, p,, (z, A, k), z € X, A € Bx, k> 1.

LEMMA 3.1. The process x, is quasi-ergodic, if the following conditions hold:
1) for any j > 0,

lim sup |pn($,A, [nt] —j) —pt(ifaA)| =0,
n—00 pe X, AeBx, t<T
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where at each t > 0, p(x, A) is the transition probability of an homogenous in time
ergodic MP x,(f), k >0, with values in X ;
2) forany t > 0, there is a stationary measure 7(t, A), A € Bx, such that

lim sup ‘pgm) (x,A) — 7r(t,A)| =0,
M= rcX, A€Bx, t<T

where pgm) (x, A) is the m-step transition probability for process x,(ct).

Proof. For any j > 0,
’P(fny[nt] €EA| Ty jng—j = x) - n(t,A)|

<P (@ € Al Zppmy—j = ) — 0 (2, A)| + [ (2, A) — (¢, A)].

Let us prove that for any fixed 7 > 0 the first term in the right-hand side of the
inequality tends to zero as n — oo uniformly in z € X, A € Bx,t < T. Then the
statement of Lemma 3.1 follows from condition 2).

The proof is carried out by induction on j. For j = 0 the assertion follows from
condition 1). Let us write the following relation for j > 1:

P (20 € A| T fng—j1 = 2) — T (2, A)]

< /X P (20 € A| T ni—j = ) — P (4, A)|pn (, dy, [nt] - j)

+ / 1 (y, A) (pn (. dy. [n1] — 5) — me(, dy))|-
X

The first term in the right-hand side tends to zero by the induction hypothesis.
Using the known inequality

\ [ f@rw) - [ s

< 2sup | ()] sup [P(4) - Q(A)
x AeB

which is valid for any non-negative measures P(-) and Q(-), we see that the second
term does not exceed

2 sup |pn (x,A, [nt] — j) —pt(x,A)|.
2€X, A€Bx, t<T

This implies the statement of Lemma 3.1. O
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Note that if z,,; is quasi-ergodic, then by definition for any ¢ > 0,

lim sup |P( T, [ng] € A) — W(t,A)‘ — 0, (3.49)
and
lim limsupsup ¢, (k,k + L) — 0, (3.50)

—00 n—oo k>0

where ¢, (k, j) is the uniformly strong mixing coefficient defined by equation (3.24).
Therefore, (3.29) is satisfied where instead of r,, we can take a large enough value L.
In this case the conditions of convergence become more transparent. For example, in
Statement 3.1 in relation (3.37) we can replace the value p,;, = Ep,i(2,%) by the
expression

Dot — /X P (@) (e /m, da),

and Statement 3.1 holds when equation (3.38) holds and condition (3.39) is replaced
by

max b, — 0.
p<nr "

This result can also be used to provide more transparent conditions in Corollary
3.2. If 2, is quasi-ergodic and equation (3.26) holds, then the values a, (), k) and
B2(\, k) in conditions of Theorem 3.1 can be replaced by the values:

an()\7k):/Xan()\,k,x)w(k/n,dm),
ﬁg(A,k):/X(an(A,k,x)—an(A,k))Qw(k/n,dx).

Similar results are also valid for a non-homogenous MP z,,(t), ¢ > 0, in contin-
uous time. In this case in Definition 3.1 of a quasi-ergodic process we just need to
change x,, [ to 2y, ([nt]) and z,, [y —; to 2, ([nt] — j), respectively.

The conditions of quasi-ergodicity in terms of local transition rates can be formu-
lated by analogy to Lemma 3.1. Consider for simplicity a finite space state. Let x,(¢),
t > 0, be a non-homogenous in time MP with state space X = {1,2,...,d} given by
the family of instantaneous rates {a, (4, j,t), i,j € X, i # j, t > 0}. This means
that at time ¢ the rate of jump from j to j is a,, (¢, j, ). Suppose that there is a family
of functions {ao(i,j,v), 4,7 € X, i # j, v > 0} that are continuous in v and a
sequence k, — oo such that for any i, j € X, i # j, and any fixed T > 0,

lim sup |an( gy kn v) —agp(i, j,v | =0. (3.51)

n—oo <
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For each fixed v > 0 denote by xgv) (+) an auxiliary homogenous MP with state

space X given by the family of rates {ao(7, j,v), ¢,7 € X, i # j}. We assume that
for any 7" > 0, MP xév)(~) is ergodic uniformly in v < 7T'. Formally this means the
following. Let ¢(*)(-) be its uniformly strong mixing coefficient:

0 (u) =sup max |P{xév)(t +u)e A argv) (t)=1i}

i, A
820 $IEXACK (3.52)

—P{a{(t+u) e Al () = j}|.

Suppose that there exists ¢, 0 < ¢ < 1, and for any 7" > 0 there exists a constant
r(T) > 0 such that forany v < T,

) (r(7)) < q. (3.53)

Note that condition (3.53) holds if there exists a sequence of states (i1, g, ..., i)
containing all states from X, where i, = i1, and constants 0 < ¢y < Cp < oo such
that for any v < T,

cr < min inf ag(ig,1 v
T > k=1....m—1 v<T O( ks k41, )a
(3.54)

max  sup ao(ik,ik+17v) < Cr.
k=1,....m—1 v<T

LEMMA 3.2. Let conditions (3.51), (3.53) hold. Then for any v > 0 as n — oo,
P{z, (k) =j|2,(0) =i} — 7(j), i€ X, jeX, (3.55)

where ©(V)(j), j € X, is the stationary distribution of MP CL‘(()U) (+) which exists under

assumption (3.53).

If 2, (¢) is a quasi-ergodic process with k,, = n, then the conditions of Statements
3.4 and 3.5 can be expressed in terms of quasi-stationary distribution. This means that
instead of the value g, (t) defined in (3.43) we can use the expression

Gu(t) = ault,iym /™ (),

i€ X

3.4. Limit theorems for non-homogenous Markov processes

In this section we consider the conditions of weak convergence in Skorokhod
space Dy 1) for stepwise processes of centered sums of non-random functions defined
on a non-homogenous Markov chain in a triangular scheme to a Gaussian process
&o(+) with independent increments. Weak convergence of sums of random variables
to a composition of a process &y(-) and the process which is independent of it with
independent increments is also considered. The exposition in this section follows
[ANI 88, ANI 89].
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3.4.1. Convergence to Gaussian processes

Many papers and books are devoted to the central limit theorem for non-homog-
enous Markov chains and closely related problems, see for example [BIL 68, IBR 71]
and many others. The difference between these results and the results in this section is
that the theorems on the weak convergence are considered in a triangular scheme for
Markov processes with arbitrary state space, and the mixing conditions are weakened
(asymptotic mixing in a certain time scale is sufficient). The state spaces satisfying
conditions of this type (asymptotically connected or so-called S-sets) were introduced
in the author’s papers [ANI 70, ANI 74]. See the description of S-sets in sections 6.2
and 7.3. The method of proof uses the mixing properties and is common for discrete
and continuous time.

For any n > 0, let x,,;, ¢« = 0,...,n, be an MP with values in the measurable
space (X,,, Bx,, ) and transition probabilities

pn(k,z,m, A) :P(xnm € A| Tk ::r), xe Xy, A€B,, , k<m.

Let
9971,(k’am) = Sup {|pn(k7x17mA) 7pn(k7x27m7A)| : "1“1712 € XTL7 A S B.’I:n}?

k < m, be the uniformly strong mixing coefficient. In addition, let f,x(x), x € X,,,
k = 0,...,n, be a sequence of non-random real-valued measurable functions. We
define the process

[nt]
Z Fore (Tnr) (3.56)
and denote
mn(t) = BS,(t), B2(t) = VarS,(t),
&n(t) = (Su(t) —m,(t))B,", te[o,1].
Let

Uik =Varf,x (ﬂfnk) )

Mk =Efor(Tnk),  ane=sup | fr(z) —

[nt]

ZU Lk + 2 Z V Son(iaj)o—nio—nja

0<i<j<nt

2
= 4
%137)5 <Za7”§0n k Z + (Zanz(pn k 1 >
+ 12 Z Unilngy/ (,On(k, Z)@n(%])) :

k<i<j<n

(3.57)
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THEOREM 3.3. Assume that as n — o, there is a sequence B,, such that the following
conditions are satisfied:

1) B2B2(t) — B2(t),0 <t < 1;

2) B;2Q, — 0;

3) limy, o0 SUPg< i<t p, By (D (t + h) — Dy (t)) — 0 as h — +0;

4) for any t € [0, 1), the sequence of variables &2 (t) is uniformly integrable.

Then the sequence of processes &, (t) weakly converges in Dj 1) to Gaussian pro-
cess &o(t) with independent increments where E€y(t) = 0 and Varéy(t) = B(t),
t>0.

Note that a similar result is valid for processes in continuous time, we just need to
replace the sums by the corresponding integrals.

Proof. Extending the proof of Theorem 19.2 in [BIL 68] to the non-homogenous case,
we establish that it suffices to verify the following conditions:

a) forany € > 0 as h — +0,
limsupP( sup |£n(t1) — §n(t2)| > €> — 0,
n—00 [t1—t2|<h

b) every weak limit of &, (+) is a process with independent increments.

Then our results follow in view of conditions 1) and 4).

To verify condition a) we introduce continuous processes fn(t), t € [0,1], con-
structed by polygonal curves joining points (k/n, &, (k/n)), k =0, ..., n. Since

c, (1) — En(t)] < B any — 0
Oiggl\fn() én()l_oglggn ke — Mg —

by condition 2), it suffices to verify that functions &, (-) form a weakly compact set
in Djy,1). This will imply that &,(-) form a weakly compact set in Djg y). Since a
continuous process cannot converge in the metric of Djg 1 to a discontinuous process,
any weak limit of &,(+) is a continuous process. According to [GRI 73], for weak
convergence of &, (-) in Djg 1) it suffices that for any € > 0,

lim lim sup supP(|§n(t +u) — fn(t)| > | Tppy = x) =0. (3.58)
h—40 n—00 y<p ta

Denote by E), 1 . the expectation under the condition x,,; = x. According to the
Chebyshev inequality, the relation

lim  lim sup sup Epne,. (fn (t+u) — fn(t))2 =0 (3.59)

h—+4+0 n—0 <p tx
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is sufficient for (3.58). Let

m 2
z:k

Let us use the inequalities

|Efni (xni)fnj ('Inj) - mnimnj| < 2(<Pn (ZL])EfTZL] (xni)Efij (xnj)) 1/27 (3.60)

‘/f( P(dz) /f Q(dx)

valid for any real function f(z) and probability measures P(-) and Q(-) (if f(x) >0
then factor 2 in the right-hand side can be omitted). Thus,

. (3.61)

< Zsup |f(x !sip |P(A) - Q(A)

An (k; m, .’E) = Z En,k,x (fnz (‘rnz) - mni)2

i—k
+ 2 Z En,k,a: (fnz (xnz) - mnl) (fng (xn]) - mng)
k<i<j<m
Furthermore, |Ep kox(fni(Tni) — mni)? — 02, < a2;pn(k,i), and since

|En kow fri(Tni) — Mnil < 2an,9n (k. 1), it follows that
|En,k,:n (fnz (xnz) - mnl) (fTL] (xnj) - mnj) |

< Aanstinyon(k, §) +2(on(i, 5) (02 + a2i0n(k, 1)) (02, + a2 0n(k, 5))) /.

Using the fact that v/a2 + b2 < |a| + |b|, we get after some algebra that
Ay ([nt], [n(t +w)], @) < Dyp(t+ h) — Dy(t) + Qn
as 0 < u < h. Thus, (3.59) follows from conditions 2) and 3).
Let us verify condition b). It suffices to show that
En fnt)x (§n(t+ 5) = &n(t)) — 0, (3.62)
B iz (€n(t + 5) — £a(1))? — B(t +5) — B2(t) (3.63)
uniformly with respect to x for any ¢, s > 0.

Indeed, if &y (+) is a weak limit of &, (-), then in view of condition 4) and the pre-
ceding arguments it is a continuous process and

E[6(t +5) — &(t) | F] =0,
E[(So(t+s) — &))" | Fi] = BX(t + ) = B3(t),
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where F; = o{&y(u), u < t} and B?(t) is continuous (the continuity follows from
condition 3). Thus &, (¢) is a continuous martingale with non-random quadratic charac-
teristics and therefore is a Gaussian process with independent increments according to
[GIK 72]. Using condition 2) and inequalities (3.60) and (3.61) we now obtain (3.62)
and (3.63). ]

COROLLARY 3.4. Suppose that for some fixed ¢ € [0,1) there exists an integer
sequence T, such that for any k > 0,

on(k k+1,) <q. (3.64)

Assume that a,, < C, B2 = nry,, k = 0,...,n, condition 1) in Theorem 3.3
holds, and

n~tr, — 0. (3.65)

Then the statement of Theorem 3.3 is valid.

Proof. Let us verify the conditions of the theorem. Relation (3.64) implies

ol k+m) < g™l m>0. (3.66)

Let C; denote some constants independent of n. Using equation (3.66), we can
prove that Q,, < C172 and D,,(t) < Contr,. In view of equation (3.65) this involves
conditions 2) and 3) of Theorem 3.3. Carrying out the calculations in detail ([BIL 68],
20, Lemma 4) and using (3.66), we can obtain the estimate

ES, (t)* < Cst?n?r2.
This implies that ES? () < Cy for every ¢ > 0, which implies condition 4). [

COROLLARY 3.5. Suppose that x,, k > 0, is an homogenous Markov process, equa-
tions (3.64) and (3.65) hold, function f,(x) is uniformly bounded,

n—oo

B? = lim r,;1<E7r (fn(zno) — mno)2
(3.67)

23 Be((Jolrun) = ) () =)

and B% > 0, where m,o = E f,, (zno), and the expectation is calculated with respect
to the stationary initial distribution of X0, which exist in view of (3.64).
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Then for any initial distribution the sequence of processes

[nt]
(TLT’n e (Z fn LEnk - ntmnO)

converges weakly in Dy y) to process BW (t), where W (t) is a standard Wiener pro-
cess.

3.4.2. Convergence to processes with independent increments

Now we consider the conditions of the convergence of the sums of random vari-
ables defined on a Markov chain to processes with independent increments. Let for
each n > 0, {n.r(x), * € X,}, k > 0, be the families of jointly independent
random variables with values in R' that are also independent of x,;, « > 0, and
their characteristic functions are By _-measurable with respect to z. The existence of
k(@) = Enpi(x), € X, k > 0, is assumed. Let the following condition hold:

Eexp {iAB, ! (0 (@) — far(®)) } = 14 b (X, 2) 4+ 001 (A, 2),

(3.68)
NeR, veX,, k>0,
where B,, is a normalizing factor, and for any A as n — oo,
Zsup |onk (A x) ’ — 0. (3.69)

k=0

Let us keep the notation of Theorem 3.3, section 3.4.1, where m,x = E f,r(znx),
k > 0, and the value S, (t) is defined by equation (3.56). Denote

[nt]

ank () = Ebyg (>‘7377Lk)7 An(\t) Zank

2, (A) = E|bur (A 2) — ank (N[,
k=0 0<k<]<n

gnk()\) = sup |bnk(>\a {E) - Oénk:(>\)|a

1 2
ng )on (ki +4<ng Wn(kai)>

i=k

+ 12 Z (4, 3)Pn (k1) gni(N)gnj (A).
k<i<j<l
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THEOREM 3.4. Assume that variables fy(x) and MP . satisfy the conditions of
Theorem 3.3, conditions (3.68) and (3.69) hold, and for any \ € R*,

an(\) — 0, (3.70)
lim A,(A\t) = A\ 1), te][0,1], (3.71)

n—oo

where A(0,t) =0, t € [0,1].

Then the finite-dimensional distributions of the process

[nt]

M (t) = Brfl Z (nnk (xnk) - mnk)

k=0

weakly converge in [0, 1] to the distributions of the process with independent incre-
ments 1o (t) such that

Eexp {iMp(t)} = exp{ - %)\QBQ(t) + A()\,t)}.

If in addition for any ), (3.71) holds uniformly with respect to t and

lim lim maxG, (k:, k+ [nh]) =0, (3.72)

h—+0 n—oo k<n

then the sequence 1, () weakly converges to 1o(-) in Do 1).

COROLLARY 3.6. Assume that B,, = \/nr,, SUDj <, nk < C4, (see (3.57)), condi-
tion 1) of Theorem 3.3 holds along with conditions (3.64), (3.65), (3.68), (3.69) and

nmax sup ’bnk()\,x)’ < Cs. (3.73)

Then the statement of Theorem 3.4 holds.

COROLLARY 3.7. Under the conditions of Corollary 3.6 suppose that distributions of
variables n,i(x) do not depend on k, conditions (3.68), (3.69), and (3.73) hold, and
an1 < Cy. If na, (N) — A(X), where a, (N) = Exbpi (N, xno) (expectation is taken
over the stationary distribution of x,; which exists under conditions (3.64), (3.65))
and A(0) = 0, then the statement of Theorem 3.4 is valid with

Eexp {iAn(t)} = exp{ - %)\%232 + A()\)t}.
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Proof. Denote a,i,(\, x) = In Eexp{i\B,, 1 (0,1 (x) — m,i)}. By definition of pro-
cess 1), (t) the following representation holds:

]
Eexp {iAn,(t)} = Eexp { Z ank (N, Znk) }

Pt (3.74)

= Eexp {iA&, (t) + An(N, 1) + pn (A1) 4+ 0,(N, 1) },

where
[nt] [nt]
P ) = (bak (N k) — ank(V)), 6n (A1) Zonk (A k)
k=0

Condition (3.69) implies d,, (A, ) £, 0, correspondingly, equation (3.70) implies
pn(A,t) — 0, and according to Theorem 3.3, &, (t) weakly converges to {y(t) in the
interval [0, 1]. Since Re api (A, ) < 0 and, from the conditions of Theorem 3.4, pro-
cess ZEZ]O ank (A, Tni) weakly converges to iAo (t) + A(A, t), then Helly’s theorem
implies that

Eexp {iAn,(t)} — Eexp {iA&(t) + AN\ 1)},

which proves the convergence of one-dimensional distributions, and, similarly, the
convergence of finite-dimensional distributions. To verify that sequence 7,,(-) forms a
weakly compact set in D 1) it suffices according to [GRI 73] to establish that

lim lim sup sup | En nt),0 €xP {iA(nn(t +u) — 0 (8)) } — 1| = 0. (3.75)

h—4+0 n—oo tar u<

By virtue of equation (3.74) and inequality |e® — €®| < |a — b|, which is true for
Rea,Reb < 0, it suffices to check that

lim lim sup sup (En [nt], |£n t+u)— ||A (A t4u)— An()\,t)|

h—+0 n—=00 ¢ 1 4« (376)
+ En,[nt],x’ﬁn()\; t+ u) - Pn(>\» t)’) =0.

Note that

and the right-hand part of Theorem 3.3 tends to zero. As in Theorem 3.3, conditions
(3.70) and (3.72) imply that E,, 4 2]pn (At +u) — pn(X, t)|? is small. In view of
the uniform convergence in equation (3.71) this implies equation (3.76), which proves
Theorem 3.4.

The corollaries are proved by direct verification of the conditions of Theorem 3.4.
O
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The fundamental complexity in real problems is verification of conditions related
to mixing properties. Let us consider the following example, which arises in the mod-
els of asymptotic aggregation of state space (see Chapter 8 and [ANI 73, ANI 78,
ANI 88]).

EXAMPLE 3.1. Let z,%, k > 0, be a homogenous MP with values in X and one-step
transition probabilities p,, (x, 4), x € X, A € Bx. Assume that

pn(x, A) = po(x, A) + n=b(x, A) + o(n_“),

where @« > 0, n%(n~®) — 0 uniformly with respect to = and A, and
sup, 4 |[b(x, A)] < C. The state space of the Markov chain z; with one-step
transition probabilities po(x, A) can be subdivided into several essential classes X,
y € Y. Uniformly with respect to y € Y, each class X, for the chain x, is uniformly
ergodic with stationary measure 7(¥) (A), A € Bx,,and

By, B) = / b(2,Unep X )7 (dz), yeY, Be By, y¢B.
X

Yy

Assume that the MP with transition probabilities p(y, B) is uniformly ergodic.

For this case it can be proved that the original MP x,,, satisfies condition (3.64),
where 1, = Cyn®, and hence Theorem 3.3 is applicable to x,,;, for a < 1.
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Chapter 4

Averaging Principle and Diffusion
Approximation for Switching Processes

4.1. Introduction

In this chapter we study the limit theorems for recurrent sequences and SPs in the
case of “fast” switching. Consider a sequence of SPs (z,,(t), (,(t)), t > 0, depending
on a scaling parameter n on the expanding interval [0, nT|, where n — co. Suppose
that SP depends on n in such a way that the number of switches on each interval
[na,nb], 0 < a < b < T, tends in probability to infinity. In this case we can expect
that under some natural assumptions a normalized trajectory of (,, (nt) uniformly con-
verges in probability to a deterministic function which is a solution of a differential
equation (AP), and a normalized difference between the trajectory of ¢, (nt) and this
solution weakly converges in Skorokhod space D to a diffusion process (DA). As
sample trajectories of a limiting process are continuous, this convergence implies a
weak convergence of functionals, which are continuous with respect to the uniform
convergence [ETH 86, SKO 56]. Note that after time re-scaling we can consider the
process in interval [0, T'] in the scale of time n¢ and in this case the number of switches
in each interval [a, b] tends to infinity (switches occur rapidly).

A new approach based on the investigation of the asymptotic properties of a special
subclass of SP — recurrent process of semi-Markov type (RPSM), theorems about the
convergence of recurrent sequences to the solutions of stochastic differential equations
and the convergence of superposition of random functions are developed.

SPs (see section 1.2) are described in terms of constructive characteristics [ANI 75,
ANI 77] and are represented in the recurrent form. This representation, as we see
from examples in the previous chapters, is convenient for describing wide classes of
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stochastic systems. It also plays the basic role in the analysis of asymptotic properties
of stochastic systems with “rare” and “fast” switches [ANI 78, ANI 88, ANI 92a].

For the special classes of random evolutions (processes with independent incre-
ments and Markov and semi-Markov switches), the Law of Large Numbers and the
Central Limit Theorem have been proved by many authors [GRI 69, PAP 72, KUR 73,
KER 78a, KER 78b, PIN 75, ANI 73, ANI 88, KOR 93, WAT 84, KOR 94, ANI 95].
The averaging principle for stochastic differential equations in the case of independent
Markov switches was investigated in [KHA 68] and some Markov models in the case
of feedback were studied in [SKO 89]. Models of Markov evolutions in the scheme
of asymptotic phase consolidation were investigated in [ANI 73, ANI 78, ANI 88,
ANI 99b, ANI 00a, ANI 00b, ANI 02a, ANI 04, ANI 87, KOR 93, KOR 94, KOR 99,
KOR 00, KOR 04, KOR 05].

AP for RPSMs was considered in [ANI 90, ANI 92a]. Nonhomogenous in time
models and additional semi-Markov switches were studied in [ANI 93, ANI 94a,
ANI 95]. The applications of these results to the dynamic systems with fast semi-
Markov switches [ANI 95], stochastic differential equations [ANI 86, ANI 89] and
branching processes in a fast semi-Markov environment [ANI 96] have been obtained.

A wide area of applications is switching queueing models and networks. For
Markov queueing systems and networks, various results of AP and DA type are
investigated in [ANI 92a, ANI 92b, ANI 95, ANI 97, ANI 99a, ANI 99¢, ANI 02b,
ANI 91b, ANI 94b] for semi-Markov and non-Markov models, different results are
obtained in [ANI 92a, ANI 99b, ANI 02b].

This chapter consists of five sections. In section 4.2 the averaging principle for
stochastic recurrent sequences is considered. In section 4.3 the averaging principle and
diffusion approximation for RPSMs are proved. In sections 4.4 and 4.5 these results
are extended to RPSMs with additional semi-Markov switching and with feedback.
Section 4.6 is devoted to AP and DA for general SPs.

4.2. Averaging principle for switching recurrent sequences

In this section we study the convergence of stepwise processes generated by tra-
jectories of recurrent sequences to solutions of ordinary differential equations. Let for
any n > 0, a sequence &5, K > 0, of random variables with values in R” and a
monotone flow of o-algebras F,; (Fnr C Fnrt1) be given such that variables &,
are JF,;-measurable and satisfy the relation

1
fnkJrl = gnk + ank (gnk:) ﬁ + /Bnkry k > 07 (41)

where &0 is given, a,k(y), y € R™ are some, possibly random, F,;-measurable
functions and (3, are F,,+1-measurable random variables.
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THEOREM 4.1. Assume that functions any,(y) for some given T > 0 satisfy the fol-
lowing conditions: for any n, k < nT, y1,y2 € R™,

|ank (¥1) = ank (¥2)] < Clyr — y2| + cnr, 4.2)

where C'is constant, ¢, > 0, and as n — 00,

[nT]
1 p
- > enr — 0; 4.3)
k=0
u P
max ;@n — 0. (4.4)
Then
P
max |&nk — Ynk| — 0, (4.5)
where variables y,y, k > 0, satisfy the relation:
1
Yno = 51107 Ynk+1 = Ynk + ank (ynk) H; k > 0. (46)

Proof. Let us introduce the variables z,; = &k — Ynk and vpp = MaXk<im, |Znkl,
k > 0. Relations (4.1), (4.6) imply that

1
Znk+1 = Znk + (ank (gnk) — Qnpk (ynk)) E + ﬁnkv k Z 0.
Summing both parts in £ from O till m we obtain
1 m

Enm+1 = n Z (ank (gnk) — Qnk (ynk)) + Z Bnk-

k=0 k=0

Using this relation and relation (4.2) we obtain the inequality

C m
nm < — n nm» 207 47
v +1_n;v Kty m 4.7

where

k
Z 6m’
=0

1 m
T > Cake
k=0

= max
Tnm f<m
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Now let us use the following lemma:

LEMMA 4.1. Assume that a real-valued sequence vy, k > 0, satisfies the relation:
k

vo <0, Vg1 < Zbivi + Yit1, k>0,
i=0

where b; > 0, v; > 0,7 > 0.

Then

i
V41 < Y1 €XP { > bz},

where 4y, = max;<j, V-

Proof. Using inequality 1 + b < e”, we obtain recurrently

vy < bovo + 71 < boyo + 11 < A€,

vy < biAne™ 4 boyo + 72 < biy1e? + Foe0 < Agelothr,

3 < baae® P £ b4 + bovo + 73 < badee0 TP + fgeloth
< ,3/361)0-5-1714'1727
and so on. Then by induction we obtain
k—1

Vg1 < bpog + Z bivi + Vg1
i=0
k—1 k—1
< brAk exp { Zbl} + Yk11 €xp { Zb’}
i=0 i=0
k
S ’A)/k_;,_l exXp { sz}
i=0

This relation proves the statement of Lemma 4.1.

Furthermore, according to equation (4.7), vnm+1 < Ynm exp{%C’ }. Finally this
relation according to equations (4.3) and (4.4) implies equation (4.5) and proves

Theorem 4.1.

Theorem 4.1 is an approximating theorem. Let us now consider the conditions of
the convergence of a random process constructed by sequence y,,; to a solution of an

ordinary differential equation of the form

dy(t) = a(t,y(t))dt, y(0) = yo. (4.8)
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Consider a simple but useful case for applications when coefficients a,(y) have
the form:

k
ank(y) = a(na y)7 k> 0, (49)
where a(t,y) is a given function.

THEOREM 4.2. Assume that relations (4.1) and (4.9) are true, function a(t,y) uni-
Sormly in y in each bounded region |y| < L, 0 <t < T, is continuous with respect to
t, and foranyt < T, y1,y2 € R™,

la(t,y1) —a(t,y2)| < Clyr — v2), (4.10)
condition (4.4) is satisfied and &, £, 0.
Then
¢ LA 4.11)
— — —
it | T Y ’ '

where y(t) is a solution of equation (4.8).

Proof. Condition (4.10) implies that for any t < T,y € R™, |a(t,y)| < C1(1+ |yl),
where (' is a constant. This relation together with relation (4.10) implies the existence
of a unique solution to equation (4.8). Now let us define a sequence y,x, & > 0,
according to the relations:

k 1
Yno = Y05  Ynk+1 = Ynk + @ ﬁ7ynk Ea kE>0.

Using (4.8) we obtain

<k+1) (k) (k )1
yl— ) =y{ =)+l um |~
n n n n

+/ (attv0) ~a En(£)) )

As function a(t,y) is continuous, denote G = sup,¢jo 77 la(t, y(t))| < oo. Rela-
tion (4.8) implies that |y(t + s) — y(t)| < G|s|ast Vv (t +s) < T Thus,

(k+1)/n
[ ) - it/
e

<sup s t+u,yt) —alt,y@®)|—- + —.
ssup sup Ja(t+u,y(t) — oty + 5,
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Using uniform continuity of function a(t,y) and Theorem 4.1 we obtain
— 4.12
max |ynk — y(k/n)| — 0, (4.12)
as n — o0, and finally Theorem 4.1 implies (4.11). O

Condition (4.10) can be replaced by a weaker local Lipschitz condition: for any
t<T,yeR™,

la(t, y)| < C(1+y]),

and forany L > 0 as |y1| V |y2| < L, t < T,

la(t,y1) —a(t,y2)| < Crlyr — vo|.

4.3. Averaging principle and diffusion approximation for RPSMs

In this section we study the limit theorems for RPSMs in the triangular scheme in
the case of fast switching and prove that under natural assumptions, the normalized
trajectory of an RPSM uniformly converges in probability to some function which is
the solution of an ordinary differential equation (AP) and the normalized difference
between the trajectory and this solution weakly converges in Skorokhod space D to
some diffusion process (DA) (see [ANI 90]).

Letateachn = 1,2,..., For = {(&uk(2), Tk (2)), z € R"}, k > 0, be jointly
independent at different & families of random variables with values in R" x [0, c0)
and distributions not depending on k, and let S,,o be the initial value in R" which
is independent of F,,, k > 0. According to section 1.1.2 let us introduce recurrent
sequences

tnO = Oa tnk-‘rl - tnk + Tnk (Snk)7 Snk-‘rl - Snk + fnk (Snk); k Z 07 (413)
and define RPSM as follows:

Sn(t) =Spr asty <t < thk+1, t > 0. 4.14)

As under natural assumptions the normalized trajectory of an RPSM after n
switches is of the order n, we will consider the dependence of the argument in
recurrent equations on the re-scaled trajectory S, /n with the purpose of obtaining a
state-dependent property in the limiting equations. Note that we can define the new
variables & (@) = Eni(nav), Tui () = Tor(na), re-write the relations above in the
form

tnO = 0; tnk+1 = tnk + ?nk (Snk/n)» Snk:-i—l = Snk + Enk (Sn/c/n)a k Z 07
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where the newly introduced variables now depend on the re-scaled values, and for-
mulate the conditions of theorems in terms of variables &, (), T,k (o). However, for
simplicity we use the original notation.

Assume that there exist the functions m,, (@) = E7,1(na), b, () = E&,1 (na).
THEOREM 4.3 (AP). Suppose that for any N > 0,

lim limsup sup {ETnl(na)X(Tnl(na) > L)
T mmee afsN (4.15)

+ E[&n1 (na)[x([€n1 (na)| > L) } =0,

and as max(|ay |, |az]) < N,

|mn(o¢1) - mn(ag)f + |bn(o¢1) — bn(a2)| < C’N|a1 — a2| + ay(N), (4.16)

where Cn are some constants, «,(N) — 0 uniformly in |a1| < N, |ag| < N, there
exist functions m(a) > 0 and b(a) such that for any o € R” as n — oo,

my(a) — m(a), by(a) — ba), 4.17)
and
n~ 1S — so. (4.18)
Then
oi?ET In~1Sn(nt) — s(t)| Lo, (4.19)

where function s(t) satisfies the following ordinary differential equation

ds(t) =m(s(t)) b(s(t))dt, (4.20)

and T is any positive number such that y(+oc) > T with probability one, where

y(t):/o m(n(u))du, 4.21)

and n(t) is a solution of the differential equation
dn(u) = b(n(u))du, 1(0) = So, (4.22)

(it is assumed that a unique solution to equation (4.22) exists in each interval).
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Proof. Let us introduce the sequences M, = 7 ' Spk, Ynk = N 'tnk, k > 0, and
construct stepwise processes 7, () and y,,(+) as follows:

(1) = Duk,  Yn(W) =y asn 'k <u<n Y (k+1), u>0.

Put
Vp(t) = min {k; k>0, thktr > nt},
fn(t) = inf {u:u >0, yo(u) > t}.

By definition, y,, (n v, (1)) <t <yn(n ™1y, (t) + 1) and p, (1) =n"1 (v, (t) + 1).
As Sp(nt) = Sy, (), the following representation is true:

n ' Sn(nt) = 0 (n” () = n (pn(t) — 1/n). (4.23)

Thus, RPSM n~1S,,(nt) is constructed as a superposition of two processes: 7, (t)
and i, (t). Therefore, we study first the behavior of processes 7,,(t) and y,, (t), then
the behavior of y,, (t) and their superposition. Using (4.13) we can write the relations

MNMnk+1 = Nnk + nilbn (nnk) + Pnk, k 2 O» (424)
Ynk+1 = Ynk + 1 My (k) + Uk, k>0, (4.25)
where @1, = n_l(gnk (m?nk) —bn (nnk))’ Ynk = n_l(Tnk (nnnk> - mn(nnk))

Sequences ¢,k and ¥,k, kK > 0, are martingale differences with respect to the
sequence of o-algebra o, generated by variables {7,;, i« < k}. Assume first that
condition (4.15) holds uniformly on o € R". It follows from the paper [GRI 73] that
for any ¢ > 0,

max
m<nt

Lo (4.26)

m
Z Pnk
k=o

Furthermore, applying the results of book [GIK 78] and using relations (4.17),
(4.26), we obtain

sup |1, (u) — n(u)| L. (4.27)

u<t

By analogy, we can prove that

sup [y (1) — y(u)| = 0. (4.28)

u<t
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As m(a) > 0, process y(t) increases strictly monotonically. Thus, the process
y~1(t) = p(t) exists for any ¢ such that y(+00) > ¢ with probability one, is continu-
ous and

sup | () — pa(w)| == 0. (4.29)

Using the results on the U-convergence of the superposition of random functions
[BIL 68] and relations (4.27) and (4.28), we obtain (4.19). Finally, for any ¢ such that
y(+00) > t with probability one,

P{ sup |s(t)| > N} —0

as N — oo. This means that it is sufficient to check all conditions in each bounded
region || < N. Thus, Theorem 4.3 is proved. O

Now we prove the convergence of the process

Yn(t) = %(Sn(nt) — ns(t))7 t € [0,T],

to a diffusion process. Denote

bn(a) = mn(a)bu(a),  bla) =m(a) " b(a),
pu(a) = En1(na) — by(a) — b(@) (Tn1(na) — my(a)), (4.30)
D} (@) = Epn(@)pn(e)*

(here and in what follows we denote the conjugate vector by symbol ), and put

n(a, 2) = ﬁ(gn (a + \;ﬁz) - E(a)). 431)

THEOREM 4.4 (DA). Let conditions (4.16)-(4.18) hold where in equation (4.16) a
condition a,,(N) — 0 is replaced by \/na,,(N) — 0, there exist continuous matrix-
valued functions D*(a)) and Q(«) and a vector-valued function g(a) such that as
n — oo, uniformly in each bounded region,

D} (o) — D*(a), (4.32)
qn(, z) — Q(a)z + g(a), (4.33)
forany z € R",

¥n(0) = 70, (4.34)
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where 7 is a proper random variable, and for any N > 0,

lim limsup sup {ETﬁl(na)X(Tnl(na) > L)
=00 nooo |a|<N

(4.35)
+ E|fn1(na)‘2x(|§n1(na)| > L)} =0.

Then for any T such that y(+o00) > T, the sequence of processes vy (t) J-conver-
ges in the interval [0, T to the diffusion process y(t) satisfying the following stochas-
tic differential equation:

dy(t) = (Q(s(1))v(t) + g(s()))dt + D(s(t))m(s(t)) " *dw(t),
7(0) =70,

(4.36)
where s(-) satisfies equation (4.20).

Proof. Condition (4.16) and relation m(a) > 0 imply that the limiting functions
b(a),m(a),b(a) also satisfy the local Lipschitz condition, and the function b(a) and
the function ¢, (cv, z) with respect to z satisfy condition (4.16). Let us keep the nota-
tion of Theorem 4.3, denote vy, = Y (Ynk)s Snk = S$(Ynk), k£ > 0, and suppose first
for simplicity that s( is a non-random variable. As relation (4.19) holds, the trajectory
Mk, k = 0, T, belongs to a bounded region with probability close to one. Thus, it is
sufficient to check all conditions in each bounded region. By definition,

1
Unk+1 = Unk + —= \/» (gnk (nnnk) (gnk—i-l - gnk)) .

Using the Lagrange formula and relation (4.14), we find that
- ~ 1-
Snk+1 — Snk = Eb(snk)Tnk + 6nk = ﬁb(snk)mn (777Lk) + 6nk + 5nk7

where T = Tok (M00k), |5T(Ll,2| < C-L72, and E|<57(12,€)|2 < Cn~2. After some algebra
we obtain:

1 1
Unk+1 = Unk + Emn (nnk)qn (gnka Unk:) + ﬁank + 67(337 (4.37)

where Ank = gnk (nnk:) - bn (nnk:) - E(gnk) (Tnk — My (nnk)) and E‘(s |2 < C?’L_3/2
We can also prove by analogy to Theorem 4.3 that

Z 5(3)

max

max (4.38)
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Following the lines of the proof of Theorem 4.3, we see that for any v > 0,
P - P

Thus, as n — o0, k/n — t and v, = 2z, the coefficient at 1/n in the right-hand
side of (4.37) tends in probability to the value m(n(t))(Q(n(t))z + g(n(t))). Further-
more, E[ayy | 7nk] = 0, and as n — oo for any «, Elapa, | nar = o] — D()?,
and relation (4.35) implies that the variables |cv,1|? are uniformly integrable in each
bounded region.

Let us introduce the random process v, (u) = vnk as k/n < u < (k + 1)/n,
w > 0. Then (4.37) and the results [GIK 75] imply that the sequence of processes
vn(u) J-converges in the interval [0, 7] to the diffusion process v(u) satisfying the
following stochastic differential equation:

do(u) = m(n(w)) (Q(n(w))v(u) + g(n(w)))du + D(n(w))dw(u),

(4.39)
’U(O) =70-
Note that
1 1 -
s(t) = s —tak )| < —Tok sup 1b(s(w))],
n n 1 tnkgugn tnk41
as Lt <t < Lt,pqq. Thus, as pu,(T) < w(T) + ¢,
(t) < (t) 1) <le (4.40)
su — Un n - s~ — max Tnk, .
ogth n M n Vi k<nu(m+e) ™
where O = SUp, <, (1) 4« |b(s(u))]. Let us prove that for any L > 0,
=Tk L. 0. (4.41)

Denote T, = Tor/v/1, k > 0, and let Ay, be the sequence of the following events:
A ={Tni <e, i <k}, k>1, Ay = Q. Then for any m > 0,

lnP<maXTnk < 5) = lnH P ?nk <e] Ak)
h=0 (4.42)

:i Tnk>5‘Ak))

k=0
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Using the inequality | In(1 — 2) + z| < |2?| as |z] < 1/2, we find that

|In(1—2)| < [2](1+]2]) as|z| <1/2. (4.43)

Relations (4.42) and (4.43) imply that

‘ lnP(maxT'nk < E) ’
k<m

m (4.44)
< (14 maxP (R > e 44)) DO P(Fr > 2 | Ap).
= k=0
It follows from condition (4.35) that for any fixed N and € > 0 asn — oo,
sup E72 (na)x (o1 (ne) > v/ne) — 0. (4.45)
la|<N

In the region maxy<,c |Mnk| < N atm < nC,

mglaxP(Tnk >e| Ag) <nC sup P {71 (ne) > v/ne}.
la|<

According to (4.45),
Tn1(na) 2
n sup P{r,1(na) > /ne} <n sup E( nl ) X (Tn1(na) > V/ne)
laj<N la|<N V/ne
< sup Er2 (n )X(Tnl(na) > \/ﬁc‘i)/e2 — 0.
la| <N

Therefore, in this region as m < nC,

ZP{?nk >e Ak} < nCm]?xP{?nk > Ak} — 0,
k=0

and relations (4.44) and (4.45) imply that as m < nC, P{maxy<,, Tox > €} — 0,
and relation (4.41) is proved. Now using (4.40) we obtain

sup |’yn(t) - Un(ﬂn(t) - 1/”)’ 0.
0<t<T

The sequence of processes vy, (i, (t) —1/n) J-converges to the process v(ju(t)) =
v(t). As far as p/(t) = m(s(t))~! We can calculate the stochastic differential for
process ~y(t) using the formula dw(u(t)) ~ /p/ (t)dw(t), and obtain equation (4.36).

O
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In conclusion to this section let us consider an important case when the process
Sp(t) is an homogenous MP. Suppose that S,,(¢) is a regular stepwise process and
there exist transition rates ¢, (o, A), a« € R", A € B, a # A such that ¢,(a) =
an(a, R"\{a}) < oo for any a € R". Let us define the independent families of
random variables {{,x(a),a € R"}, k > 0, and {7x(a),a € R}, k > 0, with
values in R" and [0, 00), respectively, where 7,5 (na) has an exponential distribution
with parameter ¢, (o) and

P(fnk(na) € A) =qu(a) (o, A+ ), a#A,

where A + o = {z : z — o € A}. By definition RPSM which is defined by the fam-
ilies {(Cuk(), Tnk(+))} is equivalent to an MP S,,(¢). Denote m,,(a) = g, (a)~ .
We can easily verify that in the case where 7,,(-) has an exponential distribution,
D%(a) = Efnl(na)gnl(na)*'

COROLLARY 4.1. Ifthe conditions of Theorems 4.3 and 4.4 hold, then relation (4.19)
takes place and the sequence of processes v, (t) weakly converges to the diffusion
process (t) satisfying stochastic differential equation (4.36).

Note that, as 7,,1(+) has an exponential distribution, conditions (4.15) and (4.35)
are automatically satisfied.

4.4. Averaging principle and diffusion approximation for recurrent processes of
semi-Markov type (Markov case)

In this section we investigate the next level of complexity when an RPSM is
switched by some external Markov process and consider the case of fast switching.
Let ateach n > 0,

For = {(gnk(xaz)v’rnk(xaz))a reX, z€ RT}’ k> 0, (4.46)

be jointly independent families of random variables with values in the space
R"™ x [0,00) and distributions not depending on k > 0, and let x,;, ¢ > 0, be an
homogenous MP which is independent of Fj,;, &k > 0, with values in a space X
and S, be the initial value. Note that the variables &, (z, 2) and 7,x(x, z) can be
dependent. We construct RPSM (z,,(t), Sy, (1)), t > 0, according to section 1.2.3. Put
tno = 0 and denote

SnkJrl = Snk + gnk (xnkry Snk)a tnk:+1 = tnk + Thk (-rnkra Snk)7 k Z 0. (44‘7)

Let

Sn(t) = Snka In(t) =ZTpr aStpr <t < tnk—i—l- (448)

The process z,,(+) stands for some external environment and in general it is not an
MP or even an SMP as it depends on the values of a switching component .S, ;.
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Suppose that MP x5, k > 0, at each n > 0 has a stationary measure ,(A),
A € Bx. Assume that the corresponding integrals exist and denote

= E7,1(z,na), by(z,a) =E&,(z,na),

(4.49)
/ My (2, a)m,(dx),  by(a) :/ by (z, o)y, (d).
X
Let us introduce a strong mixing coefficient
o (k) = sup {|P{xn; € A, i € B}
(4.50)

— P{wyi € A}P{xn i1 € B}|: A,B € Bx, i >0}.
THEOREM 4.5 (Averaging principle). Suppose that there exist a sequence of integers
T, such that

nlr, — 0, sup a,(k) — 0, 4.51)

k>ry,
forany N > 0,

lim limsup sup sup {E7,1(z, na)x (71 (z, ne) > L)

L—oco nooo |a|<N =

(4.52)
+ E‘fnl(x,na)’x(}ﬁnl(x,na)’ >L)} =
and for any x as max(|aq |, |as]) < N,
M (T, 01) — My (2, a2) | + [bn (2, a1) — bn (2, 2
i) =) o) ~bamca)]
< Cn|ar — as| + au(N),
where Cn are bounded constants, «,(N) — 0 uniformly in
there exist functions m(«) > 0 and b(«) such that for any a € R,
my(a) = m(a), by(a) — ba), (4.54)
and
n1S,0 == so, (4.55)
where sq is some (possibly random) value. Then
sup |n~'S, (nt) — s(t)| L 0, (4.56)

0<t<T

where a function s(t) is a solution of an ordinary differential equation

ds(t) = m(s(t))_lb(s(t))dt, 5(0) = so, (4.57)
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and T satisfies the relation y(+o0) > T with probability one, where

t
) = [ m(n(w)du.
0
and n(t) is a solution of an ordinary differential equation

dn(u) = b(n(u))du7 n(0) = so (4.58)

(it is assumed that a unique solution of equation (4.58) exists in each interval).

Proof. We follow the proof of Theorem 4.3. Let us introduce the sequences 7,,, =
Snk /M Ynk = tnk/n, k > 0, and random processes 7, (4) = Nk, Yn(U) = Ynk as
E/n <u< (k+1)/n,u > 0.Put p,(t) = inf{u: u >0, y,(u) > t}. The following
representation is true:

n=t S (nt) =0 (0" wn(t) = nn (1a(t) — 1/n).

In this way RPSM n =15, (nt) is represented as a superposition of two processes:
1 (t) and ., (t). First, we study the behavior of processes 7,,(t) and y,, (), then p,, (t)
and their superposition. According to equation (4.47) we can write the relations

Nnk+1 = Tk + %bn (T, k) + Pk, (4.59)
k1 = Y+ o (ko) + ks K20, (4.60)
where
P = 1 (6 (T 108) = b ().
Uk = = (T (b 1) = 0 (2, k).

Sequences ¢, and 1, are martingale-differences with respect to the flow of o-
algebras generated by the variables {7,,;, n;, ¢ < k}. Assume that condition (4.52)
holds uniformly in & € R". Using the results [GRI 73] we can prove that for any
t>0,

2o 4.61)

According to the results of Chapter 3, condition (4.51) implies that for any v € R"
andt > 0,

nt

> b (2, @) — tha(a) 0. (4.62)
k=0

1
n
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Applying the results [ANI 86] on the convergence of stochastic difference schemes
with random coefficients to solutions of ordinary differential equations and using rela-
tions (4.61) and (4.62) we find that for any ¢ > 0,

blift) |nn(u) — n(u)| L0 (4.63)

By analogy we can prove that

512}? |yn (u) — y(u)| Lo (4.64)

As m(a) >0, process y(t) increases strictly monotonically. Thus, process y 1 (¢)
= p(t) exists for any ¢ such that y(+o00) > ¢ with probability one, is continuous and

sgyz ‘,un(u) — u(u)’ oo (4.65)

Using the results [BIL 68] on U-convergence of the superposition of random func-
tions and relations (4.63) and (4.65), we prove (4.56) where s(t) = n(y~1(t)). Cal-
culating the differential of s(¢) we obtain equation (4.57). In conclusion note that

P{sup,<; [s(u)| > N} L, 0as N — oo. Thus, it is sufficient to check all condi-
tions in each bounded region |a| < N. Finally Theorem 4.5 is proved. O

Now we study the conditions of the convergence of the sequence of processes

% (Sn(nt) — ns(t))

to some diffusion process. Let us introduce the uniformly strong mixing coefficient
for process x,:

Kn(t) =

on(r) = sufx)4 |P{xm €Al xp = x} - P{xm, €EA|xn = y}|
m7y7

Put
bn () = bu(a)mn ()™, b(a) = b(a)m(a)~",
(2, 0) = & (2, n00) — by (2, @) — b(a) (Tuk (2, n00) = My (7, @),
(4.66)
DTQL(IIJ7 a) = Epnl(xa Oz)pm (l‘, Oé)*,

Y (T, @) = by (, @) — by () — b(ar) (M (2, @) — my ().
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THEOREM 4.6 (Diffusion approximation). Suppose that for a fixed r >0 and q € [0, 1),
on(r) <gq, n>0, (4.67)

condition (4.53) with relation \/no,(N) — 0 holds, conditions (4.54), (4.55) are
true, and for any N > 0 the following conditions are satisfied:

1)

lim lim sup sup {E7ui(z, na)*x(mn1(z,na) > L)

L~>oon~>oolM<N -

, (4.68)
+ E|§n1(x7na)| X(|§n1(ac,na)| > L)} =0;
2) as max(|aq|, |az]) < N,
1D, (2, 01)° = Do (2, 02)*| < COn|ar — as| + an(V), (4.69)

where o, (N) — 0 uniformly in |a1| < N, |as| < N;
3) there exists a function q(«, z) such that for any N in the region |a] < N,

la(a, 2)| < COn (1 + |2])

uniformly in |a| < N at each fixed z,

\/ﬁ<5n <a + \/152) - E(a)) — q(a, 2), (4.70)

and there exist functions D(«) and B(«) such that for any o € R™,

D?(a) = /X D?(z,a)m, (dz) — D?*(a), 4.71)
BV (a)? + B?(a)? — B(a)?, (4.72)
where
B (@) = [ (.0 (e.0) m (d),
and

BE () =Y Evn(@n0, @) yn (2, @)

k>1
with P{zno € A} = m,(A), A € Bx, and also
kin(0) == o, (4.73)

where kg is a proper random variable.



100 Switching Processes in Queueing Models

Then for any T > 0 satisfying the conditions of Theorem 4.5 the sequence of
processes ki, (t) J-converges in the space DY, to the diffusion process k(t) satisfying
the following stochastic differential equation: k(0) = Ko,

—1 2 2, 1
dr(t) = q(s(t), k(t))dt + m(s(t)) *(D(s(t))” + B(s(t))”)*dw(t), (4.74)
where w(t) is the standard Wiener process in R”, and a solution of equation (4.74)
exists and is unique.
Proof. We keep the notation of Theorem 4.5 and denote
ﬁnk = s(ynk)a Ynk = \/E(nnk - ﬁnk)7 P)/n(t) = ’7n[nt]7
Tnk = Tnk (xnk; nnnk); fnk = gnk (xnka nnnk) .
Conditions (4.53), (4.54) and relation m(a) > 0 imply that function b(«) also sat-

isfies the local Lipschitz condition. Therefore, using equation (4.57) after calculations
we obtain the relation:

Yrk+1 = Ynk + Onk (%k)% + Bk, k>0, (4.75)
where
ank(2) = My, (Unk)\/ﬁ@nk (nr) — 5<77nk - Tllz>>
Bk = @nk + Ynk + Onk,
i = 7= (bt ) = b 100

= b(7ink) (M (ks k) — M (”nk»)’

1
¢nk = ﬁ

brk (Oé) = Eb, ('rnka 04)7 Mnk (O‘) = Em, (-rnka Oé),

(gnk - b(xnkn nnk) - B(ﬁnk) (Tnk — Mn (-rnka 77nk:))>a

and |5nk| S %Tnk-
It is known that for uniformly ergodic MP, condition (4.67) implies the relation
en(k) < g™, k>0. (4.76)

Therefore, in each bounded region |a| < N,

‘bn(a) - bnk(a)’ + ‘mn(a) - mnk(a)‘ < Cngtm.
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Thus, as the functions o, (z) also satisfy condition (4.53), following the lines of
proof of Theorem 4.5 we find that for any t > 0, z € R™,

[nt] t

%Zank(z) L, m(n(uw))q(n(w), z)du. (4.77)

k=0 0
Let the sequence of variables ~,,;, with values in R" satisfy the relation:

1
Ynk+1 = Vnk + ank (p)/nk)ﬁ + ﬂnka k 2 O,

and the flow of o-algebras o, be given such that v, is a 0,9-measurable vari-
able, functions «,,x(z) are o,,;-measurable variables and 3, are o,,+1-measurable.
Define a stepwise process

n(t) =Yk ask/n<t<(k+1)/n,t>0.

Let us formulate the following auxiliary lemma:

LEMMA 4.2. Assume that
1. for any N > 0 as max(|a1|, |az|) < N,

|lank (1) — ank(az2)| < Oyl — az| + cur, (4.78)

where for any t > 0, n”=*! Z%n:t]o Cnk £, 0;

2. forany k > j >0,
1 .
ﬂ() - m(J)
n n
[nt]

where (3,,(t) = > "o Bnks

2 k— .
<o) (4.79)

n

E

3. there exists a non-random function g(u, z) such that for any u < T, |g(u, z)| <
Cr(1+z));
4. foranyt >0,z € R,
1 [nt] b t
— Zank(z) — / g(u, z)dw; (4.80)
n 0
k=0

5. there also exists a proper random variable -y, and a process [3(t) given on the
same probabilistic space such that for any T > 0, the sequence (Vno, On(t)) weakly
converges in the space DY, to the pair (o, 5(t)).

Then the sequence of processes vy, (t) J-converges in the space D to the process
~(t) satisfying the following stochastic differential equation:

dy(t) = g(t,~(t))dt +dB(t), ~(0) =0, (4.81)

a solution to which exists and is unique.
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Proof. The proof follows the same lines as in [ANI 89]. First it is easy to prove that
equation (4.79) implies the inequality E|3(t) — ((s)[? < C|t — s/, and it follows
from equation (4.78) that the function g(u, z) satisfies a local Lipschitz condition with
respect to z. Therefore, the solution of equation (4.81) exists and is unique. Let us
construct a random process v, (t) = ap as k/n <t < (k+ 1)/n, where

k+1

Ank+1 = Ok + . g(ua ank)du + Bnk
Following the standard arguments [GIK 78] we can prove that the measures gen-
erated by the processes 7, (-) satisfy the condition of weak compactness in space D7
and according to the conditions of Lemma 4.2, sup, < |7, (t) — a, (t)] L., 0,andin
addition the finite-dimensional distributions of process «, (t) weakly converge to the
distributions of process (). This completes the proof of Lemma 4.2. O

Let us now study the behavior of the processes

[nt] [nt]

Z@nkv "/}n anka t>0.

Process 1,,(t) is a martingale. First we prove that

[nt]

t
S E[pmtiny | on] — /0 D(n(u))*du. (4.82)

k=0

Then this relation according to condition (4.68) and the results of [LIP 89], implies
that process 1, (t) J-converges in D/ to martingale 1/ (¢) which can be represented in

the form fot D(n(u))dw(u).

Indeed, Theorem 4.5 implies that if n — oo in such a way that k/n — then
fnk. — s(y(t)) = n(y~1(y(t))) = n(t). Using the continuity of function b(cr) and
conditions (4.69) and (4.71), it is not difficult to prove that equation (4.82) is true.

Now consider process @, (t). Let us introduce the process

]
- 1
On(t) = —= Z’Y'n (xnk:annk:)a t>0.

\/ﬁ k=o

Note that processes 1, and ¢,, () are asymptotically independent. Using condition
(4.72), a local Lipschitz condition of the type (4.53) for variables v, (z, «) in equa-
tion (4.66), a strong mixing condition (4.76) and the results of Chapter 4 (see also
[ANI 88]) we prove that process @y, (t) J-converges in D7, to martingale ¢(t) which
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can be represented in the form

Furthermore, let us prove that

sup ¢ (t) — @n(t)] — 0. (4.83)
t<T

Consider for € > 0 the event
A1) = { Sup |1k — 1(k/m)| < &, sup [fink — (k)| < s},
k<nt k<nt

and let x.(t) be the indicator of this event. The results above imply that as n — oo,
P{A.(t)} — 1. Now let us choose €, — 0 is such a way that P{A._(¢)} — 1. Note
that according to the definition of processes 7, (¢) and y,, (t) we may choose ¢,, in the
form e,, = L,,//n, where L,, — co. Then

P{ supiu) - a(0)] > o

t<T

< P{sup () - Gult)] > 0.4.,(1) | + PLAL D)}

Consider process 0, (t) = (¢n(t) — @n(t))xe, (T). Assume without loss of gen-
erality that P{z,o € A} = 7,(A4). Let Z; and z;, k& > 0, be some non-random
sequences in R". Denote

o 5) = = (b (s 2) = b2 = D) (s (e, 20) = (2) ).

[nt]

Pn (t7 Z()) = Z Pnk (Zk7 2k) - <:én(t)
k=0

Note that for any function ¢ (u,v) > 0, random vector (£, 7) and region @),

Eo(&,m)x((¢n) € Q) < sup Ep(u,n)x((€,n) € Q) < sup Ep(u,n),
ueQR ueqQ

where Q = {u : (u,v) € Q}. Using this inequality we find that
Ed, (1)3n(t)" < sup { Bipn (£ 2()) on (8, 2())

|2k = n(k/n)| < en, |2 — n(k/n)| < en, k < nt}.
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Note that by definition E,,j (2x, Zx) = 0. Then, using the local Lipschitz condi-
tion we can prove that in the region |z, — n(k/n)| < en, |2k — n(k/n)| < ep, the
following relation is true

E

(%k (210 ) — %% (ks n(k/n)) (sonk: (21s 21) — \%% (wnk,n(k/n))>>*

1
< —Cey,.
n

According to the results of Chapter 4 (see also [ANI 88]) this relation implies that
Ej,(t) — 0, Ej,(t)6,(t)" — 0. (4.84)

As the measures generated by the processes d,, (¢) satisfy the condition of the weak
compactness in the space D7, relations (4.84) then imply sup, < [6,(¢)| — 0, and
relation (4.83) is true.

Finally, we prove that the sequence of processes ¢, (t) + 1, (t) J-converges in D7
to a process which can be represented in the form

/OD(n(u))dwl(u)—i—/o B(n(w))dwa(u),

where wy (+) and ws () are two independent Wiener processes, or in the equivalent
form

/Ot (D(U(u))z + B(n(u))2> %dw(u),

Therefore, all conditions of Lemma 4.2 are satisfied and the sequence of processes
n(t) J-converges in DI, to process 7(t), where v(0) = ko and

SIS

dy(t) = m(n()a(n(t), 7(6)dt + (D(n(®)* + B(n(t)*) " dw(t).

Furthermore, as 2t <t < Lt,541,

|fin () = Yn (pn(t) — 1/m) | < %Tnk sup ’l;(u)}

Lt <u<ttnpia

It follows from Theorem 4.5 that 11, (T") — (7). Then, as p, (T) < u(T) + 6,

1
sup |Kn(t) — Yo (un(t) —1/n)| < Cp—— max — Tpk-
t§¥| (t) = Y (pn(t) = 1/) | T T STk
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Condition (4.68) implies that as n — oo
n sup P{7n(z,ne) > v/ne}

|a|<N
(4.85)
<e? sup ETnl(x,na)zx(Tnl(x,na) > /ng) — 0.
[a| <N
Therefore, (4.85) implies that for any N in the region |a| < N,
P{ max Tpp > 5} < P{7p, > \/ne}
\/ﬁ k/n<L =0 (4.86)

<nL lgrglz}jz P{7pi > /ne} — 0.

Finally, using the results on the convergence of the superposition of random func-
tions [BIL 68] we prove that the sequence of processes k., (t) weakly converges to the
process k(t) = v(u(t)). Calculating the differential of x(t) according to the relation

t)) ~ /' (t)dw(t) we obtain equation (4.74) and Theorem 4.6 is proved. [

4.4.1. Averaging principle and diffusion approximation for SMP

Now consider the case when distributions of the variables (&,.x(x, 2), Tak (2, 2))
in equation (4.46) do not depend on the argument z. In this case, we introduce the
family of random variables Fj,, = {({nk(x), Tor(x)), @ € X}, k > 0, with values
in R" x [0, 00) and distributions not depending on index k. Process z, (t) defined by
equation (4.48) is an SMP given by the embedded MP x,,;, and the sojourn time in state
x, Tnk (). Correspondingly, process S,,(t), defined by equation (4.48), represents the
sum of random variables &, (x) defined on the trajectory of an SMP x,,(-) in the
interval [0, ¢].

Suppose that MP x,,;, k > 0, at each n > 0 has a stationary measure ,(A),
A € By, and denote

=E7u(z), ba(z) =E&u(2),

(4.87)
My, = / my(z)m,(dx), b, = / by (z)m,, (d).
X
As a consequence of Theorems 4.5 and 4.6 we obtain the following results.
COROLLARY 4.2. Suppose that conditions (4.51) and (4.55) are true,
lim lim sup bup {ETM( )X(Tnl(a?) > L)
%% neeo (4.88)

+ Bl (@) x (| (@)] > L)} =

and m,, — m >0, b, — b.
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Then relation (4.56) holds for any T > 0, where s(t) = so + tb/m.

Now we study the conditions of the convergence of the process

() = % (Sn(nt) — ns(t))

with s(t) = sg + tb/m to a diffusion process. Denote
prk(®) = Enp(x) — by () — (Tnk(x) - mn(x))b/m,
D2(x) = Epn1(2)pni (2)", (4.89)
Yn(x) = by () — by — (mn(a:) — mn)b/m.
COROLLARY 4.3. Suppose that the assumptions of Corollary 4.2 are satisfied where

condition (4.51) is replaced by condition (4.67),

hm lim sup sup {ETle(a:)x(Tnl(x) > L)

+ Blén (@) x(|gm ()] > L)} = 0;
and there exist matrices D? and B? such that
= / D?(z)m,(dz) — D?, B2% + B%, — B2, 4.91)
X

where By, = [ yn(2)yn(2)* 7 (dz), and By = 341 Evn(2n0)vn(2nk)*, with
P{x,0 € A} = m,(A), A € Bx, and also k,(0) == ko, where kq is a proper
random variable.

Then for any T > 0 the sequence of processes ky(t) J-converges in the space D7,
to the diffusion process

K(t) =m 2(D2+B2)% (t).

This means that k(t) is a Wiener process in R” with mean zero and covariance
matrix (D? + B?)/m.

4.5. Averaging principle for RPSM with feedback

Let us prove AP for a general RPSM. For any n > 0, let F,,;, = {(&ni(2, o),
Tok (T, @), Buk(x,0)), x € X, o € R"}, k > 0, be jointly independent families of
random vectors with values in the space R" x [0,00) x X, where X is a measurable
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space. In addition, let (2,0, S,0) be the initial value which is independent of Fy,
k > 0. We put

tnO = 07 tnk-‘rl - tnk + Tnk (xnk:a Snk)a
SnkJrl = Snk + gnk (xnkry Snk)a Tnk+1 = ﬁnk (xnkry Snk)a k > Oa
and define

(4.92)

Sn(t) = Snk, mn(t) = Tnk, aSlpp <t <tpky1, t> 0. (4.93)

The pair (2, (t), Sn(t)), t > 0, according to the definition in section 1.2.4 and
relations (1.12), (1.13), is a general RPSM with feedback between both components.
Suppose for simplicity that the distributions of families F},; do not depend on index
k > 0, and let there be moment functions

mp(z, ) = Erpy (2, na), bz, a) = E&, (2, na).
Denote p,(x, A, @) = P{Bp1(z,a) € A}, x € X, A € Bx, « € R", and let for
any fixed o, Z,,1(v), k > 0, be an auxiliary MP in X with transition probabilities
P{jnk—‘rl(a) €A | ink<a) = .’t} = pn(xa Av a)'
Suppose that there exists a family of transition probabilities ¢(z, A, a), z € X,

A € Bx, «a € R", where the function ¢(x, A, «) is uniformly continuous in « in each
bounded region || < L uniformly in x € X, A € By, and let for any L > 0,

sup |pn(:1c,A, a) —q(x, A, a)| — 0. (4.94)
z,A,|a|<L

Furthermore, suppose that an MP Z,,,(«), k > 0, is uniformly ergodic with sta-
tionary measure (A, ) uniformly in « in each bounded region and in n > 0. Denote

mp(a) = / mp(z, a)m,(de, @),  by(a) = / by (z, )y, (dz, a).
X X
THEOREM 4.7. Suppose that equation (4.94) holds and:

1) for any fixed N > 0,

lim limsup sup Sup{ETnl(x,na)X(Tnl(x,na) > L)

L=00 n—oo |al<N
+ E|§n1(x,na)’x(’fnl(x,na)’ > L)} =0;
2) for any x as max(|aq|, |az|) < N,

|mn(x,oz1) — mn(z,a2)| + |bn(x,oz1) — bn(x,a2)| < C’N|ozl — a2| + an(N),

where Cy are some constants, and o, (N) — 0 uniformly in |ay| < N, |ag| < N;
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3) there exist functions b(«) and m(«) > 0, and a variable sy (possibly random)
such that as n — oo,

bn(a) — b(a), mn(a) — m(a), a€R,

_ P
andn=1S,0 — so.

Then
B =18, (nt) — s(t)| == 0,
where
s(0) = so, ds(t) = m(s(t))”"b(s(t)) dt, (4.95)

and T is any positive number such that y(-+o00) > T with probability one where

y(t) = /0 m(n(u))du7 (4.96)
and n(0) = so, dn(u) = b(n(u))dw.

The proof of this result follows from the averaging principle for general switching
recurrent sequences and switching processes with feedback [ANI 91a, ANI 92a].

4.6. Averaging principle and diffusion approximation for switching processes

In this section we study the AP and DA for SPs in the series scheme and in the
case of fast switches. Let at each n > 0,

Fnk = {(an(t,x,a),Tnk(x,oz),ﬂnk(x,a)), t> 0) T e Xa a € Rr}a k Z Oa

be the families of random processes (,x(-) which are jointly independent in k& with
values in R" and trajectories belonging to Skorokhod space and random variables
(Tak(+), Bk (+)) with values in [0,00) x R", and let (2,0, Sno) be the initial value.
These families determine the sequence of SPs (x.,,(t),(,(¢)), t > 0 and the sequence
of RPSMs S, (¢) according to relations (1.3)—(1.5), section 1.2.1.

First let us establish the results on the asymptotic closeness of trajectories of pro-
cesses (,(+) and S, (-). Denote

Vp(t) = min {k k>0, thgg > nt}, 4.97)

gz, ) = sup  |Gu(t, @, @) (4.98)

t<Tni(z,0)
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THEOREM 4.8. Suppose that there exist non-random sequences v,, — oo and c,, such
that for some T > 0,

lim limsup P (v, 'v,(T) > L) =0, (4.99)

L—oo poeo

and for any e > 0, L > 0,

[vn L]
lim Z supP(cngnk(a:,a) > 5) =0. (4.100)
n—oo =y T
Then
lim P(cn sup ‘Cn(mf) — Sp(nt)| > 5) =0. (4.101)
n— oo t<T

Proof. By definition of an SP we obtain for any fixed L > 0,

P (cn sup | (nt) — Sp(nt)| > 5)

t<T

<P (Cn kgg}?%)+1 Ink (xnk'7 Snk) > 5) (4.102)

< P(cn kgfffi] Ink (xnk, Snk) > 5) + P(Vn(T) > [UHLD.

Denote gnx = CnGnk(Tnk, Sni) and introduce the events:

A = {gm <eg 1< k}7 k>0, A0 = Q — certain event.

Using inequalities (4.42)—(4.44) and taking into account condition (4.100) we get
that as n — oo,

1nP< max gng < 6)‘
<onL

k<v,
[vnT]
< (1 + rgif(L sgﬂlg)P(cnkgnk(:r,a) > 5)) kZ:O zl}EP(cngnk(x,a) > 5) — 0.

These relations according to equations (4.99) and (4.102) imply the statement of
Theorem 4.8. O

Note that it is sufficient if condition (4.100) is satisfied for any fixed N in the
region || < nN.
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Theorem 4.8 shows that under simple natural assumptions the trajectories of an SP
and a simple RPSM in the case of fast switching are asymptotically close. Therefore,
it is sufficient to analyze the behavior of RPSM S,,(t) which generally has a more
simple structure.

Now we will combine the results of Theorem 4.8 and Theorems 4.3, 4.4, 4.5 and
4.6 and prove the AP and DA for SPs.

Consider two cases: the case when there is no additional Markov switching (the
process is switched according to its operation) and the case when there is an external
Markov environment.

Let at each n > 0, Fop = {(Gur(t, @), Trr(@)), t > 0, a € R™}, k > 0, be
the families of random processes which are jointly independent in k with values in
R" and trajectories belonging to Skorokhod space and random variables with values
in [0,00), Spo be the initial value. Denote &, () = Cur(Tnr (@), o) and construct
RPSM S, (t) according to formulae (4.13), (4.14) and also an SP ¢, (¢):

<n(t) = Snk + Cn (t - tnk; Snk) astpp <t < tnk-‘rla t> 0.

Suppose for simplicity that the distributions of families F3,;, do not depend on
index k. Denote g, (@) = sup;<.., (a) Cn1 (¢, @)]-

THEOREM 4.9 (AP). Suppose that the conditions of Theorem 4.3 hold and for any
e>0, N>0,

lim n sup P(cngn(a) > 6) =0, (4.103)

"= a|<Nn

where ¢, = 1/n. Then

sup |n~ ¢ (nt) — s(t)| — 0. (4.104)
0<t<T

THEOREM 4.10 (DA). Suppose that the conditions of Theorem 4.4 hold and equation
(4.103) takes place where c,, = 1/+/n. Then the sequence of processes

Fult) = %(cn (nt) — ns(t))

J-converges to the diffusion process ~y(t) satisfying equation (4.36).

Proof. 1f the conditions of Theorem 4.3 hold, then as follows from relation (4.29)

n~tu, (T) £, wu(T). This relation implies condition (4.99) with v,, = n. Now

according to Theorem 4.8 relation (4.101) with ¢, = 1/n is true and relation (4.104)
follows from relations (4.101) and (4.19). By analogy Theorem 4.10 is proved. O
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Consider a special case which is usually seen in queueing models when the tra-
jectory of process (nx(t, ) is monotonic in the interval [0, 7,,x(r)). In this case
gn(@) = |€n1()]. The following statement is true.

STATEMENT 4.1. If the trajectory of Cni(t, &) for any « is monotone in interval
[0, Tni () with probability one, then relation (4.103) in both theorems is automat-
ically satisfied. Thus, the conditions of Theorem 4.3 imply relation (4.104) and corre-
spondingly the conditions of Theorem 4.4 imply J-convergence of the process ¥(t) to

V(1)

Proof. Indeed, in this case

n~!sup |Cn(nt) — Sn(nt)| <n~! max |§nk (Snk) ’ (4.105)

t<T k<vn (t)

However, the uniform convergence in equation (4.19) automatically implies that
the value of the maximum jump of the process S, (nt)/n in the interval [0, 7] tends
in probability to zero. This implies that the right-hand side in equation (4.105) tends
in probability to zero which is equivalent to relation (4.103). The same conclusion
is valid for Theorem 4.4 as .J-convergence to continuous process () automatically
implies U-convergence. O

Now consider the case of additional Markov switching. Let at each n > 0,
For = {(Gu(t,z,0), mk(z,0)), € X, a € R"}, k > 0, be the jointly
independent in %k families of random processes (,x(-) with values in R” and
trajectories belonging to Skorokhod space and random variables 7,5 (-) with values
in [0, 00) with distributions not depending on index k. Also let z,;, ¢ > 0, be the
independent of F),;, k > 0 homogenous MP with values in X and S,,¢ be the initial
value. These families determine an SP (x,,(t), Sy, (¢)) in the following way. Put

tnO = Oa tnk-‘rl - tnk + Thk (xnlm Snk)7
Snk+1 = Snk + &nk (Tnk, Snk), k>0,

where &,k (x, @) = Cuk (Thi(z, @), z, «), and set
Cn (t) = Sk + Gk (t — tnk, Tnk, Snk)a
Tp(t) = xpr  astpr <t <tlpgs1, t>0.
THEOREM 4.11. Let the conditions of Theorem 4.5 hold and for any ¢ > 0, N > 0,

lim sup sup P{cngnl(m,a) > 5} =0, (4.106)
=0 |o|<Nn z€X

where gni(x, ) is defined in (4.98) and ¢,, = 1/n.
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Then relation (4.104) is true where s(-) and T are defined according to relations
(4.57) and (4.58).

THEOREM 4.12. Suppose that the conditions of Theorem 4.6 hold and equation
(4.106) holds with ¢, =1/\/n. Then the sequence of processes 7y, (t) =n~'/%((,(nt)
—ns(t)) J-converges to diffusion process k(t) satisfying equation (4.74).

The proof of these theorems follows from Theorems 4.8, 4.5 and 4.6.

4.6.1. Averaging principle and diffusion approximation for processes with semi-
Markov switching

Consider a particular case when an SP is a process with semi-Markov switching
(PSMS). Let foreachn = 1,2, ..., For, = {Gue(t,z,a), t >0, x € X, a € R"},
k > 0, be the jointly independent families of stochastic processes in D”_, x,,(t),

00
t > 0, be an independent of F,,;; SMP with values in some measurable space X,
and S,,¢ be an initial value. Denote by 0 = ¢, < t,1 < --- the times of sequen-

tial jumps of z,,(+), and introduce the embedded MP z,,;, = x,(tni), £ > 0. We
construct a PSMS according to equation (1.14): put Sprr1 = Spr + &nk, Where
gnk = an (Tnkn Tnk, Snk:)’ Tnk = tnk—i—l - tnk:a and denote

Ca(t) = Sk + Gk (t = bk, Tnky Sk ), 88t <t <tpgyr, £>0.  (4.107)

Then process (2, (t), (n(t)), t > 0, is a PSMS.

We consider for simplicity a homogenous case (distributions of ¢, (-) do not
depend on index k& > 0). Let 7,,(x) be the sojourn time in state x for SMP x,,(+).
Denote foreach x € X, a € R,

gn(z,0) = sup |Cn1(t7:c,na)|.
t<7p ()

To apply the results of Theorems 4.5 and 4.6 note that, as we consider the process
with semi-Markov switching, variables 7, (z, na) in notation (4.49) of Theorem 4.5
do not depend on « as these variables are the sojourn times in the states of SMP x,, ().
Therefore, we assume that MP x,,, £ > 0, at each n > 0 has a stationary measure
mn(A), A € By, and denote

my(z) = En, (), m, = / my, (z)m, (dx). (4.108)
Jx
COROLLARY 4.4. Let the conditions of Theorem 4.5 be satisfied where T,1(x, na) =
Tn (), mp(z, @) = my,(x) and m, (a) = my,. Also let for any N > 0, € > 0,

lim sup sup nP{nilg”(z,a) > e} =0. (4.109)

nﬁoo‘algN T

Then relation (4.104) holds where s(t) satisfies equation (4.57) with m(s) = m.
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COROLLARY 4.5. Let the conditions of Theorem 4.6 be satisfied where in notation
(4.66), Thi(x,na) = (), mp(z, ) = my(x) and my () = my,. Also let for any
N >0,e>0,

lim sup sup nP{n_l/an(x,a) > e} =0. (4.110)

n7O0 o|<N @

Then the statement of Theorem 4.6 is true, where in equation (4.74) m(s) = m.
A statement similar to Statement 4.1 is also valid.

STATEMENT 4.2. If the trajectory of Cni(t, x,«) for any «,x is monotonic in the
interval [0, Tnx (x, @) with probability one, then relation (4.106) in both theorems is
automatically satisfied. Thus, the conditions of Theorem 4.5 imply relation (4.104) and
correspondingly the conditions of Theorem 4.6 imply J-convergence of process 7(t)

to y(t).

Note that the averaging principle for the general SP (case of feedback) was proved
in [ANI 92a].
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Chapter 5

Averaging and Diffusion Approximation
in Overloaded Switching Queueing
Systems and Networks

5.1. Introduction

The complexity of real models of computing and information systems leads to
the necessity of the development of more complicated queueing models and new
approaches for modeling, analysis and asymptotic investigation.

A large number of papers are devoted to the analysis of queueing models in heavy
traffic conditions. This usually means that the characteristics of the system depend
on a parameter, say n, and as n — oo, the average load in the system tends towards
one with the rate O(1/+/n) (or even greater than one). The study of heavy traffic lim-
its has a long history and there are several directions oriented to different classes of
queueing models. Many authors deal with the renewal input process, the independent
service times and the routing processes not depending on the current size of a queue
or a workload process. For this case, the convergence of a normalized queue length
or a workload process to a solution of a differential equation (fluid limits) or to a
reflecting Brownian motion in a corresponding domain (Brownian approximation) is
proved for a single-class network (Reiman [REI 84]) and for various classes of multi-
class networks (see survey of Williams [WIL 96] and papers by Reiman [REI 88], Dai
and Kurtz [DAI 95], Harrison [HAR 95], Harrison and Williams [HAR 96], Bramson
[BRA 98], Williams [WIL 98], Dai [DAI 99], Chen and Zhang [CHE 00]). Several
classes of service disciplines for multiclass networks are studied in the latest paper by
Bramson and Dai [BRA 01]. The methods of analysis in these papers essentially use
the functional central limit theorems for arrival, service and routing processes and the
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continuous mapping theorems for the corresponding reflection map (or the continuity
of the Skorokhod reflection problem solution [SKO 62] and its generalizations).

Another direction is related to the analysis of Markov state-dependent queue-
ing models. The method of analysis here is mainly based on a martingale technique
[LIP 89] and again uses the continuous mapping theorems. Based on this technique,
the convergence of a queueing process for a state-dependent (M /Mg /1/cy,)" net-
work in heavy traffic conditions to the diffusion process with the reflection in the
rectangle is proved in [ANI 90b], for (Mg /Mg /1/00)" type networks the fluid lim-
its and the convergence to the diffusion process with the reflection in the orthant
are studied in papers by Mandelbaum and Pats [MAN 98b], Mandelbaum, Massey
and Reiman [MAN 98a], and the book by Basharin, Bocharov and Kogan [BAS 89].
Markov time-dependent models are considered in Mandelbaum, Massey [MAN 95]
and [MAN 98a]. Some results for the state-dependent arrival process and the general
service time distribution are given in Krichagina, Liptser and Puhalsky [KRI 88].

The fluid limits and the diffusion approximation (without reflection) for state-
dependent Markov queueing systems (networks) of the type (Mqg/Mg/k/oco)" are
studied in [ANI 92b] based on AP and DA for so-called RPSMs [ANI 90a, ANI 95].
Some types of Markov state-dependent models (Mg /Mg /1/00)” and non-Markov
models Go/Mq/1/00, (Gg/Mg/1/o0)" are considered in [ANI90a, ANI9S,
ANI 97] as examples of using this approach.

In this chapter the fluid and diffusion approximation type results are extended to
more general classes of queueing models of a switching structure. This means, the cor-
responding queueing process can be represented in terms of switching processes. The
SP has the property that the character of its operation varies spontaneously (switches)
at some points of time which can be random functionals of the previous trajectory or
possibly jumps of a random environment. The environment may reflect some outer
perturbations, a type of operating regime, a number of working servers, a domain
of operation for a queueing process, a type of priority, etc. In the intervals between
switches the process may have a non-Markov structure. A general description of an
SP is given in section 1.2.1 (see also [ANI 77, ANI 78, ANI 95]).

The class of switching queueing models in particular includes open and closed
Jackson type Markov and semi-Markov systems and networks with the dependence
of the arrival, service and routing processes on the current state of the queueing pro-
cess and possibly an additional Markov or semi-Markov environment (for instance,
a batch semi-Markov arrival process, a service rate depending on the current size of
the queue and the environment, etc.). This class also includes different models with
multiple calls, calls of a random size and different priorities, models with negative
and impatient calls, semi-Markov models with unreliable servers, non-homogenous
in time Markov and semi-Markov models, networks (G /Mg /s/m)" with the state-
dependent non-exponential arrival process [ANI 95], some classes of state-dependent
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retrial models [ANI 99a, ANI 99¢, ANI 01] and polling systems. In terms of SPs we
can also describe an output process jointly with the queueing process and some other
types of additive functionals on the trajectory of the queueing process such as flows
of lost calls, etc.

The queueing processes in switching models are more complicated, the reflected
process in general cannot be represented as a functional of the independent primary
processes (arrival, service, routing) and a martingale technique cannot be applied
directly. Therefore, we restrict our analysis to studying overloaded models without
reflection on the boundary. This means that we study the convergence on interval
[0, T such that in each component s(t) > 0, ¢ € [0,T], where s(t) is a fluid limit (a
limit for a normalized queueing process).

A new approach for the investigation of the asymptotic behavior of switching
queueing models is developed. It is based on AP and DA type results for SPs (see
Chapter 4 and [ANI 77, ANI 92a, ANI 94a, ANI 95]), and uses the representation of
queueing processes in terms of SPs. This approach allows us to extend fluid and dif-
fusion approximation type results (without reflection) to new more general classes of
queueing models, in particular, to state-dependent Markov queueing systems and net-
works (Mg, p/Mq,p/k/oo)" with batch arrival process and service, state-dependent
Markov models (Mar,qg/Mur,q/k/o0)” in a Markov environment, state-dependent
semi-Markov type models (Msas.o/Msar,g/k/oo)", retrial queues and some types
of non-semi-Markov models. From the other side, it also gives us a new technique for
studying known classes of Markov state-dependent and time-dependent models such
as (Mq/Mgq/1/o0)".

In this chapter we concentrate our attention on the study of state-dependent
Markov and semi-Markov queueing models and their modifications in the presence
of the ergodic Markov or semi-Markov environment as well. We assume that
characteristics of the system depend on a parameter n, n — oo, and the arrival and
service processes as well as the routing matrix may depend on the current value of
the queueing process @, () (a vector of queues or a workload process) and possibly
a random environment x,,(t). In specific applications the environment may appear
due to some external or internal factors. In general, the environment may depend on
the queueing process itself and in this case it will not be a Markov or a semi-Markov
process (case of feedback). We also assume that a number of calls (or a value of a
workload process) in the system is asymptotically large, which may be caused by a
high load or by a large initial value of the queueing process.

For queueing models of this type we prove that under rather general assumptions
a multidimensional queueing process n~'Q,,(nt) in an interval [0, 7] uniformly con-
verges in probability to a function s(¢) which is a positive solution of an ordinary
differential equation (fluid limit), we also call it the averaging principle, and the nor-
malized queueing process n~/2(Q,,(nt) — ns(t)) J-converges (in the sense of a
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weak convergence of probability measures induced by the process in the space D7
and endowed by Skorokhod topology) to a diffusion process with coefficients depend-
ing in general on s(t) (diffusion approximation). Here D7 is the Skorokhod space of
r-dimensional right-continuous functions given on [0, 7’| with finite left limits. Read-
ers are refered to Skorokhod [SKO 56], Billingsley [BIL 68] and Ethier and Kurtz
[ETH 86] for the definition of Skorokhod space and Skorokhod topology.

These results are mainly oriented to the analysis of a transient behavior of the
queueing processes. They also allow us to study the transient behavior of the queue-
ing process even for ergodic systems in the case, when the initial value of the process
is large, and, in addition, to obtain the asymptotic behavior of the hitting time to zero,
as the weak convergence of measures implies the weak convergence of continuous
functionals of the process such as hitting times. From the other side, for some types of
overloaded models the queueing process cannot asymptotically reach zero (for exam-
ple, for the M /M /oo model (network) when the service rate goes to 0). For models
of this type we obtain the approximation on the entire time horizon. It is possible to
study so-called quasi-stationary regimes as well. These regimes appear when the cor-
responding fluid limit s(¢) has a point of stability s. > 0. In this case, as n — o
and then t — oo, the value n~1Q,,(nt) is asymptotically close to s,. In particular,

if n*1Q7,,(0) xr, S«, then the coefficients of the limiting diffusion process do not
depend on time, and the queueing process balances near some asymptotically high
level ns, as a homogenous diffusion process multiplied by /7.

The results of this chapter are partially published in [ANI 02]. Section 5.2 is
devoted to the asymptotic analysis (fluid limits and diffusion approximation) of some
classes of overloaded state-dependent Markov queueing systems and networks in tran-
sient conditions. Non-Markov models and some special models such as polling sys-
tems are considered in section 5.3. Section 5.4 deals with a special class of queueing
models — retrial queueing systems.

5.2. Markov queueing models

In overloaded switching queueing models various multidimensional characteristics
(numbers of calls at different nodes, volume of information in buffers, output flows,
flows of lost calls, waiting times, etc.) can be approximated by the solutions to differ-
ential equations or by the diffusion processes. The method of analysis is based on the
AP and DA type results for SPs (see Chapter 4) and uses the representation of cor-
responding queueing processes as SPs. We restrict our analysis to studying queueing
processes without reflection and consider the convergence on interval [0, 7'] such that
in each component s(¢) > 0, ¢ € [0, 7. The analysis of reflecting processes should be
moved into a separate problem.

In the next section in order to illustrate a general approach we consider different
classes of overloaded state-dependent Markov queueing systems and networks.
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5.2.1. System M /Mg 5/1/00

Now consider the rather general Markov system M@ B /M@ p/1/00 considered
in section 2.2.1.3. This system includes state-dependent systems with batch arrivals
and service, systems with different types of calls, impatient calls, etc.

Suppose that characteristics of the system depend on a scaling parameter n — oo.
Let non-negative functions \(q), 11(q), v3(q), i = 1,m, g € R™, be given. Also let
a(q),7(q), 3;(@), i = 1,m, g € R, be random variables with values in R'". There
is one server and an infinite number of waiting places. Denote by Q,, (t) the number
of calls in the system at time ¢, Q,,(¢) € R'". Vector values may denote the different
classes of calls or different priorities. The system operates in the following way: if
Q,,(t) = ng, then with the local arrival rate \(g) a batch of @(g) calls may enter the
system. Correspondingly, with the local service rate ;(q) a batch of min{%(g), ng}
calls may complete service (in the case of vector-valued variables the minimum is
taken in each component). In addition to this, each call of type ¢ in the queue, inde-
pendently of others, with the local rate n~'v;(g) may be transformed into &; + 3;(q)
calls, where €; is a vector with the ¢th component equal to one, and other components
equal to 0 leave the system after service completion. If vector 3,(g) can have nega-
tive components (for instance, there are impatient calls), then after transformation we
obtain min{0, ng + (3;(q)} calls in the system.

Denote A(q) = A(@)+u(q)+v(q), where v(7) = 1", ¢ivi (@), 7 = (q1s- -, qm)s
and introduce the following moment functions:

mV(g) = Ea(g), m? (@) =E7@), m’ @ =EB(@),
dV(q) = Ea(@)a(@)®, d? (@ =Ev@7@", 4@ =EB;(@)B:(@)",

where the expectation is taken in each component, and a* denotes the conjugate vector.
Put

5@) = mO @A - mO@u@ + > mE @ (@)

i=1

m
B*(q) = dV @@ + d® (@)u(@) + Z A (@ qii(q
In addition, let G(q) be the matrix of partial derivatives for b(q):
lim K (b(@+hz) —b(@) = G(@z, zeR™

For any two vectors @ and b, the inequality @ > b means that a; > b; for all
components. Denote by 3(¢) a solution of the differential equation

ds(t) = b(s(t))dt, 3(0) = 3. 5.1
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Let us prove AP and DA for the queueing process.

THEOREM 5.1. 1) Suppose that in any bounded and closed domain in int{R' } vari-
ables a(q),75(q), 3(q) are uniformly q integrable, functions \(q), 11(q), vi(q), mﬁj ) (@)
are locally Lipschitz, and A(q) > 0. In addition, let

n'Q,,(0) = 3, (5.2)

where 3o > 0 is a deterministic value there exist T > 0 such thats(t) > 0, t € [0,T],
and also y(+00) > T, where y(t fo )~ Ldu, and the function 7)(t) satisfies
the equation

71(0) = 5o, d7j(t) = b(7(t))A(7(t)) " dt, (5.3)

a unique solution of which exists in any interval.
Then a unique solution of equation (5.1) exists in interval [0,T] and

sup |n*1@n(nt) —5(t)| L0 (5.4)
0<t<T

2) Suppose in addition that variables | (q)|% |v(q)|? and |3(q)|? are integrable
uniformly in q in any bounded and closed domain in int{R'}, functions B2(q) and

G(q) are continuous in int{R™}, and n=/%(Q,,(0) — n3o) == (,.

Then the sequence of processes C,,(t) = n='/2(Q,,(nt) — n3(t)) J-converges in
DY to a diffusion process ((t) satisfying the following stochastic differential equation.:

d¢(t) = G(5(1))¢(t)dt + B(5(t))dw(t), ¢(0) = (.

a unique solution of which exists on interval [0, T).

Note that int{R7'} = RT\OR (the interior of R7'), matrix B(q) satisfies
relation B(q)B(q)* = B(q)?, w(t) is a standard Wiener process in R™, and J-
convergence of random processes in D7, means the weak convergence of probability
measures induced by the processes on Skorokhod space D7, and endowed by Sko-
rokhod topology [SKO 56].

Proof. Let us introduce the jointly independent families of random variables
{7k (nQ), &, (nQ)) }, k > 0. Here 7,(ng) has an exponential distribution with
parameter A(7) = A(q) +1(q) +v(q), where v(q) = 3=y qivi(@). 7 = (a1, - -, qm)-
&, (ng) is independent of 7,,;,(ng) and can be represented in the form:
@(q),  with probab. A(q)A(g) 1,
&1 (n7) = ¢ —7(q), with probab. 1;(9)A(Q)~",  i=1,m. (5.5)
B3,(@),  with probab. ¢;v;(q)A(q)"*,

q)
q
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Now, in order to avoid the consideration of truncated random variables, we con-
struct an auxiliary RPSM @Q,,(t) defined in the whole space R™. Let s;(t) be the
ith component of function s(t). Put § = ming<;<,, ming<;<7 $;(t). By construc-
tion, 6 > 0. Take ¢ = 0/2 and consider the orthant R7'(¢) = {a@ : @ € RT,
a; > ¢e,1=1,...,m}. Now we extend the introduced functions and random variables
from the domain R’}"(¢) to the whole space R™ in the following way.

Let f(q), ¢ € RY'(¢), be a given function. We define a function f(@).,a e R™,
according to the transformation: f(ai,...,an,) = f(max(ai,e),..., max(am,e)).
By construction, in the domain R'(¢) f(q) = f(q). If f(g) is a function that is

continuous (locally Lipschitz) in R'](¢), then it is easy to check that f(@) is also
continuous (locally Lipschitz) in R™.

Using this transformation, we define functions \(a), fi(a), 7;(a), i = 1,m,
a € R™, and random variables a(a),7(a), @(a), i = 1,m, for any @ € R™.
Construct variables 7, (n@) and &, (n@) as in equation (5.5) and above. Using these
variables, we can define according to relations (4.13), (4.14) an RPSM @n (t). It can
take values in R, and, by construction, if in an interval [0, T'] @n (t) > ne, then its
trajectory coincides with the trajectory of queueing process Q,, () in [0, T7.

Let us study the behavior of @n(t) As we can see, all conditions of Theorem
4.3 are satisfied. We can calculate the expectation of €, (ng) and see that Q,,(nt)
satisfies relation (5.4) with the same function 5(¢). Now consider an interval [0, T,
where 5(t) > 0, ¢t € [0,T]. Then, for ¢ > 0 chosen above, we have 5(t) > 2e,
t € [0,T], and equation (5.4) implies that

P(n 'Qu(nt) > ¢, t €[0,T]) — 1. (5.6)

Let us now construct on the same probability space the queueing process @,, (nt)
and RPSM Q,,(nt) in a recurrent way as follows. Put Q,,(0) = @, (0). Then we
generate a sequence of random variables wi,ws, ..., that are uniformly distributed
in [0, 1] and construct recursively using this sequence variables Q.x, Tnk(an)
@,,k(an) k > 0, according to relations (4.13), (4.14) and using a standard
simulation technique. For example, we construct an exponential random variable
using the relation 7,,,(Q) = —A(n"'Q) ! Inwsg, and &,,,(Q) is constructed by
variables waj 41, wak+2 in two stages according to equation (5.5). Then we construct
trajectories of @, (nt) and Q,(nt), where a trajectory of Q,(nt) is constructed
according to relations (4.13), (4.14) for variables with a tilde. By construction, if in
an interval [0, 7], Q,(nt) > ne, then Qn,(nt) = Q,,(nt), t € [0,T]. Now for any
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measurable set A of functions from o-algebra Bp;, relation (5.6) as n — oo implies
[P(n~'Q,(nt) € A, t €[0,T]) — P(n~'Qu(nt) € A, t €[0,T))]
< [P(n71Q,(nt) € A, Qu(nt) > ne, t € 0,T])
— P(n_lén(nt) €A, Qu(nt) >ne, te [0,77)]
+ 2P (exists u, u € [0, 7] such that Qn(nu) < ne)
= 2P (exists u, u € [0, T] such that @, (nu) < ne) — 0.

This relation proves that the asymptotic behavior of trajectories of the queue and
auxiliary RPSM @Q),,(nt) is the same, and finally implies relation (5.4).

To prove the second part of Theorem 5.1, we first prove DA for the process @n (nt).
The proof is based on the results of Theorem 4.4. This result is then extended using
the same considerations as above to the process @, (nt). O

NOTE 5.1. The result of Theorem 5.1 is also valid if the value sq is a random vari-
able and corresponding relations involving s are satisfied with probability one. These
results can also be extended to the case of r servers.

Let us now consider as examples some special classes of Markov state-dependent
models.

5.2.2. System Mg /Mq/1/00

Consider the system described in section 2.2.1.1. There is one server with an infi-
nite number of waiting places. We study AP and DA for the queueing process in
transient conditions and assume that the initial number of calls is of the order n. In
this case we assume that the input and service rates depend on the normalized number
of the calls in the system in the following way. If at time ¢ there are () calls in the
system, then the input rate is A(()/n) and the service rate is (@ /n) where A(q) and
1(q) are given functions. Denote by @, (¢) the number of calls in the system at time
t. Suppose that as n — oo,

Qn(0)/n == s0. (5.7)

Denote by s(t) a solution of the equation:
ds(t) = b(s(t))dt, s(0) = so, (5.8)

where b(q) = A(q) — 11(q). The following result follows from Theorems 4.3, 4.4 on
AP and DA for simple RPSM and in fact this is a consequence of Theorem 5.1.
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THEOREM 5.2. 1) Suppose that equation (5.7) is true, so > 0, functions A\(q), 11(q)
satisfy the local Lipschitz condition, \(q) + pu(q) > 0 as g € (0,00), and for some
fixed T' > 0 there exists an interval [0, A] such that the equation

dn(t) = b(n(t) (A(n(w)) + u(n(w)) " dt. 0(0) = so, (5.9)
has a unique solution n(t) > 0, t € (0, A), and in addition y(A) > T, where

y(t) = /0 (A(n(w)) + u(n(w)) " du. (5.10)
Then
oiltlET In~'Qu(nt) — s(t)] Lo, (5.11)

where s(t) is a unique solution to equation (5.8).

2) Suppose in addition that functions \(q), j1(q) are continuously differentiable in
(0,00) and

n= 2 (Qn(0) = nso) == (o, (5.12)

where (y is a proper random variable.

Then the sequence of processes C,(t) = n~Y?(Q,(nt) — ns(t)) J-converges in
Dr to the diffusion process ((t) satisfying the following stochastic differential equa-

tion: ¢(0) = (o,
d¢(t) = (N (s(t)) — p/(s(8))C(t)dt + (A(s(t)) + p(s(t)))

Y2aw(t),  (5.13)

Proof. We use the approach described in Theorem 5.1 and first construct an auxil-
iary process ), (t) which coincides with the queueing process in the interval [0, 7]
where Q,,(-) > 0. According to section 2.2.1.1, process Q. (t) is represented as an
RPSM according to relations (1.8), (1.9) (see also (4.13), (4.14)). In this case the vari-
able 7,1 (ng) has an exponential distribution with parameter a(q) = A(a) + p(a), the
variable &,1(nq) does not depend on 7,1 (nq) and

+1 with probability A(¢)/a(q),

gnl(nq) = {_]_ with probability M(Q)/G(Q)a

where the distributions of variables ({,,%(+), 7nx(+)), £ > 0, do not depend on index
k. Calculating the characteristics of these variables and using Theorems 4.3, 4.4 we
prove relation (5.11) for Q,, (). Furthermore, as in the interval [0, 77, s(¢) > 0, then
following the lines of proof of Theorem 5.1 we see that the trajectories of processes
Qn(nt)/n and Q,(nt)/n in this interval asymptotically coincide. This implies the
result of Theorem 5.2. O
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NOTE 5.2. Suppose that so = 0, other conditions of Theorem 5.2 hold, and in addition
A(g) is continuous at point 0, there exists a limit x(40) = lim u(g) as ¢ N\, 0, and
A(0) > p(+0). Thus, equation (5.11) also holds.

Proof. Assume for simplicity that Q),,(0) = 0. Let there exist 7" > 0 such that
s(t) > 0,as 0 <t < T.As A(0) > u(+0), using the continuity of A(¢) and u(q)
in (0,7) we can find ¢ > 0 such that A, — pu* = § > 0, where A\, = inf{\(q) :
0<q<e},pu =sup{u(q):0<qg<e}

Let IT;(¢) and II5(¢) be two independent Poisson processes with parameters .
and p* respectively. Note that in domain @,,(nt) < ne queue Q,,(nt) stochastically
dominates process 11y (nt) — Iy (nt). This implies for any ¢ > 0 that P(7,,(g) > ¢) <
P(7,(g) > ¢), where

To(e) = inf {u: Q,(nu) > ne},

Tn(e) = inf {u : 1Ty (nt) — Hy(nt) > ne}.

It is easy to see that as n — o0, T,(€) £, g/d. Then for any ¢ > 0,
lim._o limsup,,_, o P(7,,(¢) > ¢) = 0, and also for any € > 0,

lim limsup P(7,(e) > ¢) = 0. (5.14)

C70 pn—oo

Now let us consider the behavior of @, (nt) in interval [, (), T]. As sequence
7, (€) is stochastically bounded (see equation (5.14)), then for any sequence nj — oo
we can choose a subsequence ny, such that 7,, () = 79(e). Using Skorokhod
construction of a common probability space, we can always assume without loss of
generality that 7, () L, 70(¢). Now by definition, n=1Q,,(n7,(¢)) )
Thus, applying Theorem 5.2, we obtain

sup ’n,;lanl (nklt) — sg(t)‘ 2, 0, (5.15)
Ty (€)SEET

where s.(t) is a solution to equation (5.8) in interval 1o (), T'] with the initial value €.
As 19(g) — 0 as € — 0, using the continuity of the solution of a differential equation
in the initial value we obtain that s.(¢) — s(¢) as € — 0 uniformly on any fixed
interval [, T], 6 > 0. Now using equations (5.14), (5.15) and the relation

1
sup |n71Qn(nt) - s(t)| <e+—+4+ sup s(t),
0<t<7y,(e) n 0<t<7,(e)
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we finally prove that for any € > 0 as n = ny, — oo,

P lim sup |[n~'Qu(nt)— s(t)|
7L—>OOOSt§T

<P lim max{ sup  |n7'Qn(nt) — s(t)],
n—0oo 0<t<7,(e)

sup_ {01 Qunt) = (0] + 50— s(0)]}}

T (e)<t<T

< max {5 + sup s(t), sup [s.(t) — 5(t)|},
0<t<7o(e) To(e)<t<T

where the last term tends to 0 as ¢ — 0. As for any sequence 1, we can choose
a subsequence ny, for which equation (5.11) is true, thus equation (5.11) is true as
n — 00. O

As we can see from Note 5.2, the result of Theorem 5.2 can be extended to the
case when some components of 5y may take a value of zero. For this case, we need
to have some additional assumptions of non-ergodicity on the border. In addition, we
have to prove that if the process starts in a point s on the border, then the first time
Tn(s,€), when all components are greater then e, should satisfy the property: for any
¢ > 0,lim._glimsup,,_, . P(7,(s,&) > ¢c) = 0.

Consider some particular applications of Theorem 5.2.

CASE 1 (System M/M/1/0). Let AM(g) = A\, q > 0, u(q) = p, ¢ > 0 (u(0) = 0).
Our system is then equivalent to a classical system M /M/1/co. In this case
s(t) = so + (A — p)t as sop > 0. Consider the relation between 1" and parameters
of the system. Obviously y(4+o0c) > T for any T (see equation (5.10)). If A > p,
then s(¢) > 0 for any ¢ > 0, and equation (5.11) is true for any 7" > 0. If A < p,
then s(t) > 0 for 0 < t < so(u — A)~!, and equation (5.10) is true for any
T < so(p— M)~

Consider the behavior of the first time the queue becomes zero:

U, (Q) = inf {t 1t >0, Qn(t) =0 given that Q,,(0) = Q}.

This time is a continuous functional concerning the uniform convergence in prob-

ability to a monotone function. Therefore, if A < p and nlen(O) N sg > 0, then
_ P _
1~ (Qn(0)) — so(p — N~

Solving equation (5.13) we can find that ¢ (t) = o+ (A +p) "/ ?w(t)as0 <t < T.
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CASE 2 (System M /M /oo). Let M(q) = A, (q) = pg, ¢ > 0. Then our system is
equivalent to a system M /M /oo. In this case equation (5.8) has the form:

ds(t) = (A — ps(t))dt, s(0) =sg >0, (5.16)
and s(t) = N/ p+ (so — N p)e #,t > 0.

Let us show that equation (5.11) holds for any 7" > 0. In this case equation (5.9)
has the form

dn(t) = (A = () (A + pn(t)) " dt. (5.17)

We can see that the function 7)(¢) strictly monotonically increases in the domain
n(t) < A/u, and strictly monotonically decreases in the domain 7(¢) > \/u. That
means, 7(t) > 0 for any ¢ > 0, and there exists a limit 7o, = lim;_ n(t). If
Moo # A/p, then (5.17) implies that there exists a limit 7o, = lim;_ o 7'(t) =
(A — t1oo) (A + 1nso) ™ # 0. In this way we obtain a contradiction, because from
the one side, for any a > 0, n(t + a) — n(t) — 0 ast — oo, and from the another
side, n(t + a) — n(t) = tHa 7 (u)du — an’ s # 0. Thus, it should be 1’5, = 0 and
Noo = A/p. This implies according to equation (5.10) that y(t) — oo as t — oo and
therefore equation (5.11) holds for any 7" > 0.

Equation (5.13) has the form:

d¢(t) = —pC(B)dt + (A + ps(t)*duw(t).

This is a linear stochastic differential equation which is an Ornstein-Uhlenbeck
type process, and a solution can be written in the closed form. To find the representa-
tion for ((¢) we use the formula [GIK 72]: if process £(t) satisfies the equation

d¢(t) = (a(t) + B(E())dt +y(t)dw(t), t > 0, £(0) = o,

0 —ow{ [ seas (a0t [ t exp{ = [ swaubatsyas
+f t e { = [ Bl fspauts) ).

In our case a(t) = 0, B(t) = —pu,v(t) = (A + us(t))'/?, and therefore

then

C(t) = et (go n /Ot e (A + us(u))1/2dw(u)). (5.18)
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In the asymptotically stationary case s = A/p, s(t) = A/p and d{(t) =
—uC(t)dt + v/2Xdw(t). In this case ((t) is an Ornstein-Uhlenbeck process. Note that
the convergence of the process 7~ /%(Q,,(nt) — n\/u) to an Ornstein-Uhlenbeck
process for the system M /M /oo was obtained in [IGL 65].

Representation (5.18) can be written in another form. Note that if a non-deter-
ministic function f(u) > 0, then process fo u)dw(u) is equivalent to process

fo f?(u)du) in the sense that the finite-dimensional distributions of both processes
coincide. In fact, both processes are Gaussian with independent increments and
have the same distributions as their increments in interval [¢,s] have a Gaussian
distribution N(0, [ f(u)?du). Therefore, process ((t) is equivalent to process

C(t) = 4t (Go+ w(@(1))), where ¢(t) = p~IA (€2 1) — = (A — puso) (eth —1).

Let us consider the stationary case where so = A/ separately. Then s(t) = A\/u
and for any ¢ > 0, the variable w(¢(t)) has the same distribution as the variable

B(t)V/2N(0,1). As e "¢y —— 0 when t — oo, then at large ,
C(t) ~ e (e — 1) /NN (0,1) =5 /AN (0.1).

For arbitrary sq it is easy to calculate that s(t) — A/p, and ((t) ==
A/pN(0,1) as t — oo. This means that as n — oo,

Qn(nt) ~nA/p+ v/n((t).

As atlarge t, ((t) ~ /A/uN(0, 1), then at large n and ¢,

Qu(nt) ~ n\ -+ i/ NN (0,1),

and we can say that the system is in a quasi-stationary regime.

5.2.3. Analysis of the waiting time

If a call enters the system at time ¢, denote by W (¢) the time spent by this call in
the queue until the beginning of service. Let us consider the asymptotic behavior of
waiting time W (t) for system Mg /Mg /1/00 considered in section 5.2.2.

Denote by IT,,(.y () a non-homogenous Poisson process with the instantaneous rate
wu(t) at time ¢. If @, (-) > 0 in interval [t, s], then the output process in this interval is
generated by process I1,,g,, (.)/n)(v). Thus,

W(t) = inf {8 :s>0: HM(Qn(~)/n)(t + 8) — HH(Qn(-)/n) (t) = Qn(t)} (5.19)
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First let us prove the following auxiliary statement:

STATEMENT 5.1. Assume that the conditions of Theorem 5.2 hold. Then the sequence
of processes 0”11, () /n) (nt) J-converges in any interval [0, T) to a deterministic

process fg w(s(v))dv.

In fact, process n =111 u(n—1Q(-))(nt) is monotonically non-decreasing in argument
t with probability one and

Eexp {i0n™TL,q,,()/m (nt)}

— Eexp { (/™ —1) /Ont M(Qn(v)/n)dv}. (5:20)

As n — oq, relation (5.11) implies

1 ot t t
H/ u(Qn(v)/n)dv:/ M(Qn(nu)/n)duL/ (s(w))du. (5.21)
0 0 0
Note that
n(ew/” —1) = —n(1 = cos(8/n)) + insin(f/n) — 0. (5.22)
Let us consider a function f,(z) = exp{n(e’/” — 1)z}, z > 0. The

relation Re(e?®/™ — 1) < 0 implies that |f,(z)] < 1. Let us use the inequality
le¥ — €| < |y — x|, valid for any complex values = and y such that Rexz < 0,
Rey < 0. Then, using the known inequalities |sina| < |af, |1 — cosa| < a?/2,
« € R, we obtain in the region z; > 0, 2z > 0,

|fn(zl) - fn(22)| < IN(ew/n - 1>||Zl — 22|
1 (5.23)
< (292/n+9>’21—22|.

Inequality (5.23) implies the uniform continuity of function f,,(z) with respect to
n. Therefore, relations (5.21), (5.22) imply the convergence of the right-hand side in
relation (5.20) to the expression

exp {w /Otu(s(u))du}. (5.24)

Statement 5.1 is proved.

Using the monotonicity of the process TL_IHH(,,L—lQ(.))(TLt), relation (5.19) and
Statement 5.1 we can prove the following.
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STATEMENT 5.2. If the conditions of the first part of Theorem 5.2 hold, then the
sequence of processes n~ W (nt) U-converges in any interval [0, T such that

/OO (s(v))dv > sup s(u), (5.25)

T u<T

to a deterministic process

W (t) = inf {s 5> 0, /ttJrS,u(s(U))dv = s(t)}.

Note that if relation (5.25) holds, then W(t) <ooforanyt <T.

Representation (5.19) also makes it possible to prove the diffusion approximation
of the process (W (nt) — nW(t))/v/n.
5.2.4. An output process

Consider a system Mg /Mg/1/00 described above. Denote by Z,(t) the total
number of calls which have completed service in the interval [0, ¢].

COROLLARY 5.1. If the conditions of Theorem 5.2 hold, then equation (5.11) is true
and

sup ‘n_lZn(nt) - g(t)| Lo, (5.26)

0<t<T

where g(t fo ))du, and
ds( )= (A(s(2)) — p(s(t)))dt, s(0) =so > 0. (5.27)

Correspondingly, the sequence of processes

(02 (Qu(nt) — ns(t)),n "V (Zu(nt) — ng(1)))

weakly converges in Dr to a two-dimensional diffusion process (((t), k(t)) satisfying
the system of stochastic differential equations:

d(t) = (V' (s() — ' (s()) )< (1)t
+ 5 ([VAGO) + )] a0
+ [VAG0) = (st ]dwa D). O=G 629
(1) = 2 (3() (0t = =\ () [y (1) = a0,

k(0) =0,

where wy (t) and w+(t) are two independent standard Wiener processes.




132 Switching Processes in Queueing Models

Proof. We can represent process (Q(t), Z,(t)), t > 0, as a vector-valued RPSM.
As in section 5.2.2, the switching times 0 = ¢,,0 < t,,1 < --- are the sequential times

of jumps of @, (t). Let us define the variables 7,%(nq) and &, (ng) = ( Sll)(nq),
@ (ng)) as follows. If at time tnp, (N Qp(tnr), N Zp(tar)) = (q,9), then

the distributions of variables 7, (nq) and &, (nq) = (&(Ll)(nq)7 @ (nq)) depend
only on the first component ¢, 7,,x(ng) has an exponential distribution with rate
A(g) = Ag) + u(q), and

£ )_{(170), with probab. A(q)A(q) 1,
TN (2101), with probab. (g)A(g) .

Now we use Theorems 4.3, 4.4. Let us follow the notation used in equations
(4.30) and (4.31). If @« = (q,9) 2 = (z1,22), then m(a) = A(q)~ %, b(a) =
(Mq)=p(q), 1(q))A(q)~". Correspondingly, g, (e, 2) — q(a, 2) = (N (¢) =/ (q)) 21,

1'(q)22), and
D2(a) = A((Jz+u(Q) —1(q) AL
1(q) 1(q)

Calculating matrix D(«) using the relation D?(a) = D(a)D(«)*, we get from
equation (4.36) relation (5.28). ]

Note that results of this section can also be extended to models that are non-
homogenous in time. Consider the following model for illustration.

5.2.5. Time-dependent system Mq /Mg /100

Consider a queueing system described in the section 5.2.2 where the input and
service rates depend on time in the following way: if at time nt Q,,(nt) = ng, then
the local arrival rate is A, (g, t) and the service rate is (g, t). Suppose that function
An (g, t) satisfies the following condition:

|An (g1, t1) = An (g, t2)| < Cnp(|an — a2| + |t — t2]), (5.29)

in each bounded domain {max{ty,t2} < N, max{q1,¢} < L, q1,¢2 > 0}, and the
same condition holds for fi,,(+).

Let there exist constants 0 < Cp < C; < oo and functions \(q, t), u(g,t) such
that for any ¢ > 0, ¢ > 0,

Co < An(g;t) + pn(g;t) < Cy, (5.30)

i An(g,t) = g, 1), lim pn(q, 1) = pulg, ). (5.31)
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Denote A(q,t) = Mg, t) + p(q,t). Let s(t) be a solution of the equation
ds(t) = (A(s(t),t) — p(s(t),t))dt, s(0) = so. (5.32)

COROLLARY 5.2. 1) Suppose that equation (5.7) is true with sqg > 0, there exists
T > 0 such that s(t) > 0as 0 < t < T, and y(+o0) > T, where y(t) =

fg A(n(u),u)~du, and function 1(t) satisfies the equation

n(0) = s, dn(t) = (A((t),t) — u(n(t),))A(n(t)) "' dt,

a unique solution of which exists. Thus relation (5.11) holds.

2) Suppose in addition that functions X(q, t), u(q, t) are continuously differentiable
with respect to q in the domain (0, 00) x [0, T, and n=%(Q,,(0) —nsg) == Co. Then
the sequence (,(t) = n~Y%(Qn(nt) — ns(t)) J-converges in Dr to the diffusion
process ((t):

A¢(t) = (N (s(8), 1) — i (5(6), D) C(B)At + A(s(2), 1) *du(®),  ¢(0) = o

Proof. The proof follows the same scheme as above. We use Theorems 4.3, 4.4.
Switching times ¢,,; < t,2 < --- are chosen as times of any changing of a queueing
process @, (t). Denote S,k = (Qn(tnk),tnk), & > 0. Then the argument « in The-
orem 4.3 has the form o« = (g, t). For any ¢ > 0, t > 0, let us define the family of
jointly independent in k variables (&, (ng, nt), Tor(ng, nt)), k > 0, as follows:

P (&uk(ng, nt) < z, Tur(ng, nt) < u)
= P(Qn (tn’k+1) - Q(tnk) < z, tn,k—H —tnk S U | Qn (tnk) =ng, tnr = ’Ilt),

where variable &,;(ng,nt) takes values +1 or —1 with probabilities p,(q,t) or
1 — pn(q,t), respectively. Using relations (5.29)—(5.31) it is not difficult to prove
that for any & > 0 the variables &,x(ng,nt) and 7,x(ng,nt) are asymptotically
independent, the distribution of 7, (ng, nt) is asymptotically close to the exponential
distribution with parameter A(q,t) + p(g,t), and, as n — oo, uniformly in each
bounded domain max{ty,t2} < N, ¢ < min{q1, g2}, max{q1, g2} < L, with ¢ > 0,

ETnk (nq, nt) I A(Qv t)717 Egnk (”q, ’I'Lt) — ()‘(qv t) - H(q, t))A(qa t)il'

These relations correspond to condition (4.17). Then we follow the same lines as
in the proof of Theorem 5.2 and construct an auxiliary RPSM which satisfies all other
conditions of Theorem 5.2. Finally this implies relation (5.11) with s(¢) defined in
relation (5.32). In a similar way we can prove DA. O
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Note that time-dependent and state-dependent Markov queueing models in heavy
traffic conditions are studied using a martingale technique in [MAN 95, MAN 98b,
MAN 98a]. We consider a simple overloaded model Mg ;/Mq ./1/cc just for the
illustration of possibilities of a suggested approach. Using the same technique, these
results can be extended to time-dependent and state-dependent Markov queueing
networks, models in a non-homogenous quasi-ergodic Markov environment. Note
that limit theorems for SP in a quasi-ergodic Markov environment are considered in
[ANI 92a], and also for non-Markov models.

5.2.6. A system with impatient calls

As another example of application of Theorem 5.1 we consider a time-homog-
enous system Mg /Mq/1/0o with impatient calls. Suppose that calls arrive and are
served one at a time, and, as @,,(t) = nq, the local arrival and service rates are A(q)

and p(q), respectively. In addition, each call in the queue independently of others with

rate n~1v(q) may leave the system.

Then in the notation of Theorem 5.1, a(q) = 1, ¢ > 0, fy(q) =
for ¢ > 0, and y(0) = 0, B(0) = 0, A(q) = A(q) + u(q) +
() = qv(q), B*(q) = Ma) + p(a) + qv(q), G(g) = N'(q) —

q > 0, and equations (5.1), (5.3) can be re-written for this case.

Consider a particular case, when A(¢) = X\, ¢ > 0, u(q) = p, v(q) = v, q > 0.
Then equations (5.1), (5.3) have the form:

ds(t) = (A — p—ws(t))dt,
dC(t) = —vC(t)dt + (A + p+ vs(t))2dw(t),
where 5(0) = s, ((0) = (o. Solving these equations we find:
s(t)=v A= p) + (s0 — v A = p))e™,
C(t) = e (o +w(v(®))),
where ¥(t) = v (A — u)(€2 — 1) — =1 (A — p — vso) (e — 1).

If A\ > u, then in the same way as was proved for system M /M /oo we can show
that equation (5.11) holds for any 7" > 0. In this case we have a quasi-stationary point

s* =v 1\ —p),ie,asn — ocandt — oo, n 1Q,(nt) s,

If A\ < u, then equation (5.11) holds in the interval [0, 7] for any 7" such that
T<vtin((u—X+wvso)/(n—N).
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5.3. Non-Markov queueing models
5.3.1. System GI/M¢q/1/o0

For the illustration of the approach we consider first a rather simple queueing sys-
tem GI /Mg /1/00 with recurrent input and exponential service with a rate depending
on the state of the queue in the system and AP and DA study in the overloaded case.

Assume that the calls enter the system one at a time at the times ¢; < to < --- of
the events of the renewal flow (the variables {tj+1—tx}, k = 1,2, ..., are independent
identically distributed variables). Suppose that the distribution of inter-arrival times
tr+1 — ti coincides with the distribution of variable 7. Let the non-negative function
(), a > 0, be given. There is one server and an infinite number of waiting places. If
a call enters the system at time ¢; and the number of calls in the system becomes equal
to @, then the service rate in interval [tx, tx11) is 1(Q/n). After service completion
the call leaves the system. Let (),,0 be the initial number of calls, and let Q,,(¢) be the
total number of calls in the system at time ¢. Assuming that corresponding expressions
exist, denote

m=Er, bla)=(1—pla)m),
d*> = Varr, D?*(a)=mu(a)+d*/m?.

STATEMENT 5.3. Suppose that m > 0, function p(«) is locally Lipschitz and has no
more than linear growth and n='Q,,(0) £, 50> 0. Then relation (5.11) holds where

ds(t) = (m~' — p(s(?)))dt, s(0) = so,
and T is any positive value such that s(t) > 0, t € [0, T].

Suppose in addition that function p(«) is continuously differentiable and

n=1/? (Qn(O) — 50) == 7.

Then the sequence of processes v, (t) = n=1/2(Q,,(nt) — ns(t)) J-converges in
interval [0, T to the diffusion process v(t): v(0) = 7o,

dy(t) = =/ (s())y ()t + \/ p(s(t)) + d?/m? dw(t).

Proof. We represent a queueing process @, (-) in the system as a process with semi-
Markov switching using relations (4.13) and (4.14). Let us choose the switching times
as the times ¢, when the new calls enter the system and construct an auxiliary embed-
ded RPSM S, (t). If in the time interval (¢j,tr+1) the queue is positive, then the
output process in this interval follows a Poisson process with rate z(n~1Q) where
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Q = Qn(t, + 0). Therefore, let us define process Sy (t) according to relations (4.13)
and (4.14) where 7,1 (2) = 7 and &1 (na) = 1 —I1,,(4)(7), where IT,(¢) stands for a
Poisson process with parameter .

It is easy to see that E¢(na) = 1 — p(a)m and using Theorem 4.3 it is not
difficult to prove relation (5.11) for the process §n (t). Furthermore, according to rela-
tions (4.30) and (4.31) we can calculate that D?(a) = mu(a) + d?/m?, g, (o, 2) —
— 1/ () and prove for the process S,, (¢) DA using the result of Theorem 4.4.

Let us now define the embedded queueing process @n (t) constructed by the times
of jumps ¢, as follows:

Qn(t) = Qu(tar +0) astuy <t <tppir, t >0 (5.33)

Following the lines of proof of Theorem 5.1 we see that the trajectories of the pro-
cesses Sy, (nt)/n and @, (nt)/n asymptotically coincide in the interval [0, 7] where
s(t) > 0.

Now note that the queueing process is monotonically decreasing in each interval
(tk,tx+1)- Thus, according to Statements 4.1 and 4.2, .J-convergence in interval [0, T']
of the embedded process Q,, (nt)/n to s(t) automatically implies .J-convergence of
Qr(nt)/n and also implies J-convergence of the process v, (t) to y(¢). This finally
proves Statement 5.3. U

Statement 5.3 is also valid when the service rate at time ¢ has the form
w(zk,n~1Q(nt)) (may depend on the current value of the queue at time ).

Note that condition s(t) > 0, ¢ € [0, T, means heavy traffic conditions (system is
overloaded). This is always true if u(a) < 1/m, o > 0.

5.3.2. Semi-Markov system SM /Mg /1/00

Now we study a more general overloaded queueing system SM/Mgsas,q/1/00
with semi-Markov input and Markov-type service where the service rate depends on
the state of the system and the state of a semi-Markov process. Let x(¢), t > 0, be an
SMP with values in X which stands for an external random environment. Denote by
7(2) a sojourn time in state x. Let the non-negative function p(z, «), € X, o > 0,
be given. There is one server and an infinite number of waiting places. Assume that the
calls enter the system one at a time at the times t; < to < --- of the jumps of process
x(t). Denote zj, = x(t;, + 0). If a call enters the system at time ¢, and the number of
calls in the system becomes equal to ), then the service rate in the interval [ty txy1)
is p(zr, n~1Q). After service completion the call leaves the system. Let Q.0 be the
initial number of calls, and Q,,(t) be the total number of calls in the system at time ¢.
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Consider the case when the embedded MP x, k£ > 0, does not depend on parame-
ter n and is uniformly ergodic with stationary measure w(A), A € Bx. Assuming that
corresponding expressions exist, denote

m(z) = Er(z), m= / e () = [ nta.0m(a)m(da),

b(a) = (1= c(a))m G(a) = d(a),
g(z,a) =1—-m(z)(1 - c(a) + p(x, oz)m)m_l7
P2

(z)7(d),

e1(a) = /X 12, 0) P (2)n(d),  ea(a) = /X (e, ) () (d),
D*(@) = c(a) + e1(@) +2(1 — c(a))ex(@)m™" + (1 — 0(04))2d277f2

STATEMENT 5.4. Suppose that m > 0, function u(x,«) is locally Lipschitz with
respect to o uniformly inx € X, function ¢(«) has no more than linear growth and

n=1Q,(0) N sg > 0. Then relation (5.11) holds where
ds(t) =m™" (1 —c(s(t)))dt, s(0) = so,

and T is any positive value such that s(t) > 0, t € [0, T.

2

Suppose in addition that variables 7(x)* are uniformly integrable, function c(«)

is continuously differentiable, and

n~1/? (Qn(0) — s0) = .

Then the sequence of processes v, (t) = n='/2(Q, (nt) — ns(t)) J-converges in
interval [0, T to the diffusion process v(t): v(0) = 7o,

dy(t) = —m ™G (s(8))(t)dt + m~2(D(s(1)) + B> (s(1))) "

dw(t)v

B?(a) :E( Zo, o —1—22 Zo, O :vk,oz)),
and P{xo € A} = w(A), A € Bx.
Proof. At first we represent a queueing process @, (+) in the system as a process with

semi-Markov switching. Let us construct again an auxiliary embedded RPSM S, (t)
using relations (4.47) and (4.48) where the variables 7,1 (x,S) do not depend on S
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and the times tj, (switching times) are the times of jumps of process x(¢). Note that
in the time interval (¢, t;+1) where the queue is positive the output process follows a
Poisson process with rate pi(zx, n Q1) where 3, = z(tg, +0), Qur = Qn(tx +0).
Therefore, let us define the process §n (t) according to relations (4.47) and (4.48)
where 7,1 (2, na) = 7(x) and &u1 (2, na) = 1 — 1,5 o) (7()). It is easy to see that
E& (z,na) = 1 — p(x, a)m(x) and using the result of Theorem 4.5 we can easily
prove AP. Furthermore, we can calculate other characteristics according to relations
(4.66) and prove DA using the result of Theorem 4.6.

Let us now define the embedded queueing process @n (t) constructed by the times
of jumps ¢, according to relation (5.33). Following the lines of proof of Theorem 5.1
we see that the trajectories of the processes Sy, (nt)/n and @, (nt)/n asymptotically
coincide in interval [0, T'] where s(t) > 0.

Note also that the queueing process is monotonically decreasing in each interval
(tg, tk+1). Thus, according to Statements 4.1 and 4.2, J-convergence of the embed-
ded process Q,, (nt)/n to s(t) in interval [0, T automatically implies .J-convergence
of @, (nt)/n and also implies .J-convergence of process v, (t) to (t). This finally
proves Statement 5.4. O

Note that the condition s(t) > 0, ¢ € [0, T, corresponds to a heavy traffic condi-
tion. This is always true if c(a) < 1, a > 0.

Statement 5.4 is also valid when the service rate has the form p(xy, n='Q(nt))
(may depend on the current value of the queue at time ).

Consider a particular case when u(x,«) = ap. Then the system above is equiv-
alent to a system SM /M /oo with semi-Markov input and exponential service. In this
case c(a) = aum, b(a) =1/m—au, G(a) =—pu, D(a)? = pma+d?/m?, g(z,a)=
1 — m(x)/m, and function s(t) has the form s(¢) = (um)~ — ((um) =1 — s¢)e #t.

5.3.3. System Mg, o/Mswm,g/1/o0

Now consider a queueing system Mgnr,/Msn,q/1/c0 where the input and ser-
vice rates depend on the state of an external SMP and the value of the queue. Let 2(t),
t > 0, be an SMP with values in X = {1,2,...,d}, and let 7(¢) be a sojourn time
in state . Let the family of non-negative functions {\(7, @), u(i, ), @ > 0}, 7 € X,
also be given. There is one server and an infinite number of waiting places. The instan-
taneous input and service rates depend on the state (), the value of the queue and the
normalizing factor n in the following way: if at time ¢, z(t) = i and Q,,(t) = @, then
the input rate is A(¢, Q/n) and the service rate is u(i,Q/n). Calls enter the system
one at a time. Note that we consider the times ¢, as the switching times, but at these
times there are no additional jumps of input flow or completion service.
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Denote by zj, k > 0, the embedded MP for the process x(t). Assume that xy, is
irreducible with the stationary distribution 7;, 7 € X. Let

m(i) =Er(i), m= Z m(i)m;,
(5.34)

STATEMENT 5.5. Suppose that functions \(i,«), u(i, ) are locally Lipschitz with
respect to o, m > 0, function b(«) has no more than linear growth and n=1Q,,(0)

£, S0 > 0. Then relation (5.11) holds where s(t) is a unique solution of equation
(5.8) and T is any positive value such that s(t) > 0 in the interval [0,T.

The proof follows the same lines as the proof of Statement 5.4. We can define an
auxiliary process Sy, (t) according to relations (4.47) and (4.48) where 7,1 (i, na) =
7(4) and &1 (7, na) =1y (,0) (7(2) ) =11, (5,0) (7(7)). Tt is easy to see that E&; (i, na) =
(A(i, @) — (i, «))m(i) and AP follows from Theorem 4.5.

DA can be formulated in a similar way and we leave this for the readers.

COROLLARY 5.3. If z(t) is an irreducible MP with the stationary distribution p;,
i € X, then function b(ov) in equation (5.34) has the form b(a) = >, (A(i,a) —
(i, ) p(i).

5.3.4. System SM¢g/Msn,g/1/o0

Consider a non-Markov system SMq/Mgnr,q/1/00 which is in some sense a
generalization of the system SM /Mg o/1/00 considered in section 5.3.2. There is
one server and an infinite number of waiting places. Let x, £ > 0, be a geomet-
rically ergodic MP with values in X and the stationary measure 7(A). In addition,
let {ri(z,q), ¢ > 0, x € X}, k > 0, be the independent families of non-negative
random variables with distributions not depending on k, and let p(z, ¢) be the non-
negative functions.

The calls enter the system one at a time. If a call enters the system at time ¢;, and
the number of calls in the system becomes (), then the next call enters the system at
the time

tes1 = te + 7 (28, Q/n), k>0, (5.35)

and the service rate in the interval [ty, t;11) is u(xg, Q/n).
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This system is not a Markov or semi-Markov type system, but the queueing process
has a recurrent structure and can be described in terms of SP. Put m(z, q) = E7y(x, q),
and denote

m(q) = /X m(z, gyn(dz), clg) = /X (. q)m(z, )m(da),
(z,q) = Varr (z,q), &(q) = /X @ (z, q)r(da),

e1(q) = 2(z,q)d*(x, ¢)n(dz), e2(q) = z,q)d*(z,q)m(dz),
(@ /Xu(q)d(Q)(d) (@ /Xm 0)d2 (z, g)(dz)

D*(q) = c(q) +ex(q) +2((1 — clg)) /m(a))e2(q)
+ (1= e(q) /m(a) d* (@), g(a) = (1 c(a)) /mla),
a(z,q) =1~ (m(z,q)/m(q)) (1 - c(q) + u(z,q)m(q)).
STATEMENT 5.6. Assume that
" Qo - s0, (5.36)

Sunctions m(x,q) and p(x,q) uniformly in x satisfy local Lipschitz condition with
respect to q, and for some T > 0 there exists an interval [0, A| such that the equation

dn(t) = (1 —c(n(t)))dt, n(0) = so,
has a unique solution, n(t) > 0, t € (0, A), and

/OAm(n(t))dt >T.

Then relation (5.11) holds where function s(t) satisfies the differential equation
ds(t) = (1 —c(s(t)))m(s(t)) "'dt, s(0) = so.

In addition, let functions ¢(q) and m(q) be continuously differentiable, the vari-
ables 7*(x, q) be uniformly integrable with respect to q, functions d*(x, q) be contin-
uous in q and

n=1/? (Qn(O) — nso) = 7.

Then the sequence of processes Y, (t) = n~2(Q, (nt) — ns(t)) J-converges in
interval [0, T to the diffusion process (t) satisfying the following SDE:

d¢(t) = ¢’ (n())¢(t)dt + m(n(t)) - (D?(n(t)) + B*(n(t))) "dw(t),
¢(0) = Co,

—1/2
(5.37)
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where

B?*(q) = E<C¥2 (z0,q0) + QZCY(%O, QO)Oé(qwk))

k=1

and the expectation is calculated given that P(xo € A) = w(A), A € Bx.

Proof. First we construct an auxiliary SP (z,(t), (. (t)) according to relations (1.3)
and (1.4). Let us choose the switching times ¢,;, & > 0, using relation (5.35). Let

{Hl(lk(l q)(t), k > 0}, be the family of Poisson processes independent in k. Denote

Cnk(t,z,q) = 1 — Hff(')m_q) (t), and define the recurrent sequences in the following
way: tpo = 0, Spo = Qno, and

bkl = tok + Tk (Tk, Snr/n), k>0,

(5.38)
Spkt1 = Snk + &k (T, Sux/n), k>0,
where gnk (.’E, q) = an (Tk (ZL’, q)v z, Q) Put
Cn (t) - Snk + an (t - tnk; Ty Snk)v
(5.39)
In(t) =xp, asty, <1< tn,k’—&-la t>0.
Also define the embedded RPSM S, (¢):
Sn(t) = Snk astyr <t < tn,k+17 t> 0. (540)

By definition, if we construct the trajectories of process ¢, (t) and queueing process
Q. (t) on the same probability space, then in interval [0, 7|, where Q,,(-) > 0, process
Q. (t) satisfies the same recurrent relations (5.38) and (5.39). Thus, both trajectories
coincide in this interval. Therefore, using the approach described in Theorem 5.1, we
first prove AP and DA for the normalized embedded process S,,(¢). Furthermore, as
the trajectory of the queueing process in each interval (¢, ¢y k+1) iS monotonically
decreasing, Statement 4.2 implies that the normalized trajectories of Sy, () and ¢, (%)
asymptotically have the same behavior. Finally, according to Theorem 5.1, in any
interval [0, 7] such that s(t) > 0,0 < t < T, the normalized processes (,(t) and
Q@ (t) asymptotically have the same behavior.

To prove AP for process S,,(t) we need to check the conditions of Theorem 4.5.
It is easy to see that ES,x(ng,z) = 1 — p(x, ¢)m(z, q). Calculating other charac-
teristics in relations (4.49) we can see that all conditions of Theorem 4.5 are satisfied
and relation (5.11) is true. The second part of Theorem 5.6 on the DA follows from
Theorem 4.6. O
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Consider some particular examples.

EXAMPLE 5.1. Let 7y (x,q) = 7(z), pu(x, ¢) = qu. Then the system above is equiva-
lent to the system SM /M /oo with semi-Markov input, exponential service with rate
w and an infinite number of servers. In this case m(q) = m and it is easy to calculate
that s(t) = 1/(mpu) — (1/(mp) — so)e™**, and ¢'(q) = —p, D*(q) = pmq+d? /m?,
a(z,q) = (m—E7(x))/m. As s(t) > 0 for any ¢ > 0, then the convergence holds in
any interval.

EXAMPLE 5.2. Let 11 (x, q) = 7(x), i1(x, ¢) = p1. Then the system above is equivalent
to the system SM/M/1/oo with semi-Markov input, one server with service rate
1 and an infinite number of waiting places. In this case it is easy to calculate that
s(t) = sop + (1/m — p)t. In the overloaded case (1/m > ) the average input rate is
no less than the service rate and the convergence holds in any interval. If 1/m < p,
the convergence holds only in the interval [0, T}) where T, = so( — 1/m) =%

5.3.5. System G /Mqg/1/x

Consider a system G /Mq/1/0c0 with the recurrent input depending on the value
of the queue. In fact this system is a simplification of the system SM¢g/Msar,g/1/00
considered in section 5.3.4 as we omit the additional Markov environment. There is
one server and an infinite number of waiting places. Function p(a),a > 0, and the
family of non-negative random variables {7(«), « > 0} are given. The characteristics
of the system depend on the scaling factor n in the following way: if a call enters the
system at time ¢, and Q. (t,x + 0) = @, then the next call enters the system at time

tok+1 = tok +7(Q/n)
and the service rate in the interval (¢, tpr+1) is p(Q/n).
Suppose that there exists a function d?(q) = E72(q), ¢ > 0. Put
m(q) = Et(q), d*(g) = Varr(q), blg) =1~ pu(a)m(q),
b(g) = b(q)/m(q), D*(q) = u(g)m(q) + d*(g)/m(q)*.

STATEMENT 5.7. Let condition (5.7) hold, functions m(q) and u(q) satisfy a local
Lipschitz condition and for some T > 0 there exists an interval [0, A] such that the
equation

dn(t) = b(n(t))dt, n(0) = so,
has a unique solution, n(t) > 0, t € (0, A), and

A
/0 m(n(t))dt > T.
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Then relation (5.11) holds where
ds(t) = b(s(t))m(s(t)) "'dt, s(0) = so.

If functions b(q) and m(q) are continuously differentiable, variables 7(q)* are
uniformly integrable with respect to q, function d(q) is continuous in q and equation
(5.12) holds, then the sequence of processes Yn(t) = n=/2(Qn(nt) — ns(t)) J-
converges in interval [0, T) to the diffusion process ~y(t) satisfying the following SDE:

dy(t) = B (s(t)y(t)dt + m(s()) /D (s(t))dw(t), ~7(0) = 7o.

Proof. We use the same approach as in the previous theorems and construct an auxil-
iary SP (x,(t), (. (t)) according to relations (1.3), (1.4). The switching times are the
values t,,, variables 7, (nq) have the same distribution as variable 7(q), and vari-
ables &, (ng) have the same distribution as variable

() =1 =T,y (7(a))-

It is obvious that E{(g) = b(g). Calculating other characteristics and following
the lines of proof of Theorem 5.1 and Statement 5.6 we prove Statement 5.7. O

Note that the result of Statement 5.7 is also valid if the service rate at each time ¢
may depend on the normalized value of the queue in the form u(n=1Q, (¢)).

5.3.6. A system with unreliable servers

To illustrate the wide range of possibilities of the suggested approach let us con-
sider a system GI /Mg /r /oo with unreliable servers. Calls enter the system one at a
time according to a renewal process where the interarrival times are iidrv 73, k& > 1.
There are r identical servers which are subject to random failures and an infinite num-
ber of waiting places. Let the non-negative functions {/:(¢), ¢ > 0}, and the values
{vi, i = 1,r, ki, i = 0,7 — 1} be given. Denote by Q,(t), t > 0, the number of
calls in the system at time ¢. Assume that the service rate depends on the queue size
in the following way: if a call enters the system at time ¢; and Q,,(tx + 0) = @, then
each operating server in the interval (¢, tx1) has a service rate u(Q/n).

Let y(t) be a number of operating (not failed) servers at time ¢. If y(¢) = i, then
each operating server has a failure rate v;. If at the failure instant there is a call on
service, then this call goes back to the queue. Each failed server has a repair rate ;.
After repair a server immediately takes a call for service if there are calls waiting in
the queue. By construction, process y(t) does not depend on the value of the queue
and on index n and is a Birth-and-Death process with state space {0,1,...,7} and
birth and death rates (r — i)x; and iv;, respectively. Assume that v; > 0,47 = 1,7,
k; > 0,7 = 0,7 — 1. Denote by p;, i = 0,r, a stationary distribution of y(¢). Put
m=Er,p=>_ip:.
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STATEMENT 5.8. Suppose that function p(q), ¢ > 0, is locally Lipschitz, m > 0,

n=1Q,(0) L, so > 0, a unique solution of the equation
ds(t) = (m~' = pu(s(t)))dt, s(0) = so (5.41)
exists in an interval [0, T, and s(t) > 0, t € [0, T]. Then equation (5.11) holds.

Proof. Denote by y;(t) a Birth-and-Death process y(t) with the initial state i. Let
IL; (¢, yi(+), q), t > 0, be a Poisson process modulated by y; () in the following way:
IL;(0, yi(+),q) = 0, and if at time ¢, y;(t) = 7, then the local rate of a jump at time
tis ju(q). Denote by x(t), ¢ > 0, an embedded SMP with state space {0,1,...,r}
which is constructed with the help of y(¢) in the following way: the times of jumps
are chosen as the arrival times of calls ¢, &k > 0. If y(t; + 0) = 4, then we put
x(tr + 0) = 4. Sojourn times in any state have the same distribution as variable 71,
and transition probabilities p;; of the embedded Markov chain =, = z(t; + 0) are
calculated in the following way:

pij =P(y(r +0) =j [ y(0)=1i), ,j=0,r

Let us introduce the family of jointly independent in index £ > 0 random processes
Cnk(t, 1, @), having the same distribution as the process 1 — II; (¢, y;(+), @/n), t > 0,
i=0,7,Q >0.

Now let (z(t),Qn(t)), t > 0, be an auxiliary RPSM which is constructed with
the help of x(t) and processes {(ni(,4,Q); t > 0}, k > 0, according to equation
(1.14). By definition a trajectory of queue Q,, (t) coincides with Q,, (t) in the domain
Qn(t) > 0,t € [0,T). Then, using the same arguments as in the proof of Theorem
5.1, we see that it is enough to prove the AP for @n(t) Let us use Theorem 4.5. In
our case &,1(4,nq) = 1 — IL; (71, yi(+), q). It is easy to calculate, that the stationary
distribution of the embedded MP z;, = y(tx + 0) is also p;, ¢ = 0,r, and for any
t>0,

Z EIl; (tv vi(+), Q)Pi =tpu(q).
i=0

Therefore, - piE&n1(i,nq) = 1 — mpu(q). All other conditions of Theorem
4.5 are satisfied, and equation (4.57) has the form of equation (5.41). O

If a service rate depends on the number of operating devices (equal to y;(g) when
y(t) = 1), then equation (5.11) also holds, where in equation (5.41) the expression

puu(s(t)) should be changed to fi(s(t)) = > piipi(s(t)).

Using Theorem 4.6 we can also prove DA for Q,, ().
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Results of Statement 5.8 can be extended to the system G /Mg /r /oo with inter-
arrival times and rates v;, ;, also depending on the current size of the queue Q.,(t)/n.
In this case it is not possible to construct an auxiliary SMP, which stands for the exter-
nal environment, because sojourn times and transition probabilities may depend on the
queue. However, it is possible to use a general representation of the queue in terms of
SP and also use AP for so-called quasi-ergodic MP (e.g. section 3.3 and [ANI 92a]).

More examples of non-Markov and even non-semi-Markov models of the types
Go/Mqg/1]/oo, SMg/Mg/1/oo and (Gg/Mg/1/00)" are considered in [ANI 93,
ANI 94a, ANI 95, ANI 99b, ANI 00, ANI 02, ANI 92b].

5.3.7. Polling systems

Consider a polling system defined in section 2.2.4. The system consists of r sta-
tions and a single moving server. Suppose that the service rates depend on the normal-
ized size of the queue in the following way: if upon the arrival at station j at time ¢y,
a server sees (); calls waiting there, then the service rate in the time interval of the
length xx(7) is p;(Q;/n). Denote by @Q,,(7,t) a number of calls at station 7 at time
t, Q,(t) = (Qn(1,t),...,Qn(r,t)). We keep all notations of section 2.2.4. Suppose
that an MP with transition probabilities p;;, 4,7 = 1,r, is ergodic with stationary
distribution ;.

STATEMENT 5.9. Assume that for any i = 1,r, the values m; = Er;(i) and
m; = Kk (i) exist, the functions p;(q), g > 0, satisfy a local Lipschitz condition,
Q,,(0) L5 = (so1,- - -, Sor), a unique solution of the equation

dSz(t) == ()\z - ﬁzuq (S,(t)))dt, 87(0) = S04, (542)

exists in an interval [0, T] at each i = 1,7, and s;(t) > 0, t € [0, T, where

. —1
ﬁi:mmi<27rj(mj+rﬁj)> .

Jj=1

Then relation (5.4) holds with 3(t) = (s;(t), i = 1,r).

Proof. Let us construct an auxiliary PSMS. Let II;(¢,4, A;) and ﬁk(t, i, ;) be the
Poisson processes, which are independent at different k,, with parameters \; and

w;, respectively. We introduce processes C,,;(t,4, Q) = ( Y(ij) (t.i,Q;), j = 1,7) as
follows:

CO (8, Qi) = Ty (£,3, M) — T (4, 104 (Qi/m) ), as 0 < ¢ < ke (i);
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CO (8,4, Q) =THg (t,7, Ny) =Ty (Kk(), i, 11 (Qi /), as k(i) <t < g (8)+Fon (4);

CT(LJk;) (t7va]) = Hk(tajv A])a as 0 <t< K’k(Z) +Ek(l)7 j = 15T7 .7 7& 1.

Denote by ((t), @, (£)), t > 0, an auxiliary PSMS constructed according to equa-
tion (1.14) by the introduced processes and SMP z(¢), introduced in section 2.2.4. Fol-
lowing the lines of proof of Theorem 5.1 we see that by the construction, if in some
interval [0, 7], @, (t) > 0 in each component, then the trajectory of @Q,,(t) coincides
with the trajectory of the queueing process @, (t). Therefore, it is enough to prove AP

for Qn (t).

Now we can use Theorem 4.5 and Corollary 4.4. In this case &,(i,Q) =
Cpa(r1(i) + ®1(4),4,Q) and 7,(i) = k(i) + F1(i). It is not so hard to check all
conditions of Theorem 4.5 and calculate that the function m~'b(g) in equation (4.57)
has the form (\; — p;1i(g:), @ = 1, 7). Thus, relation (5.4) is proved. O

The interval [0, 7] where the convergence holds, depends on the representation
of the service rate. For example, if u;(q) = a; + piq and pjoy; < Njyi = 1,7,
then relation (5.4) holds for any 7" > 0, and equation (5.42) has a point of stability
5 = ((Ni — picvi) /1, i =1,7).

NOTE 5.3. Using Theorem 4.6 and Corollary 4.5 we can also prove that the sequence
F¥.(t) = n12(Q,,(nt) — n3(t)) J-converges in Dy to the diffusion process 7(t)
satisfying the equation:

d7(t) = G(s(1)7(H)dt +m ™2 B(s(t))dw(t),  7(0) =7,

where G/(q) is a diagonal matrix with elements —p;4;(g;), and matrix B?(q) is cal-
culated by vectors &, (4, )) and the embedded MP, z (¢, + 0), k& > 0, according to
relations (4.66), (4.70).

Note that using this approach some other examples of queueing systems G /Mq/
1/00, SMg/Mgq/1/o0 and networks (Gg/Mg/1/00)" are considered in [ANI 95,
ANI 97].

5.4. Retrial queueing systems

Retrial queues are comparatively a new direction in queueing models. Over recent
years there have appeared many publications concerning the development of approx-
imating methods and analysis of steady-state behavior for different classes of retrial
queueing models (see reviews by Yang and Templeton [YAN 87], Falin [FAL 90] and
Kulkarni and Liang [KUL 97], the book by Falin and Templeton [FAL 97] and other
papers [ART 99, FAL 95, ART 96, MAR 95].
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This is a wide and fruitful direction of applications of limit theorems for SP.
Note that AP and DA type theorems for different classes of overloaded retrial queue-
ing models M /G/1/w.r, M/M/m/w.r and Mg/G/1/w.r with a state-dependent
Markov arrival process, general or exponential service and an asymptotically small
rate of retrial calls are studied in [ANI 99a, ANI 99¢, ANI 01].

In retrial systems customers finding the server busy may join the special retrial
queue and repeat their attempts for service after some random time. Consider several
examples of retrial queueing systems.

5.4.1. Retrial system Mg /G/1/w.r

This system is described in section 2.2.5. There is one server and an infinite num-
ber of waiting places. Calls enter the system one at a time. If the server is free it
immediately takes the call for service. If the server is busy the call will wait in a
queue.

Suppose that system characteristics depend on a parameter n, n — oo. Let
A¢q), v(q), ¢ > 0, be given non-negative functions. Denote by @, (¢) the number
of calls in the queue at time ¢. Let t,,; < t,2 < --- be sequential points of service
completion, t,o = 0. Denote Q,r = Qn(tnr + 0) and assume that in the interval
[tnks tnk+1) an input flow is a Poisson flow with parameter A(Q,x/n) and each
call in the queue independently of other calls with local rate n~*v(Q,/n) may
re-apply for service. If the server is free, it immediately takes the call for service. If
the server is busy, the call remains in the queue and repeats its attempts for service
in the same way. A service time «,, does not depend on the type of a call (if the call
appears from the input flow or from the orbit), and has a general distribution function
B, (z) = P(k,, < z) with finite moments of the first and second order m,, and m?.
Denote A(q) = A(q) + qv(q).

THEOREM 5.3. 1) If functions \(q), v(q) are locally Lipschitz, A\(q) > 0, v(q) > 0,

q>0,A(q) <L(1+q),asn — oo, my — m, n"1Q,(0) £, so, and variables k,,
are uniformly integrable, that means,

lim limsup E/-@nx(nn > L) =0,

L—oo pn—oo

then for any T > 0, relation (5.11) is true, where function s(t) satisfies the equation:
ds(t) = ()\(s(t)) - m(s(t))*l)dt, s(0) = so, (5.43)
withm(q) = m + (Aq) + qv(q)) "

2) If in addition functions \(-) and v(-) are continuously differentiable and as
n — oo,

\/ﬁ(mn o m) - O’ mg) I m(2)> n_1/2 (Qn(o) - nSO) é COa
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and variables k2 are uniformly integrable, that means,

lim limsup Enflx(/in > L) =0,

L—oco pooo

then the sequence of processes C,(t) = n=/2(Q,(nt) — ns(t)) for any T > 0 J-
converges in Dr to a diffusion process ((t) satisfying the following SDE:

g(s(0)¢(B)dt +m(s(t)) 2D (s())dw(t),  ¢(0) = Co.

oL
I
—

~
~

I

D?(g) = Ma)m(q) + (@) m(q) > —22(@)m(0) ™ (Ma) + av(a)
(@) =0” + (Ma) + av(a)) ", o® =m® —m?.

NOTE 5.4. As function s(t) has a continuous derivative and for any ¢ such that
s(t) = 0, relation s'(t) = A(0) — A(0)(1 + A(0)m)~! > 0 is true, then the
assumption sg > 0 implies that the solution of equation (5.43) is strictly positive in
any interval [0, 7).

Proof. We represent the process ), (t) as an SP as it was described in section 2.2.5.
Let us choose times ¢, as switching times. Denote 7,1 (nq) = tng+1 — tnk given that
Qnr = ng. Then

P (rak(ng) < z) = P(n(A)) + ki < ),

where 77(A(q)) is an independent of ,, exponentially distributed random variable with
parameter A(q). Let &,k (Qnk) = @nit+1 — @nk- Then

P(fnk (an) < x| Quk =ngq, kn = z)
= (M) + qv(@) " (g(@P (T (2) = 1 < ) + Ag)P (Tx g (2) < ),

where II;(¢) stands for a Poisson process with parameter b.

Now we can construct a PSMS Q,, (t) with the help of processes Cnk(t, q) defined
according to relations (2.6). This process is equivalent to the queueing process @, (t)
in the region @,,(t) > 0 if we construct both processes on the same probability space
in the same way as was done in Theorem 5.1.

Now let us introduce an embedded process @n (t) = Qui as tpry < t < gy

Process @n(t) is an RPSM constructed with the help of variables 7,1 (nq), £nk(ng).
It is easy to calculate the first and second moments of these variables and check the
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conditions of Theorem 4.3. Thus, relation (5.11) holds for the process @n(t). Further-
more, as in our case the trajectory of Q,,(t) in each interval (¢, t,x+1) is monotoni-
cally increasing, according to Statement 4.2, the normalized trajectories of @n (t) and
@n(t) asymptotically have the same behavior. Finally, according to Theorem 5.1, in
any interval [0, T'] such that s(t) > 0,0 < ¢ < T, the normalized processes @n(t) and
@, (t) asymptotically have the same behavior. This finally implies the statement of the
first part of Theorem 5.3. To prove the second part of Theorem 5.3 we need to use the
notation used in equations (4.30) and (4.31). It is easy to check conditions (4.32) and
(4.33). Condition (4.35) follows from the condition of the uniform integrability of the
variables x,,. Finally this implies the statement of the second part of Theorem 5.3. [

EXAMPLE 5.3. If A(¢) = A, v(q) = v, then our system is equivalent to a classical
retrial system with Poisson input, constant retrial rate and general service time. In
particular, if Am < 1, there exists a stationary point s* of equation (5.43): as t — oo,
s(t) — s = A2m((1 — Am)r)~L. In a stationary case (when sg = s*), s(t) = s*,
and process ((t) satisfies the equation:

d¢(t) = —(1 = Am)2w¢(t)dt + A/ Ao? + 2m — Am2dw(t), ¢(0) = (. (5.44)
This is an Ornstein-Uhlenbeck process. Solving equation (5.44) we obtain:

t
Gty =e "G b [ e du(w),
0
where a = (1 — Am)?v, b? = A\2(\o? + 2m — Am?).

Note that as ¢ — oo, the distribution of ((¢) weakly converges to a Gaussian
distribution with parameters (0, b?(2a)~!). Thus, in a stationary case at large n and ¢
we can use the approximation:

Qn(nt) = ns* 4+ v/nb(2a) 2N (0,1).

The result of Theorem 5.3 is also true if functions A(-), v(+) depend on the number
of calls @, () at current time ¢.

Using Theorems 4.5, 4.6 these results can be extended to the case when there are
additional Markov switches at times ¢,,;., and to the case when the server is not reliable
[ANI 91, ANI 94b].

Similar results (AP and DA) for a system M /G /1/w.r which is described as a
one-server system with multiple Poisson input (a call of type ¢ has an input rate \;,
1 =1,...,r, 7 < 00), general service depending on the type of a call, and rates of
repeated calls in the queue {7;(q), ¢ € R’} depending on the current vector of all
waiting calls are considered in the following section.
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5.4.2. System M /G /1/w.r

Let us consider a one-server system with multiple Poisson input (a call of type
7 has the input rate \;, ¢ = 1,7, 7 < 00). Let a family of distribution functions
{Fi(z), i = 1,r}, (F;(0) = 0), the values {g;, i = 1,7}, (0 < ¢; < 1), and a
family of continuous functions {v;(5), i = 1,7, 5 € R, } also be given. The service
discipline is organized in the following way. If a call of type ¢ enters the system and
finds the server idle, then it goes directly to the server and the service time is an
independent random variable «; with distribution function F;(x). Calls waiting to try
the service again are said to be in “orbit”. If the incoming call finds the server busy it
goes directly into “orbit”.

Denote Q,,(t) = {Q(,f')(t)7 i = 1,7}, where QY (t) is the number of calls of the
type i in the orbit. If Q,,(t) = n5, then in the small interval [t, ¢ + h] each call in orbit,
independently of others, can re-apply for service with probability Lv(3)h + o(h). If
a call finds the server idle, then the server immediately takes the call and the service
time is ;. If a call finds the server busy, then it returns to orbit.

Let § = (s1, $2, ..., S-) be a column-vector. By symbol §* we denote a conjugate
vector. Suppose that there exist the means Ex; = m;, ¢ = 1,r. Let us introduce the
following values:

T

AB) =Y (Ni+siwi(s), m=> mi. (5.45)
i=1

i=1
Let A and &(5) also be the column-vectors with entries \; and m;v;(3), respec-

tively. Let us introduce matrix M = Aa(5)*. Denote by I and G the diagonal matrices
with the elements 1 and v;(5), respectively, and put

9(3) =1+ m+ (a(s),5), A(5) =mA+ (M —G)s. (5.46)
Now we prove two theorems on the asymptotic behavior of vector @, (nt).

THEOREM 5.4 (AP). Suppose thatn=1Q,,(0) £, S0, functions v;(5) satisfy the local
Lipschitz condition and

m; >0, i=T1,7. (5.47)

Then, as n — oo, for any T > 0,

sup |n~'Qn(nt) — 5(t)] == 0, (5.48)
0<t<T
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where 5(t) satisfies the system of differential equations
ds(t) = g(s(t)) " A(s(t)) dt,  5(0) = 5o, (5.49)

and a solution to equation (5.49) exists in each interval and is unique.

Proof. Let us represent process Qn(t) as an SP. Denote by t,,7 < T2 < tp3 < --- the
sequential times of service completion. We consider these times as switching times.
Denote Q,.x, = Qn(tnk), k > 0, and introduce the family of random variables 7, (3)
such that P{7,,(3) < 2} = P{tpps1 — tux < = | Qui = n5}.

If the server is idle, given that an = ns, we have two flows of calls at the server:
in the first flow the call of type 7 has the rate \;, the second flow is formed by the calls
from orbit and the call of type i can appear with the rate s;v;(5). Using the proper-
ties of the minimum of independent exponential random variables we can represent
variable 7,,(8) in the form

7(5) = n(A(S)) + K(5), (5.50)

where 7(\(3)) is an exponential random variable with parameter A(5) and (5) is an
independent of 7(A(5)) variable and can be represented in the form:

K(5) = {Kj with probability A(5) "L (\; + 5;7(5)), j =1L,

Introduce indicators x;1(5) (x;2(5)) of the following events: after an idle period
a call of type 7 which comes from the input flow (from orbit, respectively) takes the
server. This means,

P{le(g) = 1} =1- P{le(g) = 0} = Aj)\(g)il,
P{ng(g) = 1} = 1 — P{ng(g) = 0} = Sjl/j(g))\(§)71.

According to these notations we can write that

m(5) = n(A(5)) + Z (xj1(8) + x52(3)) ;. (5.51)

Let us construct an auxiliary SP describing the behavior of @,,(¢). In this case
there is no discrete component z(t). Let us define the family of processes (i (¢, 5). By
definition, the orbit changes according to the following processes: in the idle interval
there is no change, and in the busy period there is a Poisson flow with parameter \;
of calls of type i. Denote by I:I,(l]f)(t) = (Hfff) (t), i =1,7), k > 0, the vector-valued

jointly independent at different & Poisson processes, where components Hyf)(t) are
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independent Poisson processes with parameters a;. Suppose without loss of generality
that at time ¢,,0 = O the server is idle. Let us introduce the following process in the
interval [t,,0,tn1)

Coo(t,3) =0 ast < n(\(3)),
CnO t 5 Z e]XJZ + Z (le(g) + ng(g))l:[gi) (t) (552)
Jj=1
as n(A(3)) <t < 7a(5),
where é; is the column vector with jth entry equal to 1 and others equal to 0. In each

following interval [t,, t,x11) process (i (t, 3) is constructed in the same way.

Then process Q,,(t) is equivalent to an SP constructed by the families C, (¢, 5)
according to formulae (1.6) and (1.7). Let us introduce the family of vector-valued
variables &, (5) as follows:

P{&.(5) <} = P{Qurt1 — Qur < 2 | Qui = n5}.

We can then represent &, (5) in the form

T

- Z &ixj2(5) + Z (xj1(8) + x;2(3) Y (k). (5.53)

Now we use Theorem 4.9. For simplicity we omit index & and index n where it is
possible. It is easy to calculate that

m(s) = Er,(5) = A(5) " (1 +y (Nt siV¢(5))m¢> =A(5)"1g(5),
b(3) = E&,(5) = a(3) ! (mA + (M — G)3).

Then in our case g, (3) < [£,(5)| + 1 and condition (4.103) automatically takes
place according to Statement 4.1 as the trajectories of each component of the pro-
cess Cuk(t, 5) are monotonically increasing. Now let us prove that the convergence in
equation (5.48) takes place for any 7" > 0. It is easy to see that

m(8) > A(5)"! 4+ minm; > minm;
and according to condition (5.47), fooo m(n(u))du = +oc.

Note that the function A(5) = m(5)~1b(3) satisfies the local Lipschitz condition
and has no more than linear growth. This means that the solution to equation (5.49)
exists in each interval and is unique, and that finally implies Theorem 5.4. O
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Let us consider as an example a one-dimensional case (only one type of call). We
keep the previous notations and just omit index ¢ and symbol bar™. Then

As)=X+sv, m(s)=As)"' +m, 555
g(s) =14+ m+vms, A(s) = N2m+ (Am — 1)sv(s). 559

COROLLARY 5.4. Suppose that Ex = m > 0, n=1Q,,(0) L, So, and function
v(s) satisfies a local Lipschitz condition. Then relation (5.48) takes places where in
equation (5.49) the functions g(s), A(s) are given by expression (5.55).

If \om < 1and sv(s) — oo as s — oo, then equation (5.49) has a point of stability
s, which is the minimal solution of equation sv(s) = (1 — Am)~'A\?m. In particular
ifv(s) = v, then s, = (1 — Am) v~ A\%2m and s(t) — s, ast — oco.

In the case where Am = 1 we obtain unusual behavior for s(t):

s(t) = (mv)™? (\/2)\2m21/t + (1+ M m+ myso)2 —1- Am).

Now consider the diffusion approximation. Let us keep the notation of Theorem
5.4. Suppose that there exist second moments Ex?, i = 1,r. Put 0? = Vark; and
introduce the following variables:

m(s) =D misivi,  a;(5) = AE) (N + s515),
=l (5.56)

52(3) = iaj(s) <a§. + <mj - gai(s)mi>2>.

Denote f(5) = A(38)~*(m + m(5)) and introduce vectors:
3(3) = —g(3) T A+ A(E) TGS, as) = g(3)7 (A + G5).
Let 3(5) and 3,,(5) be the column vectors with components (3;(5) and 3;(5)m;,
respectively, where 3;(5) = A\(5) " 's;1;(5). We put B(5) = j(5)3(3)* +a(5)3m(5)*.

In addition, let A and A;(S) be diagonal matrices with elements on the diagonal \;
and p; \; + s;v;, respectively. Denote

D?(3) = g(3)%0%(3)(A + G3) (A + G3)* + \(5) ?G355*G
+9G)72AE) TG F(5)A — G3) (M3) f(3)A — G5)” (5.57)
— B(3) = B(3)" + A(3)""A1(5) + f(5)A.
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Furthermore, suppose that functions v;(5) are continuously differentiable and
denote by Q(3) = (g(5) "t A(5))’ a matrix derivative of the vector g(5) "1 A(3). Put

Fu(t) =02 (Qu(nt) — n3(t)), te[0,T).
THEOREM 5.5 (DA). Suppose that the conditions of Theorem 5.4 hold and
n=2(Qn(0) — 50) == Fo.

Then the sequence of processes 7y (t) J-converges in any interval [0,T] to the
diffusion process 7(t) satisfying the following stochastic differential equation:

d3(t) = Q(3(1)7()dt + D(3()m(3(t) ™ *dw(t), 5(0) =50,  (558)

where function 5(-) satisfies equation (5.49), function m(8) is given in equation (5.54)
and w(t) is the standard Wiener process in R".

-1

Proof. We use the same representation for variables 7,,(3) and &, (5) (see equations
(5.51), (5.53)) and Theorems 4.10 and 4.3. Let us calculate the variance of the variable

ﬁn(g) = gn(g) - l_)ﬂ(g) - 9(5)71‘4(5) (Tn(g) - m(g))
(see equation (5.54)). For convenience we can split gy, (5) into two independent parts:
ﬁg)(E) = —g(5)7LA(3) (9, (A(5)) — A(5)71), and the remaining part. After calcula-

tions we obtain that Ep,,(5)p,(5)* = D?(3). This implies the statement of Theorem
5.5. O

NOTE 5.5. If equation (5.49) has the point of stability 5, and 59 = 5., then we have
a so-called quasi-stationary regime where 5(¢) = 5. and process ¥(¢) in Theorem 5.5
satisfies the equation:

dy(t) = Q(5.)3(1)dt + D(5.)m(5.) " dw(t), 7(0) = 7o,

where 7(t) is an Ornstein-Uhlenbeck process.

Note that similar models for the one-dimensional case were studied in [ANI 91,
ANI 94b].

5.4.3. Retrial system M /M /m/w.r

Now consider a retrial system with m identical servers and service rate p. An input
is a Poisson flow of identical calls with parameter A. Denote by R, (¢) a number of
busy servers at time ¢. Let the families {p;(s),q(s),r:(s), ¢ = 0,1,...,m}, and
{v(s),a(s),g(s)}, s > 0, of continuous non-negative functions be given. Here for
any s > 0,i=0,1,...,m,p;(s) + q(s) +ri(s) =1, a(s) + g(s) = 1.

Denote by Q),,(t) the number of waiting calls at time ¢ (calls in orbit). The service
process in the system is described in the following way: if a call enters the system



Overloaded Queueing Models 155

at time ¢t and (R, (t),Qn(t)) = (i,nq) (i < m), then with probability p;(q) it is
immediately taken for service, with probability ¢;(¢) the call goes to the queue, and
with probability 7;(q) the call gets a refusal and leaves the system (if ¢ = m, then we
put p.,.(q) = 0). If Q,,(t) = ng, each call in the queue independently of others can
re-apply for service with local rate n='v(q). If a call finds a idle server, the service
immediately begins. If a call finds all servers busy, then it either returns to the orbit
with probability «(¢q) or with probability g(q) the call leaves the system.

We study the AP for the process @, (nt)/n. Note that the process (R,,(t), @n(t))
is an MP and we can represent it as an RPSM. Denote

_ 1=
p(ﬁs)zc(s)‘lj,—wﬂ(pi(s>A+sv(s)), j=0,m, (5.59)
=0
where
R m 1 j—1
j=07"" i=0

and we set H;lo = 1. Let us define the function

m

b(s) =AD" pli s)ai(s) — sv(s) (1= (1= g(s))p(m,s)).  (5.60)

=0

THEOREM 5.6. Suppose that n='Q,,(0) £ 5, the functions p;(s), ¢;(s), g(s),v(s)
satisfy the local Lipschitz condition, for any s > 0, v(s) > 0, and the function v(s) is
bounded. Then as n — oo, for any T > 0,

sup |n"'Qn(nt) — s(t)] =0 (5.61)
0<t<T
where
s(0) = so, ds(t) = b(s(t)) dt, (5.62)

and a solution of equation (5.62) exists in each interval and is unique.

Proof. At first we represent a process (R,,(t), @, (t)) as an SP. In our case the pro-
cess (R, (1), Qn( )) is an MP with values in {0,1,...,m} x {0,1,...}. Denote by
tn1 < tha < --- the sequential times of any transition in the system. Note that some
transitions may not cause a change of state but they are related to some service pro-
cesses (for example loss of an input call). We consider times ¢,,; < t,2 < --- as
switching times. By the constriction, process (R, (t), @, (t)) is an RPSM with feed-
back between both components. In scale of time nt the first component is quickly
varying and we use Theorem 4.7, section 4.5.
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We can always define process (R, (), Q,(t)) as a right-continuous process. Let
us calculate its transition rates. Put \;(s) = A+ iu + sv(s), i < m. If Q,(t) = ns,
then transition rates do not depend on n and we omit index n for simplicity. Let
A((4,8), (4,y)) denote the transition rate from state (R,,(t), @, (t)) = (i,ns) to state
(j,ny). Then:

L ifj=i1—-1, y=s;

pi(s)A ifj=i+1 y=s;

i(s)A ifj =i, y=s ,
M(s). o)) = § 1O HI=bw=s 0<i<m

gG(s)N ifj=i, y=s+1;

sv(s) ifj=i+1,y=s—1;

0 otherwise

mpu ifj=m-—1, y=s;

Tm(8)A ifj=m, y=s;

)
) Gm(8)A ifj=m, y=s+1;
A((m,s), (4,y)) = L B .
g(s)suls) iEj=m, y=s—1;
a(s)sv(s) ifj=m, y=s;
0 otherwise.

Let us introduce the family of random variables £(i, s) such that
P{¢(i,s) e C}
= P{Qn (th) - Qn (tnl) el | (Rn (tnl) ) Qn (tnl)) = (Zv ’I’LS)}

Then variable £(i, s) can be represented in the form: for ¢ < m,

1 with probability \;(s) " g;(s);
&(i,8) = ¢ —1  with probability A;(s) " tsv(s);
0 otherwise,

and at7 = m,

1 with probability A, ()~ Lqm(s);
&(m,s) = ¢ —1 with probability \,,(s) " 1g(s)sv(s);
0  otherwise.

Now we can describe process (R, (t), Q,(t)) as an SP (see relations (4.92) and
(4.93)). In this case variable 7,4 (i, s) has an exponential distribution with parameter
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Ai(s) and variable &, (i, s) has the same distribution as variable &(4, s) introduced
above. Furthermore, at each fixed s > 0, denote by Z(s), k > 0, an MP in discrete
time with transition probabilities

i(s)"Lip ifj=1-1;

Ai(s) 7 (r; i(s)A il g =1 P
pis) = U ) P WA T EE g,

Ai(8) " Hpi(s)A + sv(s)) ifj =i+ 1;

0 otherwise

Am(8) " tmp ifj=m-—1;
Pmj(8) = < Am(s)™ ()\ + sv(s )) ifj=m

0 otherwise.

As can be seen, at any s > 0, the state space of Z(s) forms one essential class.
Denote by {r(i,s), i = 0,m}, a stationary distribution for Z(s), k > 0. It is easy
to see that in any bounded region {0 < s < L} (§ > 0) process Zj(s) is uniformly
ergodic. Let us introduce the functions:

m(s) = | (i, 8)Ni(s)” 3 7(i,8)qi(s)\i(s) 71,
;O Z:O Jal (5.63)
b(s) = Aq(s) — sv(s)m(s) + sv(s)(l - g(s))ﬂ(m, $) A (s) 7L

Denote b(s) = m(s) 'b(s). According to Theorem 4.7, relation (5.61) holds
where s(t) is a solution to equation (5.62) (see also (4.95)). Furthermore, as func-
tion v(s) is bounded, then for some ¢y > 0, liminfs_,o, sm(s) > cy. This relation
implies that

/ m(n(u))du = 400
0
and the convergence in equation (5.61) holds for any 7" > 0.

Now let us calculate the function 5(3) in the explicit form. Note that the val-
ues m(s)~tn(i,s)\(i,s)"1, i = 0,m, at each fixed s are the stationary probabili-
ties of an MP in continuous time Z(t, s), ¢ > 0, which is given by transition rates
@;j(s) = A(Z,s)pi;(s) (here we allow transitions back to the same state). However,
process Z(t, s), t > 0, is equivalent to the Birth-and-Death process z(t, s) with birth
and death rates in the state i, ¢;(s) and d;(s), respectively, where ¢;(s) = p; A+ sv(s),
i < m, di(s) = ip, i < m. Therefore, the stationary probabilities of Z(¢, s) are
defined by expression (5.59), and after some algebra we find that b(s) = 3(3) This
finally proves Theorem 5.6. O

Let us study the cases when equation (5.62) has a point of stability.
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. : :
II>110g( ) - go > O7 II>1|0V( =1 > 0 qz

This means that there exists a flow of lost calls in the state m (when all servers are
busy). Then b(0) > 0 and b(s) < A — svogo. Thus, b(s) — —oo as s — co. Denote
by s, the minimal root of the equation

b(s) =0 (5.64)

in the region (0, co) which exists according to continuity of the function 3(3) In some
small neighborhood of s, 3(5) > 0ass < s, and E(s) < 0 as s > s,. This means
that point s, is the point of stability for the solutions with the initial value sg in a
neighborhood of s,..

Note that in this case the stable solution exists for any values of A and p. This fact
can be explained in the following way: if s is large, then the flow of lost calls also has
a large rate no less than svygg.

CASE 2. Suppose that g(s) = 0, g (s) =1, " ¢:(0) > 0, sv(s) — coas s — oo,
and

A < mp. (5.65)

This means that if a call finds all servers busy, it goes with probability one to the
orbit and there is no flow of lost calls in state m. It is not difficult to calculate that:

lim p(m,s) =1, lim B(s) =\ —mpu. (5.66)

As Z(O) > 0, relations (5.65) and (5.66) imply that the minimal root of equation (5.64)
exists and it is the point of stability.

In particular, if m = 1, functions p;(-),¢;(-),vi(-) do not depend on s, and
g(s) = 0, then:
~ 22 p
b(S) — + SV( lu’)
A+ p+ sy
which is in agreement with equation (5.55) for the case g = 1, p =0, m = AL
These results show that the technique based on limit theorems of AP and DA types
for SP provides us with the new effective approach for studying transient and stable

operating regimes for rather complex retrial queueing systems in overloading condi-
tions.

Using this approach, AP for the number of calls in orbit in the overloading case for
the Markov multiserver retrial queues with negative arrivals was proved in [ANI 01].
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5.5. Queueing networks
5.5.1. State-dependent Markov network (Mg /Mg /1/00)"

Consider a queueing network (Mg /Mg /1/00)” which consists of 7 nodes with
one server in each node and an infinite number of waiting places. Denote by Q,, (4, )
the number of calls in the ith node at time ¢ and let Q,,(t) = (Q,(i,t), i = 1,7) be
the column vector.

We assume that the time goes to infinity in the scale nt and consider the AP and
DA for the normalized vector-valued queueing process @, (nt). Let the functions
(@), (@), pij (@), i = 1,7, j = 0,7, § € [0,00)"} be given. The network is
operating in the following way. If at some time-point u, Q,,(u) = @Q, then the local
input rate in the ith node is \;(Q/n) and the local service rate is y;(Q/n). If at this
time a call has completed service in node i, then either with probability p;;(Q/n) it
goes from ith to jth node, j = T, 7 or with probability p;o(Q/n) it leaves the network.
This network belongs to Jackson type networks.

Let A(@) = (A1(), -, A (@), 7(@) = (11(Q), - - - , 11-(Q)) be the column vector-
valued functions,

T

P@) = |l @, ,_rr @@ =D (M@ + (@),

i=1
and for a vector-valued function £(g) = (f1(q), ..., f-(q)) withq = (q1,...,q.) we
denote by f'(g) the matrix derivative: f'(q) = [0f:(q)/9q;l; j—17

THEOREM 5.7. Assume that as n — 00,
1A P _
n=Q,(0) — 3o, (5.67)

functions \(q), (), P(q), satisfy a local Lipschitz condition, and there exists A > 0
such that the system of differential equations

dn(t) = (@) + (P (@) = Da@n))a(@n) " d 70 =5,
has a unique solution 7(t) such that 7j(t) > 0 in each component, t € (0, A), and
J3tali)tdt > T.
Then

sup |n~'Q, (nt) —3(t)] Lo, (5.68)

0<t<T
where the vector-valued function () satisfies the equation:

ds(t) = (A(5(t)) + (P*(s(t)) — I)m(s(t)))dt, 5(0) = So. (5.69)



160  Switching Processes in Queueing Models

If in addition
n=2(Q,(0) — n3o) == 7, (5.70)

and functions \(q),7i(q), P(q) are continuously differentiable, then the sequence of
processes

Tult) = n72(Q, (nt) —n3(t))

J-converges in interval [0, T to a multidimensional diffusion process ¥(t) satisfy-
ing SDE

dy(t) = G(5(t))7(t)dt + B(s(t))dw(t), 5(0) = 7. (5.71)

G@ = (M@ + (P*@—Dp@)', B@?*= by @l ,_
bij(a) = —ui(q )pu( ) ,u]( )pﬂ(q> i # J

bii (@) = =21 (@pis (@) + Xo(@) + (@ +Zuk Dpki(@), i

I
—
=

and P* is a transposed matrix.

Proof. In this case the process @, (t) is an MP which can be represented as a simple
RPSM. Switching times ?,,;, are the times of sequential changes of the states of process
@, (t). Then variable 7,1 (ng) has an exponential distribution with parameter a(g) and
the vector-valued variable ¢ ,,; (ng) does not depend on 7,1 (ng) and can be represented
in the form:

2 with probab. \;(q)a(g) ",
1

§n1(nq) =  €; — & with probab. 11;(q)pi;(@)a(q) ™", i,j=1,m, i #j,
—¢;,  with probab. 11;(q)pio(q)a(q) ",

where €; is the column-vector with ¢th component equal to 1 and other components
equal to 0.

Calculating the characteristics of these variables, following the lines of proof of
Theorem 5.1 and using the results of Theorems 4.3 and 4.4 we prove the statements
of both parts of the theorem. O

Let us consider an example, when X\;(q) = X\i, 1i(q) = pigi, pi;(@) = pij»
i =1,r,j = 0,r. This network is equivalent to the classical network (M /M /oo)". In
that case equation (5.69) has the form

ds(t) = (A + (P* — I)As(t))dt, (5.72)

where A = (Aq,...,\.), and A is a diagonal matrix with entries y1;,7 = 1, 7.
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Suppose that matrix P* — [ is invertible. Iterating equation (5.72) we obtain the
representation

5(t) =gy +exp {(P* — ) At} (so — qo),
where §,, is the stationary point: g, = A~}(1 — P*)~!\.
Equation (5.71) has the form
dy(t) = (P* — I)A5(t)dt + B(s(t))dw(t). (5.73)

If 59 = o, then for all ¢ > 0, 5(t) = g, and we have a quasi-stationary regime
in the sense that for any ¢ > 0, Q,,(nt)/n = q,. In this case equation (5.73) has the
stationary form with the matrix of diffusion B = B(g,,).

These results can be extended to the networks with impatient calls, unreliable
servers and batch entry and service.

5.5.2. Markov state-dependent networks with batches

Consider a queueing network (Mg /Mg p/1/00)" with batch state-dependent
arrival process and service. It consists of 7 nodes with one server at each node and an
infinite number of waiting places. The local characteristics of the network depend on
a scaling parameter n. Denote by Q),, (7, t) a number of calls at node ¢ at time ¢ and put

Q,,(t) = (Qn(i,t), i = 1,r). Let the following variables be given:
1) non-negative functions \; (q), 1 () and v;(q), 7 = 1,7, where g = (q1, ..., qr);

2) families of integer random variables 0;(q), 7;(g) with values in {0,1,...} and
variables (3;(g) with values in {0, £1,...}, i =1,7;

3) a family of stochastic matrices P(q) = [|pi; (@) |l;=17, j—17771>

4) the initial vector @,,(0).

The system operates as follows. If at time ¢, Q,, () = ng, then:
1) with local arrival rate \;(g), 4;(q) calls may enter node i, i = 1, 7;

2) with local rate ;(q), min{~;(g), ¢; } calls may complete service at node ¢ and
all of them either with probability p;;(g) go to node j, j = 1,r, or with probability
Dir+1(q) leave the network;

3) each call in the queue at node ¢, independently of others with local rate
n~'v;(q), may be transformed into max{3;(q),1 — ng;} calls, i = 1, 7.

In this case process @n(t), t > 0, is a multidimensional MP. Suppose that there
exist the 1st and 2nd moment functions of the introduced variables. Denote

mi(q) = E0i(q), 9:(q) = Ev(q), ei(q) =EBi(q) —1,
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r

A@) = (M@ + (@) + avi(@), 6} (@) = E5(9),

i=1

(@) =E?@), & (@ =E(@Bi@-1)°, i=Tr

Let us introduce the following column-vector functions:
m(7) = (M@m (@), M@ (@), 9@) = (@9 @ -, 1 (@9-(@)),
e@ = (@Vn@,-..d"v@). @ =m@ - (- R@")3@ +e@),

where I is the unit matrix, Py(q) = ||pi;(q)
transposition operation.

|; j=77> and symbol “+” denotes the

Let G(7) = b (g) be the matrix of partial derivatives of b(g), and B2(q) =
163 (@)|l; j—7 be the matrix with the following elements:

bij(@ = —Mz’(ﬁ)pij@ 2( ) — Nj( )pﬂ(Q) 2(6)7 i # 7,
bii(q) = —2u:(QDpis (D)} (@) + Mi(@)a; (@) + pa(@)c; ()

+ > (@pri (@G @) + qvi(@di (@), i=T,r.
k=1

Denote by 5(t) a solution of a system of differential equations
5(0) =3, ds(t) = b(s(t))dt. (5.74)

THEOREM 5.8. [) Suppose that in any bounded and closed domain in int{R', } the

variables 6;(Q), v:(q), 8:(Q), i = 1,r, are integrable uniformly in G, functions \;(q),
1i(q), vi(q), m ( ), 9i(Q), €i(q), i = 1,7, P(q) satisfy a local Lipschitz condition,

A(g) > 0,n71Q,(0) 250 > 0, the equation
di(t) = b(A() A1) dt,  7(0) = 5o,

has a unique solution 7)(t), and there exists T > 0 such that s(t) > 0 in each compo-
nentast € [0, T, and [;° A(7(t))~*dt > T.

Then
sup [n~'Q, (nt) —3(t)] Lo (5.75)
0<t<T

2) I in addition in any bounded and closed domain in int{R',} the random vari-
ables §;(9)% vi(9)% B3:(q)% i = 1,r, are integrable uniformly in G, functions \;(q),
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1i(Q), vi(Q), mi(q), 9:(Q), €:(q), i = 1,7, P(q) are continuously differentiable, and
n~12(Q,,(0) = n30) == 7o,

then the sequence 7, (t) = n=/2(Q,,(nt) — n3(t)) J-converges in D}. to the multi-
dimensional diffusion process y(t):

d5(t) = G(5(t))y(t)dt + B(s5(t))dw(t), 7(0) =7, (5.76)
where B(q)B(q)* = B?(q), and w(t) is a standard Wiener process in R".

Proof. First, we define an auxiliary RPSM @n (t) by analogy to Theorem 5.1. This
is an MP which is defined by the families of random variables {(7,,x(nq), &,.;(nQ))},
k > 0. Here 7,1(ng) has an exponential distribution with parameter A(g), £,1(nQ)

does not depend on 7,1 (ng), and

5 (q)ei, with probab. \; (q)A(g) ~*
- 7i(q (Ej —€;), withprobab. p;;(q)pi(qQ)A(q) " )
fnl(nQ): o . . . N1 (2W) :15T
—i(9)e:, with probab. p; »+1(q)1:(7)A(q)
(Bi(q) — 1)e;,  with probab. giv;(q)A(q) ™,

Calculating moment characteristics of these variables and using Theorems 4.3, 4.4
on AP and DA, we obtain the statement of Theorem 5.8 for process Q., ().

Now we follow the same lines as in Theorem 5.1 and use the equivalence of tra-
jectories of Q,,(t) and Q,,(t). Note that the RPSM defined above is equivalent to the
value of queue only in the region @, (t) > 0. But the condition n(¢) > 0, ¢ € (0, A),
together with relation (5.75) implies that in each interval [a, 5], 0 < «, 3 < A4,

P{Q,(nt) >0, a <t <p} — 1

and therefore the process ), (t) is asymptotically equivalent to the value of queue. [J

In particular, if \;(q) = 0, p;r+1(q) = 0,4 = 1, r, this network is closed.

EXAMPLE 5.4. Let \i(q) = N\, (@) = 1iqi, pij(@) = pij forg > 0,0 = 1,r,
j = 1,7 + 1. Then our network is equivalent to a classical network (M /M /o0)". In
this case

ds(t) = (A + (Py — 1) As(t))dt, (5.77)

where A = (M,...,\), A is a diagonal matrix with elements p;, i« = 1,7, and
Po = |pisll; jo17
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Suppose that matrix Py — I is invertible. Then, iterating equation (5.77), we obtain
arepresentation 5(t) = q, +exp{(P; —I)At}(50—7q,), whereq, = A=Y (I—P;)~'A
(g, is the stationary point). Equation (5.76) has the form

dy(t) = (Py — I)Ay(t)dt + B(s(t))dw(t). (5.78)

If 59 =7¢,, then for all ¢ >0, 5(¢) =7,, and we have a quasi-stationary regime with
the stationary form for equation (5.78) where the matrix of diffusion B(-) = B(q,).

The general construction of our network provides us with the opportunity to con-
sider networks with impatient calls and also unreliable servers. Some other examples
of Markov state-dependent models are studied in [ANI 92b]. Markov models with
state-dependent routing (overloaded and heavy traffic conditions) are considered in
[BAS 89]. In the case, when calls arrive and are served one at a time without trans-
formation, equations (5.74) and (5.76) are in agreement with the results [MAN 98b],
where state-dependent networks (Mg /M /1)% in heavy traffic conditions are studied.

5.6. Non-Markov queueing networks

We now consider a fluid limit (AP) and DA for some classes of non-Markov mod-
els considered in section 2.3.2. The method of analysis involves several stages. First,
we represent a queueing process as an equivalent SP by choosing in the appropriate
way switching times and constructing corresponding processes in switching intervals.
As in general we have a truncation by the level zero, these processes in most cases are
not so simple. At the next stage we construct an auxiliary SP which is asymptotically
equivalent to the queueing process, and the basic processes in switching intervals are
constructed without truncation. At the last stage we prove AP and DA for the auxiliary
SP using limit theorems for SP.

5.6.1. A network (Mgsnr,qo/Msn,q/1/00)" with semi-Markov switching

Consider a queueing network (Msar,g/Msnr,g/1/00)" described in section
2.3.2.1. Suppose that characteristics of the network depend on parameter n in the
following way. An SMP «(t) and the variables introduced in the section do not
depend on n. However, if at the time ¢, 2(t) = = and Q,,(t)/n = @, then the local
arrival and service rates and transition probabilities as well as random sizes of
batches 71(x,q), xi(x,q) depend on the pair (z,7). We keep the notations given
in section 2.3.2.1. Denote as before by ¢t; < 1o < --- the times of sequential
jumps of x(t). Suppose that the embedded MP z, = x(¢1), k > 0, is ergodic with
stationary distribution 7., x € X = {1,2,...,d}. Let QSZ )(t) be the total amount
of work (size of queue) at node ¢ at time ¢, and @no be the initial value. Let us put
Q.1 = @QP®),....Q" ).t >0, andforany z € X,i = I,r, g € R",
introduce the following functions:

m(z) =Er(z), Po(z,9) = pij(z, 9l jo1 alz,7) = En(z,7),
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gi<$,§) = E’%i(xvq)a ?(3776) = (Ml(%@)gl(%@, s aur(xaq)gr(qu))a

m=> m@)r., @7 =Nz, q) + (Po(z,9)* —I)g(z,7),

zeX
b(q) = > m(2)e(x,q)me, d*(x) = Varr(z), d;(z,q) = Ex}(x,7),
zeX
T2 (2,q) = Mz, Q) En(z, (2, 7)".
Let F2(x,q) = || fi;(x,9)|; j—1 be the matrix with the following entries:

fii (@, Q) = —pi(x, q)pij (,9)d3 (,7)

— (@, Qpyi(z, Qd3 (2, q), i,j =17, i#j;
fii(x’q) = [LZ(Z‘,a)(l - 2pll<$’a))dz2(x7a)
+ 3 (@, @)pri(x, 9)di (2, 7).
k=1
Denote
D?(z,q) = d*(x) (e(z,7) — m~'b(@)) (c(z,q) — m~'b(q))"
+m(z)(F*(z,9) + J*(2,7)),

(5.79)
D2(§) = Z DQ(%@)W@,
rzeX
3(z,q) = m(x)(e(z,q) —m~"'b(q)). (5.80)

Let matrix B?(g) be calculated using variables 7(x,q) with the help of MP zy,
according to equations (4.71) and (4.72) in Theorem 4.6. We put H?(3) = D*(q) +
B?(q). Define H(q) according to the relation H(q)H (q)* = H?(q). Let 3(t) be a
solution to the equation

ds(t) = m™'b(s(t))dt, 5(0) = 3. (5.81)

THEOREM 5.9. 1) Assume that the functions \(x,q), wi(z,q), a(z,q), g:(z,q),
pij(x,q) forany x € X, i = 1,r, j = 1,r+1, are locally Lipschitz with respect
to ¢ € int{R7'}, and E(x)* < oo, x € X. Also let m > 0, for any bounded and
closed domain G' € int{R']'},

Er;(2,9)* < Cg, E|77(17yq)|2 <Cq, i=lr,zeX qeG, (5.82)

where Cg < oo, function b(q) has no more than linear growth, n=1Q,,(0) £,

S0 > 0, and there exists T > 0 such that 5(t) > 0, t € [0, T, in each component.
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Then -
sup [n7'Q, (nt) — E(t)‘ ~.o. (5.83)
0<t<T

where 5(t) is defined in equation (5.81).

2) Assume in addition that there exists a continuous matrix derivative G(q) =0 (@),
7 € int{R7}, Er(2)* < o0, x € X, and for any bounded and closed domain G
int{R7},

Er;(2,9)° < Ca, E‘U(ﬂf@)fg <Cq, i=1lr,zeX qedC. (5.84)

Also let
n~'2(Q,(0) — n3(0)) == 7,, (5.85)

and function H?(q) is continuous.

Then the sequence 7,,(t) = n=1/2(Q,,(nt) — n3(t)) J-converges in DY to the
diffusion process 7(t):

d7(t) = G(3(1)7(t)dt + m~ 2 H (5(t))dw(t), 75(0) = 7. (5.86)

Proof. First, we consider an auxiliary queueing network @TV switched by SMP x(t).
The network is described with the help of the families of functions and random vari-
ables A(z,9), pi(x,9), (2, 9), ki(,q), pij(x,q), v € X, i = 1,r, j = L,r+1,
introduced in section 2.3.2.1, in the following way: in each interval [tj,t;11) the
rates A(-), u4(+), probabilities p;;(-) and variables 7(-), x;(-) depend only on the values
x(ty) = x and ¢ = Q,,(tx)/n at the initial point ¢;. This means that, at given values
z(ty) = z, Q,,(tx)/n = G, the parameters of the network in interval [ty ;1) do not
depend on the changes of the current size of the queue. This network is a bit simpler,
but we prove that asymptotically the behavior of the normalized queue is equivalent
to the behavior of the normalized queue in the initial network.

Let us construct a corresponding PSMS. Denote by I, (¢, £) a compound Poisson
process with parameter a and a size of a jump ¢ (sizes of different jumps are inde-
pendent random variables). Denote by II,(t,£) a vector-valued compound Poisson
process with a size of a jump &. Put

C(ta Zz, 6) = ﬁ)\(x,ﬁ) (t7 ﬁ(xv 5))

+ Z Hltz‘(iﬁﬁ)pu (z,9) (t’ Ki(, q)) (Ej - Ei)

ij=1

(5.87)

r
- Z HHi(zﬁ)Pi,r+1(I@) (t7 Ki (qu))éh t >0,

i=1
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where all introduced Poisson processes are independent. Let us introduce a family of
processes Enk(t, x,nq), k > 0 which are independent at different &, such that their
distributions coincide with the distribution of C(t,z,q). Denote by {(z(t), Qn(t)),
t > 0} an auxiliary PSMS, which is constructed with the help of SMP z(t) and
processes Enk(t, x,nq) according to relations (1.14). By analogy to the proof of The-
orem 5.1 we can define Q,(t) in the whole space R". First we prove AP for Q,, (t).
Let us check the conditions of Theorem 4.5 and Corollary 4.4. In our notation the
distribution of &, (x,ng) coincides with that of ¢ (r(x),x,q). Conditions (4.51) and
(4.52) are automatically satisfied. Furthermore, for any random variables 7 > 0 and
¢ with the properties ET? < oo, E[£|? < oo, we can calculate that EII2(7,&) <
aETE[]? 4 a?(EE)?ET?. Using Chebyshev’s inequality we obtain

nP (nlsup [T, (t, )| > s) < nP (I, (7, [¢]) > ne)
t<t

< n(ne) *EIZ (7, [€]) — 0,

for any ¢ > 0 as n — oo. This implies condition (4.109). As is easy to calculate,
EC(7(z), 2,q) = ¢(z,g)m(x). Using Theorem 4.5 we find that Q,, (¢) satisfies rela-
tion (5.83) with 5(¢) defined in relation (5.81). Now, following the same lines as in
the proof of Theorem 5.1 we find that the multidimensional process generated by the

queue in system @]VV also satisfies relation (5.83).

Now let us consider the initial network. First, we introduce independent families
of multi-dimensional MP {7, (t,z,nq), t > 0, x € X, ¢ € R}, k > 0, with
values in R, in the same way as was done in section 2.3.2.1. Put 7,,,.(0, 2, nq) = nq.
If 7, (t,z,ng) = ns, then with the local rate A(z,5) = A(z,35) + Y., pi(,3)
the process can make a jump of the size d(x,s). Here d(x,3) is defined in equation

(2.7). Denote (,,;,(t, x,nG) = 7, (t, x, ngq) — nq. Let @n(t) be an auxiliary PSMS

defined with the help of x(t) and processes (,,;, (¢, x, ng) according to relations (1.14).
Again we can define this process in the whole space R". Note that by construction the

trajectory of @, (t) coincides with the trajectory of queue @, () on any interval [0, ]
such that Q,,(t) > 0, t € [0, 7).

Let us prove that Q,, () also satisfies equation (5.83) with 5(¢) defined in equation
(5.81). Again we need to check the conditions of Theorem 4.5 and Corollary 4.4. Note
that &, (z,nq) = (,,1(7(z), z,ng). Let us follow the same steps as in [ANI 96] [proof
of Theorem 1 and Lemmas 1,2]. Using condition (5.82) we can prove that for any
g € R", E,(z,nq) — Egl (r(x),2,q) (see (5.87)) and check other conditions of

Theorem 4.5. This implies equation (5.83) for Q,, (t). Now, by analogy to the proof of
Theorem 5.1, we get that the asymptotic behavior of the queueing process @, (¢) and

RPSM @n(t) is the same, and the first part of Theorem 5.9 is proved.
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To prove DA we use Theorem 4.6 and Corollary 4.5. In the same way we see that it

is enough to calculate the characteristics of the auxiliary RPSM @n(t) defined above.
To find the function D,%(a:7 «) (see (4.66)) we can again use Theorem 1 and Lemmas
1, 2 in [ANI 96]. Using condition (5.84) we can prove that for any g € R" as n — oo,

E, (2, nq)& (2, n9)" — E((7(2),2,9)¢(r(x),2,7)
To calculate D?(z,q) we note that in notations of Theorem 5.9,

pr () = ((7(2), 2,9) — m(z)e(z,q) — m~'b(@) (r(x) — m(z))

(see equation (5.87)). Therefore, we can calculate that

D*(x,q) = m() (A(x,Q)En(x, Q)n(z, q)"

+ D wile @py (e, )i (2,9) (85 — &) (& — @)

i,j=1

T
+ Z i (2, @)pi 1 s (2, Q)ez’ef)

+d*(z) (e(x, q) — m'B(q)) (e(z, q) — m~'b(q)) ",

and after some algebra we obtain the expression for D?(x, ) given in (5.79). All other
conditions of Theorem 4.6 are also satisfied. O

Note that in the case when A(z,q) = 0 and p; ,41(x,q) = 0 for all i = 1,7,
x € X, q, this is a closed network.

Consider as an example a state-dependent system Mg, q/Msar,g/1/00 with
semi-Markov switching. Let (), ¢ >0, be an SMP with state space X ={1,2,...,d}
and 7(x) be the sojourn time in state x € X . Suppose that the embedded Markov chain
is ergodic and denote by m,, x = 1,...,r, its stationary distribution. Let non-negative
functions {\(z, q), u(z,q), * € X, g > 0}, also be given. Suppose that calls arrive
and are served one at a time. Denote by () the total number of calls in the system
at time ¢. Assume that as z(t) = z, Q(t)/n = g, the arrival rate is A(z, ¢) and the
service rate is p(x, ¢). This means that, we have a semi-Markov arrival process and a
semi-Markov service. After service completion a call leaves the system. Denote

m(z)=Er(z), m=3Y m(z)ms,  bla)= ) m@)(Az,q) — ple,q))ms,

reX reX
d*(z)=Varr(z), ~(z,q) =m(z)(Mz,q) — p(x,q) —m~'b(q)),

D?*(q)= Z [d®(2) (A(z,q) — p(z,q) — m_lb(q))Q—&-m(m)(A(x, Q)+ 1(z, q))] 7.



Overloaded Queueing Models 169

Let function B2(q) be calculated by variables «(x,q) with the help of MP zy,
according to relations (4.72). Denote H?(q) = D?*(q) + B*(q) and let s(t) be a
solution to the equation

ds(t) =m™'b(s(t))dt, s(0) = so. (5.88)

COROLLARY 5.5. Suppose that for any © € X functions Xz, q), p(z, q) are locally
Lipschitz with respect to ¢ > 0, m > 0, ET(x)? < oo, b(q) has no more than linear

growth, n=1Q,,(0) L, 50 > 0, and there exists T > 0 such that s(t) >0,t€[0,T].
Then relation (5.61) holds with s(t) defined in relation (5.88).

If in addition there exists a continuous derivative g(q) = V'(q), ¢ > 0, ET(x)3 <
o0, ¢ € X, n72(Q,(0) — ns(0)) == ~o, and the function H?*(q), ¢ > 0, is
continuous, then the sequence ~, (t) = n~/?(Q, (nt) —ns(t)) J-converges in Dr to
the diffusion process ~y(t):

dy(t) = g(s(t))y(t)dt +m™ 2 H (s(t))dw(t), ~7(0) = .

In particular, when A(z,q) = Az), u(x,q) = qu(x), our system is equiva-
lent to a system Mg /Mgps/oo in a semi-Markov environment. If we denote A =
m= Y ey m(@)A(@) T, po= m~t Y o m(x)pu(x)7,, then equation (5.88) has
the form ds(t) = (A — ps(t))d¢, which coincides with equation (5.16) for the system
M /M /o (see section 5.2.2, applications of Theorem 5.2, case 2).

NOTE 5.6. In the same way it is possible to study systems and networks of the type
SM/Mgnr,g/1/00and (SM /Mg, /1/00)", where the calls may arrive at the times
of jumps of some SMP z(t), and the instant service rate may depend on z(t) and
the current number of calls (or on the amount of work) in the system. Note that the
diffusion approximation of the system GI/M/1/cc was considered in [WHI 82].

5.6.2. State-dependent network with recurrent input

Consider a network (Gg/M¢g/1/00)" consisting of r nodes with one server in
each node and an infinite number of waiting places. Let Q),, (7, t) be a number of calls
in the ith node at time ¢ and Q,,(¢) = (Q,(4,t), i = 1,7) be a column-vector. Func-
tions (@), ¢;(&), pi;(@), i = 1,r, j = 1,r +1, & € R, and the family on non-

negative variables 7(&) are given. Here Z;=1 gj(@) = Z;:i pij(@) = 1 for each
i = 1,7, @ € R’ If a call enters the system at time t,; and Q,(t,r + 0) = Q,
then this call with probability ¢;(()/n) enters the jth node, the next call will enter the
system at the time
tnkt1 = tar +7(Q/1)

and the service rate in the ith node in time interval (5, tars1) is s (Q/n), i = 1,7.
In addition if a call in this interval completes its service in the ith node, then this call
either with probability p;;(Q/n) goes to the jth node, j = 1,7, or with probability
pi.r+1(Q/n) leaves the network.
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Let g(@) = (1 (@), ..., g (@), p(@) = (u1 (@), ..., ur(&)), be column-vectors,

Denote m(a) = E7(a), o%(a) = Varr(a),

b(a) = q(a) + (P*(a) - I)i(a), G(a)="V(a).

THEOREM 5.10. Let functions m(a@), (o), i(@), P(@) satisfy a local Lipschitz con-

dition, n=Q,,(0) L 50, variables 7(&) be uniformly integrable in each bounded
region and for some T' > 0 let there exist an interval [0, A] such that the equation

di(t) = b(7(®))dt, 7(0) = so
has a unique solution. Let in addition, 7j(t) > 0 in each component, t € (0, A) and
A
Jo m(n(u))du > T.

Thus, relation (5.83) holds with

ds(t) = b(5())m(5(t)) "'dt, 5(0) = 5.

If functions q(@), (@), P(&) are continuously differentiable, variables T(&)? are
uniformly integrable in each bounded region, function (&) is continuous and equa-
tion (5.85) holds, then the sequence of processes

Fu(t) = n"2(Qu(nt) — ni(t))

J-converges in interval [0,T] to diffusion process ¥(t) satisfying the following
stochastic differential equation:

d5(t) = G(5(0)3(t)dt + m(5(£))/*D(5())di(t), 7(0) = o

Here D(a)? = lldij (@)l

i,j=1,r
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Proof. Let us represent process @, (¢) as an SP. The switching times ¢, are the times
of arrivals of calls, variables 7, (n@) are equivalent to 7(@), and variables &5 (na)
can be represented in the form

T T
fa)=6(a) =Y m+) v
k=0 j=1
e; with probability ¢;(@), i = 1,7, and 7, = (m(7(@)), i = 1,7),

)) i = 1,r), where m;;(t) are the Poisson processes with parameters
which are independent at different indexes and independent of 7.

where 0(a@) =
| = (mi(r(a
(@)pij (@)

It is easy to see that an RPSM constructed by variables {7(a), (@)} is asymptot-
ically equivalent to @, () in the region {Q,,(t) > 0}. Calculating the moment func-
tions according to Theorems 4.3, 4.4, we obtain that E£(a) = b(a) and Ep(a)p(a)*
= D(a)?, where

pla) = @)~ (@) —

e (T(@) — m(@)).
Our conditions imply the conditions of Theorems 4.3 and 4.4 and finally prove the
statement of Theorem 5.10. O

The results of Theorem 5.10 are also valid when the service rates at each time ¢
are the functions of the form p;(Q,,(t)/n).

2

Note that when the variables 7(&) have the exponential distributions, o (&)
m(a)? and we obtain the result of Theorem 5.7 for Markov networks (Mg /Mg/
1/00)".

Using Theorems 4.5, 4.6, these results can be extended to the state-dependent net-
works with semi-Markov input of the type (SM /Mg /1/00)" and also to the models
with batch entry and service. The general form of representation of our network also
makes it possible to consider networks with impatient calls and unreliable servers.

These results show that a technique based on limit theorems of AP and DA types
for SPs provides us with a new analytic approach in the approximate modeling of
transient and stable regimes for rather complex queueing models under heavy traffic
conditions. Instead of a direct simulation, we can use a simpler approximate analytic
relation

Qn(nt) = ns(t) + Vn((t),

where the function 5(¢) and the process ((t) satisfy the differential and stochastic dif-
ferential equations with coefficients that are calculated using the first and second order
moment functions of the increments of original processes in switching intervals. This
approach also provides us with the possibility to estimate various reliability character-
istics and cost functionals of the system.
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Chapter 6

Systems in Low Traffic Conditions

6.1. Introduction

Real life mathematical models of computing systems, telephone and communica-
tion networks usually have a complex hierarchical structure and operate at different
scales of time. Even for Markov models, exact analytic solutions can be obtained only
for special rare cases. Therefore, asymptotic methods and approximating techniques
play a very important role in investigation and modeling.

In many models of practical interest, usually “small parameters” are present, e.g.,
the rate of incoming calls in a system is much smaller than the rate of service (in
queueing theory it is called “low loading” or “fast service”). These small parameters
give rise to the analysis of so-called flows of rare events in reliability and queue-
ing theory. In applications rare events usually mean different types of failures, exit
times from a particular region, losses of calls, exceeding some level, etc. Any reader
interested in this can find a survey of results devoted to the analysis of rare events in
queueing systems in [KOV 94].

When studying various classes of computer and telecommunication systems we
often encounter cases when there are different scales of time corresponding to different
processes in the system. That means the corresponding stochastic process may have
transition rates or transition probabilities of different orders. To analyze these classes
of models, a novel approach is developed which is based on using the so-called S-sets
(asymptotically connected set) introduced by the author in [ANI 70, ANI 74]. The
method of S-sets allows us to study the asymptotic behavior of the first exit time from
a subset of states of Markov and semi-Markov models. In queueing applications this
means that we can study the asymptotic behavior of the time of the first loss of a call
for Markov and semi-Markov type queueing models with a finite number of states
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and in the case of “fast” service or “low” loading. Various applications of this method
can be found in Anisimov et al. [ANI 87], Anisimov and Sztrik [ANI 89b, ANI 89a,
ANI 89c], Sztrik and Kouvatsos [SZT 91], Anisimov [ANI 97, ANI 00a], Anisimov
and Kurtulus [ANI 01] and Sztrik [SZT 92].

This chapter is devoted to the asymptotic analysis of the special type rare events for
Markov and semi-Markov processes with finite state space — first exit time from a sub-
set of states, and applications to the analysis of the first loss of a call in queueing mod-
els with transition rates of a different order. First, we study the asymptotic behavior of
the first exit time from the fixed subset of states of a Markov or semi-Markov process.
Then we investigate the asymptotic behavior of the time of the first loss of a call for
some types of Markov and semi-Markov queueing models and for several classes of
Markov multiserver retrial queueing models. Note that some results devoted to the
asymptotic analysis and Poisson approximation of flows of rare events on trajectories
of the processes with discrete components are also obtained in [ANI 70, ANI 74].

The basic assumptions are that the rate of service is large (“fast” service of “low”
traffic), or the retrial rate is large. We assume that the characteristics of the system
depend on a particular scaling parameter n and we analyze the system as n — oo.
The method of S-sets and the properties of a special type of S-set called a “monotone
structure” are used to prove the exponential approximation of the time of a first loss
of a call under the appropriate scaling and the Poisson approximation of the flow of
lost calls.

6.2. Analysis of the first exit time from the subset of states

The presentation of the following sections mainly follows the author’s papers
[ANI 70, ANI 74, ANI 97]. An important notion of an S-set (asymptotically con-
nected set) is introduced and an exponential approximation for the first exit time from
the S-set is considered. A special class of hierarchical type S-sets, a monotone struc-
ture, is studied. The results of this part provide the reader with the analytical technique
for the analysis and simulation of reliability characteristics of hierarchical Markov and
semi-Markov models, and, in particular, queueing models.

6.2.1. Definition of S-set

Let 2k, k > 0, foreachn = 1,2, ... be an MP with finite state space X = {0, 1,
2,...,r} given by amatrix of one-step transition probabilities P, = |[px (i, j)ll; j—57-
Let Xy be a particular fixed subset of X. Without loss of generality we can take
Xo={1,2,...,r}. Denote by

Vn(i):min{k:k>0, Tk §ZX0}, 1 € Xy, (6.1)

the first exit time from X starting from state ¢ € X.
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DEFINITION 6.1. The subset X is called an S-set if for any i,j € Xo, as n — oo,

P{lhere exists k, k < v, (i) such that X,y = j | X0 = z} — 1.

This means that as n — oo the probabilities of exit from the states of a subset X
tend to zero and the probabilities of transitions between the states in X are changing
in such a way that starting from any state the process will visit all states in X before
exit with probability tending to one.

6.2.2. An asymptotic behavior of the first exit time

Now consider the first exit time from the subset of states of an SMP. Let x,,(¢) be
an SMP with finite state space X = {0,1,...,r} given by the embedded MP x,,;, and
by the family of sojourn times {7,,(i), « € X}. Let Xo = {1,2,...,7}. Given that
2,(0) =i € X, denote by

Qn(i) =inf {t: ¢ >0, z,(t) & Xo} (6.2)

the first exit time from the subset X starting from state ¢ € X.

Consider the limit behavior of the variables v, () and (7). Let us construct an
auxiliary MP Z,,;, with state space X and matrix of transition probabilities P,,(Xy) =
Hﬁn(za ])”’ Z?] S XO’ where

~ f. . .. . -1 .o
pn(lvj) = pn(Zvj)pn(ZaXO) , 4,J € Xo,

pn(i,Xo) = Z pn(i,1).

leXo

Suppose that the subset X forms an S-set. Denote by 7, (i), i € Xy, a stationary
distribution for MP Z,,;, (which exists at least at large enough n) and define

gn(XO) = Z %n(z) (1 _pn(i’XO))v (6~3)

i€Xo

where g,,(X() means the stationary (or aggregated) probability of exit from X.

THEOREM 6.1. Let the set X form an S-set and there exist a normalizing factor (3,
and functions a;(0) (a;(£0) = 0) such that as n — oo,

90 (X0) (1 = Bexp { — Bubma(i)}) — as(6), i€ Xo. (6.4)

Then for any initial state iy € X,

Tim Bexp { — 8,00 (io) } = (1+ A(6)) ",
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where

A(6) = lim > Fali)ai(0). (6.5)

1€Xo

The proof can be found in [ANI 70, ANI 74], Anisimov et al. [ANI 87]. It is based
on the asymptotic analysis of the matrix equation for the characteristic function of the
normalized vector {3,2, (i), © € Xo}, the recurrent aggregation technique, and uses
the representation

(1= Po(X0)) ™" = 9a (X)L (Xo).

where 1 is the unit matrix, and IL,(Xo) = |7, (i)(1 + 0;;(1))]], 4, j € Xo.

An algorithm on how to check whether a particular subset forms an S-set or not is
also given in these papers.

Note that the asymptotic distribution of the exit time from the S-set does not
depend on the initial state. This fact allows us to consider an asymptotic aggregation
of the state space of S-sets and will be used in the following chapters.

Consider the exit time v,(7) from a subset of an MP. In this case we can take
7,(1) = 1 and, as a consequence, the following result is true:

COROLLARY 6.1. Ifthe set X forms an S-set, then for any iy € X,
lim P{gn (Xo)Vn (io) > t} =exp{—t}, t>0. (6.6)

This means that the exponential approximation of the first exit time from any sub-
set forming an S-set is valid with the natural rate which is the stationary probability of
exit. In [ANI 88a] the proximity estimates of the rate of convergence in (6.6) are also
given.

Now consider the exponential approximation of the exit time 2, (ig) from a subset
of an SMP.

COROLLARY 6.2. Suppose that the expectations of sojourn times my, (i) = Er,(4)
exist, my, (i) — my, i € Xo, and for any i € Xo, E7,,(i)? < C' < co. Denote
M = lim > Fnli)ma(i).
1€Xo

If the set X forms an S-set, then for any ig € Xq the variable g,,(Xo), (i)
weakly converges to the exponential random variable with parameter M ~".

The proof follows from relations (6.4), (6.5) where in this case a;(0) = m;0,
i€ Xop.
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Now consider as important for queueing applications the case when z,,(t), t > 0,
is a continuous time MP.

COROLLARY 6.3. Suppose that the process x,(t), t > 0, is a continuous time MP
given by the embedded MP with matrix of transition probabilities P,, and by exit rates
A (1), i = 1,1, the set X forms an S-set and, as n — oo,

min A, (i) /=0, Y Tu(i)/An(i) - 0.

1€Xo

Then the distribution of (3,,S),, (io) weakly converges to the exponential distribution
with parameter 1 where

-1
Bn = gn (XO) ( Z 7Flv—n(l)/)‘n(l)) :

1€ X0

Note that in this case 3,, is asymptotically equivalent to the expression

i€Xo kg€ Xo

where A\, (4,7), 4,7 € Xo, ¢ # j, are the transition rates of z,(-) and p, (%), ¢ € X,
is the stationary distribution of the auxiliary continuous time MP with state space X
and transition rates A, (i, ), ¢,7 € Xo, 1 # J.

Note that the value 1~\n (Xo) represents the stationary (aggregated) rate of exit from
Xo.

These results show that for finding a normalizing coefficient and the parameter in
exponential approximation of exit time from the subset we need to estimate the main
order of stationary probabilities 7, (i), i € Xy, for the auxiliary MP Z,,. In practical
applications it can be a separate, rather complicated problem.

Suppose now that after leaving the subset X the system returns again to X after a
random time. Denote by Y,,(¢) the number of exits (which corresponds to the number
of lost calls) in the interval [0, ¢]. Using the asymptotic exponentiality of exit time the
following statement can be proved:

STATEMENT 6.1. If the return time to X is stochastically bounded uniformly in n,
then for any initial state i € X the process Y, (3, 1t) J-converges to an ordinary
Poisson process. The parameter of this process is the same as the parameter of the
exponential distribution in the approximation of exit time.
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6.2.3. State space forming a monotone structure

Now we consider an important class of MPs where the state space forms a special
monotone structure introduced in [ANI 87] (see also [ANI 97, ANI 00a]). In this case
it is possible to derive the explicit formulae for the main order terms of the stationary
probabilities of the S-set. Models of this type usually appear at the asymptotic analysis
of wide classes of queueing models and reliability models with transition rates of
different orders (fast service, low input, etc.).

Let x5, kK > 0, be an MP with finite state space X. Suppose that X can be
represented in the form X = UT;Ol(XS,s), where X5, s = 0,1,...,m + 1, are
some subsets. The individual states can be represented in the form {(I, ¢)}. Consider
a subset of states Z = {(i,s), i € X5, s = 0,m}. Denote by p,((4, s), (J,q)), the
one-step transition probabilities.

DEFINITION 6.2. The subset Z = {(i,s), i € X,, s = 0,m} is called a monotone
structure of the order m if the following asymptotic relations hold:

1 pn((i,9),(4,s+ 1)) = en(s)aij(s)(1 +0(1)), i € X, j € Xgq1, s =0,m,
where e,,(s) — 0 for any s;

(
2.pn((2,8),(J,s+k)=0i€ Xy, j € Xeyp, s=0,m—2,k>1;
3' pn((la 5)7 (]7 S)) = pz](s)(l + 0(1)), Z,] S Xs, S = 07m,

where for each s = 1, m the matrix I — P(s) is invertible, and P(0) is an irreducible
matrix with stationary distribution 7;, i € X (here P(s) = ||pi;(s)||, ¢,j € Xs), L is
the unit matrix and o(1) — 0 as n — oc.

Figure 6.1 provides an illustration of the state space of the monotone structure.

I\
Zm

z €0 €@

z z, Ze

Figure 6.1. Monotone structure



Systems in Low Traffic Conditions 181

Let us call the subset of states Z, = {(4,¢), i € X,} a ¢-level. Denote

pn((i,s),Z): Z pn((i,s),(l,g)),

(l,g)ez

bi = Z aik(m).

k€Xm41

and

_ Denote also by 7, (s) = (mn(i,8), i € Xg), s = 0,m, T = (m, i € Xo) and
b = (b;, i € X,,) the row-vectors, where 7,,(7, s) is a stationary probability of the
state (4, s) for the MP with state space Z and matrix of transition probabilities

ﬁn(Z) = ‘pn<(i,5>, (j,q))pn((i78)7 Z)_l ) (i,s), (]7 Q) € Z.

THEOREM 6.2. If the state space Z = {(i, s), i € X5, s = 0,m} forms a monotone
structure, then it also forms an S-set and for any ¢ = 1, m the following representa-
tions hold:

W(HA I —=PG+1)) 15n(j)> (1+o0(1)), 6.7)
and

W<HA )(I—P3G+1) 1en(j)>sn(m)b*(1+o(1)), (6.8)

() =

where A(s) = ||a;;(s)], s,
Ck)C(k+1)---C(s)ask < s, and o(1) — 0.

S
=k

The proof is provided recursively to the order of the monotone structure. The main
problem is in the approximation of the stationary probabilities. First, it can be shown
that as n — oo,

q—1
=O<H€n(s)>, i=T1,r, q>0.
s=0

Then from the matrix equation for stationary probabilities

Tn(q) = ﬁn(q)Pn(q) + ﬁn(q - 1)5n(q - 1)A(q - 1) +0 < H En(5)> , (6.9

s=0
where P, (q) = [lp((i,9), (4, 9))|. i, j € X4, we obtain

_ ~1
Tn(q) = Tn(q — 1D A(g—1)(I = Pu(q))  enlg—1)(1+0(1)),
and this implies (6.7). The expression for g,,(Z) follows from (6.3).
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6.2.4. Exit time as the time of first jump of the process of sums with Markov switch-
ing

Now let us consider an equivalent representation of the first exit time in terms of
the first time of occurrence of the Bernoulli event on the trajectory of some auxiliary
MP, which is useful for future exposition. We introduce an auxiliary MP 7,5, with
state space X and matrix of transition probabilities P, (Xo) = ||pn (4, )|, i, 7 € Xo,
where

~ o ) -1
pn(zmj) :p'rl(27])p7L(ZvX0) ) Za.] € X07 (610)

and p,, (i, Xo) is defined as p,, (i, Xo) = ZleXo pn (i, 1).
Let us define a family of jointly independent random indicators {x (i, k), ¢ € X,

k > 0} such that P(x,,(i,k) = 1) = 1 — P(xn(i, k) = 0) = 1 — p,(4, Xo), and
construct a process of Bernoulli variables on the trajectory of Z,,; in the form:

Yn(m) =D xn (Tar, k), m > 0. (6.11)
k=0

Let 7, (¢) be the time of the first jump of y,, (m) given that Z,,9 = i € Xo:
Up (i) = min {m :m >0, yo(m—1) = 1} (6.12)

Comparing the distributions v,,(¢) and v, (¢), we can straightforwardly prove:

STATEMENT 6.2. For any i € X, the distributions of the variables v,,(i) and vy, (i)
coincide.

A similar result is valid for SMP. Let us define an accumulating process
nn(m) on the trajectory of the auxiliary embedded MP Z,,;, given by transition
probabilities p,,(i,7),4,j € Xo (see (6.10)) using the sojourn times of the SMP
2 (t). For this purpose we introduce a family of jointly independent random variables
{mn(i,k), i € Xo, k > 0} such that for any 4, k the distribution of 7,, (i, k) coincides
with the distribution of a sojourn time 7,, (7). Let

Mn(m) = Tn (Enk, k)7 m >0, (6.13)
k=0

and let ﬁn(z) be the value of y,(-) stopped at the time 7, (%) (see (6.12)) of the first
jump of y,,(m) given that T,,0 = i € Xo:

(1) = 7 (T ().

Comparing the distributions of the variables (2,,(7) in (6.2) and ﬁn(z), we can
straightforwardly prove the following statement (see [ANI 87]).
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STATEMENT 6.3. Forany i € Xy, the distributions of the variables Q,, (i) and Q. (i)
coincide.

These results mean that the problems of asymptotic analysis of the variables €2,,(7)
and Qn( J) are equivalent and open the possibility of using limit theorems for accu-
mulative type processes with Markov switching for studying the asymptotic behavior
of exit time. For example, the asymptotic analysis of flows of rare events constructed
on the trajectories of stochastic systems (or switched by some random environment)
is given in Chapter 3 (see also [ANI 83, ANI 88b, ANI 00a]). In the case when the
switching system satisfies an asymptotically mixing condition, the Poisson approxi-
mation is proved. This implies the exponential approximation for the time of the first
jump.

These results allow us to study the asymptotic behavior of the time of first loss of a
call for wide classes of queueing systems and networks with a finite number of states
and fast service or low loading (see [ANI 87, ANI 89b, ANI 89a, ANI 89c, ANI 00a,
ANI 97]). Note that the asymptotic behavior of first exit time from a fixed subset of
states for Markov and semi-Markov processes was studied independently by the author
[ANI 70, ANI 74, ANI 87] and by Korolyuk and his pupils [KOR 69, KOR 93].

In addition we note that, as follows from Theorem 6.1, the asymptotic behavior
of the exit time from the S-set does not depend on the initial state. This provides us
with the possibility of studying models of the asymptotic aggregation of state space in
Chapter 8 (see also [ANI 73, ANI 87]).

6.3. Markov queueing systems with fast service

In this section we consider several examples of queueing systems in the conditions
of “fast” service (or “low” traffic) illustrating the use of the S-sets technique. We
study the time of the first loss of a call in the system and derive the parameter of the
approximating exponential distribution using the notion of a monotone structure.

6.3.1. M/M/s/m systems

Consider a traditional Markov queueing system with losses. The calls arrive at the
system according to a Poisson flow with rate \. There are s independent identical
servers with service rate p,, where the service rate depends on a parameter n. The
system has m waiting places. The call entering the system occupies the server or joins
the queue if the server is busy. If all servers and all waiting positions are busy, the call
is lost. On service completion the call leaves the system and the server immediately
takes the next call from the queue if there are some waiting calls. Otherwise it waits
for the next arriving call.

Suppose that the service is asymptotically fast, i.e., u,, = nu where n — oo.
Denote by Q. (t) the number of calls in the system at time ¢. Let 2,,(¢) be the time
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of the first loss of a call given that @, (0) = ¢. We study the asymptotic behavior of
Q,(q) asn — oo.

It is easy to see that the process @), (t) is a Birth and Death process with state
space Z = {0,1,...,s 4+ m} and birth and death rates in state ¢, A\ and min(q, $) iy,
respectively. Consider an auxiliary system with an infinite number of waiting places
and denote by @,,(t) the number of calls in this system at time ¢. Then @, () is a
Birth-and-Death process with state space Z = {0, 1, ...}. Given that Q,,(0) = ¢, we
can represent €2,,(q) as the first exit time from a subset {0, 1,..., s+ m}:

Qu(q) =min{t: ¢t >0, Qult) > s +m}.

Let p,,(q, s) be the transition probabilities of the embedded MP. Then p,, (¢, ¢+ 1)
= A\ + min(q, s)u,) "%, and for ¢ > 0, p,(q, ¢ + 1) &~ n~'\/(min(q, s)u). There-
fore, the state space Z forms a monotone structure of the order s+m— 1, where 0-level
is the subset Zy = {0,1}, g-level is the subset Z, = {¢+ 1}, 0 < ¢ < s +m — 1,
aij(q) = a(q) = A\/(min(g+1,5)p), ¢ =0,1,...,and e,(q) =n"".

Let 7, (k), k > 0, be the stationary distribution for the embedded MP. We can
easily see that limits lim,, . 7, (k) = 7, k = 0,1, exist and mo = m; = 1/2. Then,
using the matrix relation in Theorem 6.2, we obtain

(k) = nkl—lml(l)(k_)\f)!;k—l(l +0(1)), fl<k<s,
1 k-1

(k) = Fﬂ'n(l)w(l +0(1)), ifk>s,

and
gn(Z) = #G(l +0(1)),
where:
A\s+m
= Salsm et

Finally, Theorem 6.1 implies that for any i € Z,

—

n~ TGO, (i) = My,
where

M = nh—>Holo GZZ WH(Z)ETn(l),
i€Zo
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7 is exponentially distributed with parameter 1, and 7, (4) is the sojourn time in state
¢ which is exponentially distributed with parameter A 4+ n min(é, s)u. It is easy to cal-
culate that M = 1/(2)). Rearranging the terms we get n~(+t™)Q, (i) ~ G~ M.
From the above relations, by setting 3, = n~(**"), we obtain the following result:

COROLLARY 6.4. For the system M /M /s/m under the assumption of fast service for
any q < s +m,

lim P{n~""°Q,(q) >t} = exp{—At}, >0,

n—oo

where A = (s!s™) "1 \p*t™ p = \/p.

Correspondingly, the flow of lost calls in the interval [0,n™V*t] weakly converges
to a Poisson process with parameter A.

6.3.1.1. System My /M /1/m in a Markov environment

As an illustration of the wide possibilities of this technique which also allows
us to consider an asymptotic aggregation of the state space of a system, consider an
example given in [ANI 97]. Let z(t), ¢t > 0, be a continuous time MP with finite state
space {1,2,...,r} given by the transition rates {a;;, i = 1,7, j = 1,r, i # j}
Denote a;; = Y, ;i 0ij- Let the non-negative values {M\k, k = 1,7} also be given.
The arrival process is switched by an MP x(t): as z:(t) = k, the instantaneous arrival
rate is Ax. We can also call this a Markov modulated arrival process [NEU 89]. The
system has [ labeled servers and the server ¢ has the service rate u,, (i), i« = 1,[. The
system also has m waiting places. The call entering the system either occupies the free
server with a minimal label or joins the queue if no servers are available. After service
completion, the first waiting call in the queue immediately goes for service if there are
waiting calls. Otherwise, the server waits for the next call to arrive. If all servers and
all waiting places are busy, the new arriving call is lost. We suppose that the service is
asymptotically fast in the sense that

fin (i) = npg,  i=1,1, (6.14)

where n — o0. Denote by @, (t) the number of calls in the system at time ¢. Let
Q,,(k, ) be the time of the first loss of a call given that z(0) = k, Q,(0) = j. We
study the asymptotic behavior of €, (k, j) as n — oc.

To describe the system as a multicomponent MP, we introduce the indicator of the
state of the ith server: 0;(t) = 1, if at time ¢, ith server is occupied, and 9;(t) = 0
otherwise. Consider a multicomponent process z, (t) = (x(t), Q. (t), (), i = 1,1),
t > 0. This process is a homogenous MP in continuous time with state space [ =
{(6,q,51,---,51), i € {1,2,...,7r}, ¢ € {0,...,1+ m}}, where the components j;,
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i = 1,1, take values 0 or 1. Introduce subsets:

I, ={(i,s,1,1,...,1) :ie{1,2,....r}} asl<s<l+m.

Ifji=go==Jjs=1Js41 = Jsy2 = --- = ji1 = 0, and s < [, denote for
simplicity the state (¢,¢,1,1,...,1,0,...,0,0) as (¢,s). The state (i,s,1,1,...,1)
at! < s <1+ m is also denoted as (4, s).

Then we can calculate the transition probabilities of the embedded MP between
states (4,5):if0 < s <l+m

pn((iv 5)7 (.77 5)) = a'ijcn(8>; pn((ia 8)7 (i7 s+ 1)) = )\icn(s);

pn((iv S)a (iv s = 1)) = n(Z/‘Lk> Cﬂ(s)v

k=1

where

Sy -1
cn(s) = ()\Z- + a;; + nZuk> , s =min(s,l).

k=1

It is not difficult to calculate the transition probabilities between other states and
to see that the state space I forms a monotone structure of the order [ + m — 1, where
0O-level is the subset Zy = Iy U Iy, g-level is the subset Z; = I;11,0 < ¢ <1+ m,
and we can choose ,,(¢q) = 1/n.

It is also easy to see that for 0 < ¢ < [ + m the transition probabilities at any
level Z, tend to zero. This means that in Definition 6.2 of a monotone structure
P(q) = 0as0 < g <1+ m.Let {m,(¢,$,J1,-..,71)} be the stationary proba-
bilities of the embedded MP. Using the structure of transition probabilities we can
calculate in a recursive way in ¢ = 1,2, ... that for each level Z,, ¢ > 0, for the
states in the form (i,q), i = 1,7, m,(i,q) = O(n~9"1), and for other states at this
level 7,,(7,q,...) = O(n™9). This means that the subset of states {(7,q), i = 1,7}
accumulates the main order of stationary probabilities at the g-level. As from 0-level
to the 1-level the process can only come through the states (i, 1, 1) (we denoted them
as (i, 1)), we obtain from (6.7) that for¢ > 1,i = 1,7,

q—1 ! -1
Tn(iyq) = n~ T, (i, 1)AT! H (Z“k> (1+0(1)). (6.15)
s=1 k=1
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As the level Z forms in a limit one essential class, then the limits

lim m,(i,s) =n(i,8), i=1,r, s=0,1,

n—oo

exist and satisfy the system of equations:

m(i,0) = 3 w(k, 0) 4 7(i, 1);

. Ak + akg
W (6.16)

oy
i+ ai’

w(i,1) = 7(i,0) =17

These equations yield

w(i,O):Bm(Ai—l—aii); W(i,l):Bﬂi)\i, t=1,7r,

where B = (3 _; 7 (2\, + agk)) "', and m;, i = 1,7, is the stationary distribution
of an MP z(t). Finally (6.15) implies:

g—1 s -1
(i, q) = n~ T Bm! H (Zuk> (1 + 0(1)), i=1,r, ¢ >0,
s=1 \ k=1

and

l —m—=1,_4 s -1 5
9n(2) :nlmB<Zuk> (Z“J) ST mAFT (1 4 0(1)),

s=1 i=1

6.17)

where H(l) = 1. Set 3, = n~!=™. As in each state of the type (i,q,...), ¢ > 0, the
sojourn time has an exponential distribution with parameter tending to oo, using the
Corollary 6.2 and formulae (6.15)—(6.17) we prove the following result:

COROLLARY 6.5. For the system My /M /l/m under assumptions (6.14) of fast ser-
vice for any i = 1,7, ¢ < | +m, the variable n='="Q,, (i, q) weakly converges to the
exponential random variable with parameter

l —m—=17_4 s -1 4
e (Z) II (Z) > mAl
k=1 s=1 j=1 i=1

and the flow of lost calls y,, (n!*™t), t > 0, weakly converges to a Poisson process
with parameter A.
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In particular for the system M /M /1/m with Poisson arrival process with parame-
ter A and [ identical servers with service rate nu we obtain

A= l—m(“)—l)\()\/u)l—km.

This is in agreement with the result of Corollary 6.4.

6.3.2. Semi-Markov queueing systems with fast service

Consider a system SM /M /1/m with semi-Markov type input and losses. Let x(t),
t > 0, be the right-continuous SMP with finite number of states {1,2,...,7} given
by the family of sojourn times {7;, = 1,7} and embedded MP zy, k > 0, with
transition probability matrix P = [|p;;|; ;_17- Alsolet 0 = to < t; <5 < --- be
the times of sequential jumps of x(¢). Suppose that the calls enter the system one at a
time at the times ¢;. The system has [ servers (for simplicity we suppose that they are

identical), m waiting places and exponential service with parameter nu, > 0.

Denote as before by @Q,,(t) the number of calls in the system at time ¢ and study the
asymptotic behavior of £, (k, ¢) (the time of the first loss of a call given that z(0) = k,
Q,(0) = ¢). Let us consider the two-component process &, (t) = (z(t), Qn(t)).
This process can be represented as an SP (more general example was considered
in section 2.2.2.1). Since calls can be lost only at times ¢; we can consider more
simple embedded SMP z,(t) = (x(t), Q,(t)), where in the interval ¢ € [t;,tr11),
Qn(t) = Qn(tk + 0)

For the process z,(t) we introduce the embedded MP z,,;, = (2, Qnk), Where
Qni = Qn(tr +0). Let p, ((4, 8), (4, q)) be the transition probability from state (4, s)

to (4, q) for the process z,; and 7,,((4, s), (4, ¢)) be the time of this transition for the
process 2y, (t). Denote G;(x) = P{1; < x}, i = 1,r. We suppose that

Gi(+0) =0, i=T,r. (6.18)

Let us introduce the values

v (i, 8) = / exp ( — n,usl:c)dGi(x), 1=1,r, >0,
0

where s; = min(s, ). It is easy to see that lim,, oo v, (i, 5) = 0, s > 0, and

pn((3,8), (4,8 + 1)) = pijonli,s), i,5=17,s>0;

lim p,((i,5), (j,5)) =0, i,j=Tr, s> 1

(6.19)

pn((3,8),(j,s+2)) =0, i,j=1r s>0;

pn(<i71>7(j71>) :pij(l _Un(i, 1)), i,j = 177’.
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Thus, the state space of the process z,; forms a monotone structure of the order
[4+m—1and the level gis a subset Z, = {(i,q+1), i=1,7},¢ =0,1,...,l+m—1.
Suppose that there exist constants b(7, s) and a normalizing factor ~,, — 0 such that,
asn — oo,

Uy (i, 8) = b(i,s) (1 +0(1)), i=T1,7, s>0. (6.20)

Thus, (6.19) implies
(i, 1) = 7r¢(1 + 0(1)), 1=1,r,

where 7, (4, s) is the stationary distribution for the process z,, and 7; is the stationary
distribution for the MP x;..

Further we denote A(s) = ||p;;b(i, s)
Theorem 6.2 we obtain that

Tn(s) =75 'TA(L) - A(s — 1) (1 + 0(1)), s>0,

,i,7 = 1,7, s > 0. Then according to

and

gn =T EAL) - AL - DAQD)™ T I(1 4+ 0(1)), s> 0,

where 7,,(s) = (mn(i,s), i = 1,7), ® = (m;, i = 1,r) are row-vectors, 1 is the unit
column-vector.

Now we need to check conditions (6.4). Suppose that there exist 0 < o« < 1 and
constants ¢;, ¢ = 1, r, such that

Eexp(—0r)=1-c¢0"+0(0%), i=1r. (6.21)

Using the inequality
o0 [ee) o0
| t@g@are < [ jware) [ sware.
—00 —00 —o0
which is true for any distribution function F'(x) and any functions f(z) > 0,

g(x) > 0, where f(z) and g(z) are non-increasing functions, it is possible to prove
that as n — oo,

Eexp ( — ﬁnGTn((i, 1), (7, 1))) =1- 75[”"@90‘ + o(vff’”),

and

pn((3,9),(4,q)) (1 — Eexp (8,07, ((4,5), (4,q)))) = O(v5t™)

I+m
foranyi=1,r,7=1,r,0 < q <s+ 1, where 3, = v~ .

Thus, according to Theorem 6.1 we obtain the following result.
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THEOREM 6.3. Under the assumptions (6.18), (6.20), (6.21) for any k = 1,r,
q <1+ m, asn — oo, the asymptotic relation

I+m 1
o

Eexp (— 0y Qu(k,q)) — (1+M6%) ",

is true, where
M = (chi) (ﬁA(l) AL - 1)A(l)m+11)71,
i=1

_ltm
and the flow of lost calls in the interval [0,~, * t| weakly converges to a recurrent
flow with the Laplace transformation of the interval-arrival time (1 + M)~ 1.

In particular for the system GI /M /1/m with recurrent input M = cb=™~1,

Some others models of renewable systems with fast service or fast repair were
considered in [ANI 87, ANI 89a, ANI 89b, ANI 89c]. Note that Theorem 6.1 implies
that the asymptotic distribution of the sojourn time in an S-set does not depend on
the initial state. This allows us to study the models of asymptotic aggregation of state
space [ANI 73, ANI 78, ANI 87, ANI 88b]. We also acknowledge other techniques of
studying rare events in queueing systems (e.g. [SOL 71, KOV 80, KOV 94]).

In conclusion of this section we stress that the asymptotic behavior of the time of
first loss of a call is not invariant concerning the mean characteristics of the input flow
and service time. In fact, this behavior is determined by the normalizing coefficient
~n and by the value M. The value M is determined by the behavior of the functions
G;(x) as © — oo. If the mean values of the variables 7; exist, then M is invariant
concerning the means. However, the order of ~,, is determined by the behavior of
G () in the vicinity of zero. For example, if G;(x) ~ z® as x — 0, then y,, ~ ¢/n®.
Therefore, it is not difficult to construct three queueing models with the same means
of the times 7; such that for one system the variable €2, (k, ¢)/n converges to the
exponential distribution with a parameter A (0 < A < o0), and for two other systems
Q,,(k, q)/n converges to zero and to oo, respectively.

6.4. Single-server retrial queueing model

In the following sections we consider the applications of the method of S-sets to
the asymptotic analysis of retrial queueing systems. The presentation follows [ANI 01,
ANI 00b].

Consider a single-server retrial queueing model with m waiting places for calls
in the retrial group and losses. It operates in the following way. The arrival process
is a Poisson process with rate A. Arriving calls are identified as primary calls. If the
server is free, then the arriving call immediately goes to service. After service comple-
tion the call leaves the system, otherwise, if the server is busy and there are less than
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m calls waiting in the retrial group, the arriving call joins a retrial group (orbit) and
becomes a source of repeated calls — secondary calls. On the other hand, if a primary
arriving call finds the server and all of the waiting positions in the orbit occupied,
the call will be lost. Each call in the orbit produces a Poisson process of repeated
attempts with rate v. If a secondary call finds the server free, the service immediately
starts and after completion of service the call leaves the system. We assume for sim-
plicity that the distribution of service time is exponential with parameter p for both
primary and secondary calls and the input flow of primary calls, attempts for service
of different retrial calls and service times are jointly independent. This model is called
an M /M /1/m/wr retrial model. A similar system with m servers was described in
section 5.4.3.

This section deals with the analysis of the time of first loss of a call in
M/M/1/m/wr queueing model. The method of analysis is based on the results of
the asymptotic behavior of the first exit time from the fixed subset of states forming a
monotone structure given in the previous sections. First, we consider the asymptotic
behavior of the system under the assumption of fast service. Then we consider the
system under the assumption of both a fast service and large retrial rate. Finally, we
consider the system operating in a Markov environment and under the assumption of
fast service. We derive the expressions for the parameter of exponential distribution
in asymptotic approximation of the time of first loss of a call for these models.

Suppose that the service rate . = i, and the retrial rate of secondary calls v = v,
may depend on some scaling factor n, n — oco. Without loss of generality we assume
that the arrival rate A does not depend on n. Consider the following cases:

Case 1: p,, = nu (fast service), v, = v (usual retrial rate), n — oc.

Case 2: u,, = npu (fast service), v, = V,,v (large retrial rate), n — oo, V,, — oc.

Denote by Q,,(t), t > 0, the number of sources of repeated calls (the number of
calls in the orbit) at time ¢, and let the component d,,(¢) denote the state of service at
time ¢ (0,,(¢t) = 1 if at time ¢ the server is occupied and d,,(¢) = 0 otherwise).

Let ©,,(J, q) be the time of first loss of a call given the Q),,(0) = ¢ and 9,,(0) = 7.,
0<qg<m,j=0,1,and Y, (t) be the number of lost calls on the interval [0, t]. We
study the asymptotic behavior of £2,,(j, ¢) as n — .

6.4.1. Case 1: fast service

THEOREM 6.4. For the model described above under the assumption of fast service
(case 1), if X\ > 0, p > 0, v > 0, then for any initial state (§,q), 0 < ¢ <m, j =0,1,
the distribution of the normalized random variable n="~'Q,,(j, q) weakly converges
to the exponential distribution:

lim P{nfmflﬁn(j7 q) > t} =exp{—At}, ¢>0,

n—oo
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where

Y m+41 ™
P H(A +kv), p=Xp (6.22)
k=1

T omlym

Proof. Consider a multicomponent process z, (t) = (3, (t), @n(t)), ¢ > 0. Process
2, (t) is a continuous time homogenous MP with state space

Z={(,9),j=01,9¢=01,....,m}

and describes the queueing process in the system. Denote by @n (t) the number
of retrial calls in the auxiliary system with infinite number of waiting places in
the orbit and put Z,,(t) = (d,(t), @n(¢)). Then Z,(t) is an MP with state space
{0,1} x {0,1,...} and Q,,(4, ¢) is the first exit time of Z,, (¢) from the subset Z:

Q,(j,q) =min {t : t > 0, Qu(t) > m given Q,,(0) = ¢, 5,(0) = j}.

Transition rates of the process z, () can be easily calculated and it can be seen
that the subset Z forms a monotone structure (see Definition 6.2) where at each fixed
g =0,1,...,m, the subset Z, = {(j,q), j = 0,1} forms g-level. The monotone
structure for the model and corresponding transition probabilities are shown in Fig-
ure 6.2 where oy, 3, and ¢,,(¢) are defined as

qu A 1A
) ﬂq:)\ 5 .
+qu n g

A sojourn time in state (7, ¢) for the process z;, () has an exponential distribution
with parameter

Adnp ifj=1,

An '7 =
U a) {)\—i-qu ifj=0.

The transition probabilities are:

pa((1,9), (1,q+1)) = %% — 0, pa((0,9),(1,¢ - 1)) = /\iyq,/»
pn(((),q),(].,q)) = )\‘FQV’ pn((17Q)7(07q)) = /\ZMTL/.L — L

Now we can directly apply matrix relations of Theorem 6.2. Denote by 7,,(¢) =
(mn(0,q), ™, (1, q)) the stationary distribution of the embedded Markov process for
zn(t) and let m; = 7(4,0),4 = 0,1 (T = (mp, 7)) be the limiting stationary distri-
bution for the states of Zy = {(0,0), (1,0)} (0-level). Since Z, forms one essential
class in the limit, these limiting probabilities exist and we can easy calculate that
g = 71 = 1/2.
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level-(g-1) level-(q) level-(q+1)

Figure 6.2. Monotone structure for single-server model with fast service

In matrix relations (6.7) of Theorem 6.2, the matrices A(j) and P(j) are

0 0 0 A
A=y ] o= RS

Therefore, the stationary distribution of the states of the embedded MP for z,,(t)
can be represented as

)\ —1

0 o 0 ~—F—7+ 1
ﬁn(q)zﬁn [0 A/ﬂ] I— A+ G+ - (1+0(1)).
j=0 1 0
Rearranging terms, we obtain
- A
q—1 .
_ _ 0 0 ]A+U+w |l —7—— |1
(q) = SRR A G+Dr | =] (1+0(1)).
=7 0 ] o L NFGEY| ) (ko)

After some algebra we obtain

q

_ 1 pf o
Tn(q) = qu!j 1_[1()\ +jv)e(l+o(1)), ¢=1,2,...,
]:
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where p = A/ and € is the unit vector. Note that

= O<1:[en(s)>.

The expression for g,,(Z) can be obtained in the same way:

1 pmtl ‘ 1
mrrEs il b jl;[l(A +v)(1+0(1)) = —5G(1+0(1)).

gn(Z) =

—m—1

If we set the normalizing coefficient 5, = n in relation (6.4), then we obtain:

0 asqg >0, 7=0,1,
agjg)(0) = 0 asqg=0,j=1,
G IA\19 asq=0,j=0.

Therefore, for the value A(6) in (6.5) we obtain: A(#) = mo(G\)~16. This means
that the limiting distribution is exponential with parameter A = m(G\)~!. After
simple transformations we obtain expression (6.22). O

6.4.1.1. State-dependent case

These results can be extended to the case when the arrival, service and retrial rates
may depend on the size of the queue. This means, the values A(k), u(k), k = 0,m,
and v(k), k = 1,m, are given. At Q,(t) = k, the instantaneous arrival rate is A(k),
the instantaneous service rate is nu(k) as k = 0, m, and the instantaneous retrial rate
is v(k) as k = 1, m. In this case using the same technique we obtain the following
statement:

STATEMENT 6.4. Assume that [, (A(k)p(k)) HJ 1v(j) > 0. Then for the state-
dependent retrial model M /M1/m / wr in the case of fast service the distribution of
the variable n=™"1Q,,(j, q) weakly converges to the exponential distribution with
parameter

1 k) + (k+ vk +1)
HE[ (k) 1;[ v(k+1) '

Denote by Y,,(¢) the number of lost calls.

NOTE 6.1. In both cases (homogenous or state-dependent model) process Y (n™*1¢)
weakly converges to an ordinary Poisson process with parameter A.
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level-(g-1) level-(q) level-(q+1)

Figure 6.3. Monotone structure for a single-server model with large service and retrial rates

6.4.2. Case 2: fast service and large retrial rate

Now we consider the system with a single server and m waiting places in orbit and
suppose that the service and retrial rates are both large in the sense that x,, = nyu and
v, = Vy,v. Again we study the asymptotic behavior of the time 2,,(j, ¢) of the first
lost of a call as n — oo, V,, — oo.

THEOREM 6.5. For the system described above (case 2), under the assumption that
the service and retrial rates are asymptotically large, if A > 0, u > 0, v > 0, then
for any initial state the distribution of the normalized variable n="~1Q,,(j, q) weakly
converges to the exponential distribution with parameter \:

lim P{n*mlen(j, q) > t} =exp{—At}, t>0,

n—oo

where A = \(\/p)™+1,

Proof. The proof is similar to the proof of Theorem 6.4. Consider an auxiliary mul-
ticomponent MP Z,,(t) = (§,,(t), @.(t)), t > 0. It can easily be seen that the sub-
set Z forms a monotone structure and at each fixed ¢ = 0,1,...,m the subset
Zy ={(J,q), j = 0,1} forms g-level. Figure 6.3 illustrates the monotone structure
of the model and corresponding transition probabilities.

In each state (j, ¢) the process z,,(¢) spends an exponential time with parameter

Anp  ifj=1,

An .7 =
U a) {A+anV ifj = 0.
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Denote as before p = \/u. The transition probabilities for the process are as
follows:

1 Vo
pa((L0), (Lat D)~ p— 0 pu((00), (La = 1) = 3P0 — 1,
pn((OaQ)v(LQ)) - mv pn((laq)v(o’q)) - )\+nu —1

Denote by 7,,(q) = (7,,(0,¢), 7 (1,q)), ¢ > 0, the stationary distribution of the
embedded Markov process for z,, (t), and let 7; = m0(5,0), j = 0,1, (T = (7o, m1))
be the limiting stationary probabilities of the level Z,. Again we can easily calculate
that mp = ™ = 1/2.

In the matrix relations of Theorem 6.2, matrices A(j) and P(j + 1) are:

an=[y 0. rasn=| ).

After some algebra the expressions for 7,,(¢) and g,,(Z) are obtained as

Tn(q) = Wlipqé(l + 0(1)),

1
_ m—+1
gn(Z2) = i TP (1+0(1)).

Setting 3,, = n~™"! we obtain the parameter of the limiting exponential distribu-
tion A = \p™+1. O

Note that in this case the answer does not depend on the value » > 0. However, if
v =0orv = v, — 0, the answer will be different.

Now consider a state-dependent case. Suppose that as @Q),,(t) = g, the instanta-
neous arrival rate is A(q), the instantaneous service rate is nu(q), ¢ = 0,m, and at
g = 1, m the instantaneous retrial rate is V,,(q). Here n — oo, V,, — oc.

NOTE 6.2. Suppose that [[;" o (A(k)u(k)) [Tj=, »(j) > 0. Then at the assumption
of large service and retrial rates, the statement of Theorem 6.5 also holds where the
parameter of exponential distribution becomes

B m M
A_)\(O)kljoﬂ(k),

and the process Y (n"*1t) weakly converges in any finite interval to an ordinary Pois-
son process with parameter A.

In this case the result also does not depend on values v(j) > 0, j = 1, m.
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6.4.3. State-dependent model in a Markov environment

Consider a Markov retrial queueing model of the type My;/Mys/1/m/wr.
It consists of one server and m waiting places in orbit. In addition to the system
M/M/1/m/wr described in the previous section, this system operates in a Markov
environment x(¢), ¢ > 0, where x(¢) is an ergodic MP with finite state space
X = {1,2,...,r} given by the initial state ¢ and transitions rates a;j, 7,j € X,
i # j. Denote by m;, ¢ = 1,r, the stationary distribution of x(t). Let A(¢, q), v(i, q),
w(i,g), i € X, q = 0,m, be given non-negative functions. Consider the case of
fast service. Denote by @, (t) the number of waiting calls in the retrial queue at
time ¢. Fast service here means that if z(t) = ¢ and Q,(t) = ¢, then A(7,q) is the
instantaneous input rate, (¢, q) is the instantaneous retrial rate and nu(i, q) is the
instantaneous service rate, where n is a scaling factor (n — o). In addition, denote
by Y,,(t) the number of lost calls in the interval [0, ].

Let £2,,(, 7, ¢) be the time of the first loss of a call given z(0) = i, @,,(0) = ¢ and
0, (0) = j. The asymptotic behavior of €2,, (3, j, q) as n — oo is studied.

THEOREM 6.6. Suppose that:

max A(i,q) >0, ¢ =0,m; maxv(i,q) >0, ¢=1,m;

i=1,r i=1,r
(6.23)
“min_ u(i,q) >0,
i=1,r7, q=0,m
and the condition of fast service holds. Then for any initial state (i, j, q) € Z,
lim P{n~™7'Q,(i,,q) > t} = exp{—At}, t>0, (6.24)
where
A =7AG(0)(I — B(1) = A(1)) (I = B(1))G(1) - --
(6.25)
- G(m —1)(I = B(m) — A(m)) " (I — B(m))G(m)e,
T is a row vector (m1,...,7.), A and G(q),q = 0,m, are diagonal matrices with
diagonal elements \(i,0) and \(i,q)/ (i, q) correspondingly, B(q) is defined as

aij (1 - 0ij)
i, q) +ai +qui,q) ||

where 0;; is Kronecker symbol, §;; = 1 ifi = j, 0;; = 0if i # j, and A(q) is defined
as

B(q):H iﬂjzlaraq:17m7

H A4, 9)di; H L
. — |, 0,5 =
(i, q) + aii + qv(i, q)

Ag) = 1

7T7 q: 17m'
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Proof. Consider a multicomponent process z,, (t) = (x(t), 6, (t), Qn(t)), t > 0. The
process z,(t) is a homogenous MP in continuous time and the state space

Z={(i,j,q), i€ X, j=0,1, ¢=0,m}.

Denote by %, (t) = (2(t),6,(t), Qn(t)), t > 0, an auxiliary MP, where Q,,(¢) is
the number of waiting calls in the orbit for a system with an infinite number of waiting
places. Then €, (4, j, q) is the exit time of the process Z,,(¢) from the subset Z.

The transitions rates for the process Z,(t) can be easily calculated and it can be
seen that the subset Z forms a monotone structure where at each fixedg = 0,1,...,m
the subset Z, = {(4,7,q), i = 1,r, j = 0,1} forms g-level. The monotone structure
and corresponding transition probabilities for this model are shown in Figure 6.4.

In each state (4, j, ¢) the process z,(¢) spends an exponential time with parameter

An .a .7 - .
(7.4 {A(i,q>+qu(z‘,q)+aﬁ ifj =0,

where a;; = ki Qik- The transition probabilities for the embedded Markov process
are as follows:

pn((i,1,9), (1,1, + 1)) = i g ﬁé:qu(i,q) ~ ;283 i=1,r,
Pa((0:0.0). (- 1,a = 1)) = (i, q) fﬁg?w(m)’
(6.00.0:10) = e
Pa((6:0.9), (8,0.0)) = (i, q) + 5k+ qu(i,q) e
Pu((6:1,),(:0.9)) = (i, q) :ngf)nu(i,q) b
pa((i;1,q), (k. 1,q)) = 5 ik —0, ik

(i,9) + a;; + nu(i, q)

Now we can directly apply matrix relations of Theorem 6.2. Denote by 7, (j, ¢) =
(mn(i,4,q), i € X, j = 0,1, ¢ = 0,1,...,m) the stationary distribution of the
embedded Markov process for z,,(¢). In Theorem 6.2 the matrices A(j) and P(j) are
defined as:

1 0

B(j) A(j)} |
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level-(q+1)

level-(q)

level-(g-1)

Figure 6.4. Monotone structure for a single-server system
in a Markov environment and fast service

Denote 7, (q) = (Tn(0,q), Tn(1,q)), where 7,(0,¢) = (n(i,0,q), i = 1,7) and
mn(1,q) = (w(i,1,q), i = 1,7), ¢ = 0,m, are row vectors.

Using the formula from [GAN 98] we obtain

(I-B(g)—A@)  (I-Bg)—A) "Alg)

I-Plg) ' = ) o
( 9) (I-B(q)—Alg))  (I-B(qg)—Aq) (I—-Bq)
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Now applying Theorem 6.2 we can write the expression for the stationary proba-
bility of the exit in the matrix form

9u(2) = (L, o>< T GO)KG+1)(T - BG + 1>)) G(m)(1+ (1)),
j=0

where K (j) = (I — B(j) — A(j)) ! and 7(1,0) = lim,, o 7, (1,0).

Since the level 7, forms in a limit one essential class, the stationary probabilities
(i, 4,0) of state (i, 4,0) € Zy exist and satisfy the system of equations:

. Ak .
0,0) = k,0,0) ——— 1,0
Tr(Z? ) ) ;W( ) ) ))\(k7 0) + akk + ﬂ-(Z’ ) )?
. . A(4,0) .
1,0) = 0,0) —/———— =1,r.
Tr(Z? 9 ) T((Z7 ) )A(Z,O) +all? l 7’r

Denote B = Y, _, m(2A(k,0) + agy). It can be easily shown that
7(i,0,0) = B~ (A(,0) + ai;)m;, w(i,1,0) = B~'A(i,0)m;, i=1,r.

Finally, setting 3, = n~™~!, we obtain the parameter of exponential distribution
in the form (6.25). ]

Note that the process Y (n™*1t) weakly converges to an ordinary Poisson Process
with parameter A.

We mention that if for some g-level, v(i,q) = 0 for all i = 1,r, then Z does not
form a monotone structure and the result will be different.

In the same way we can consider the case of large service and large retrial rates.
This means that in the previous system, given that 2(t) = i, Q,(t) = g, the instanta-
neous retrial rate is V,,v(4,q), i = 1,r,¢q = 0,1,..., where V;, — oc.

STATEMENT 6.5. Suppose that max;
v(i,q) >0, q=1,m; u(i,q) >0, q

7 Ai,q) >0, g =0,m, and forall i = 1,r,
0,m.

Then in the case of large service and large retrial rates, relation (6.24) is true
where

A =TAG(0)G(1)---G(m)e.

Note that in this case the answer also does not depend on the values v(7, ¢) > 0.

It is also possible to study the mixed case when some of values (4, ¢) may be equal
to zero. Consider the model with large instantaneous retrial rate V,,v(4,q), i = 1,r,
q=0,1,....




Systems in Low Traffic Conditions 201

STATEMENT 6.6. Suppose that in our notation relation (6.23) holds. Then relation
(6.24) is true, A is calculated according to (6.25) where corresponding matrices are
calculated as follows: A and G(q) are the same diagonal matrices, B(q) = ||b;;(q)
where

bij(q) = aij (1 —6;) (i, q) + an‘)_l> ifv(i,q) =0; bi(q) =0, ifv(i,q) >0,

and A(q) is a diagonal matrix with diagonal elements

Ni(a) = Mi @) (MG @) +ai) " ifv(i.a) =05 Ailg) =0, if v(i,q) > 0.

>

In this case the answer also does not depend on values v(i, ¢), but it depends on
the structure of the set where v (i, ) > 0.

6.5. Multiserver retrial queueing models

Consider a model with s identical servers and m waiting places for repeated calls.
An arrival process is a Poisson process with rate A. If an arriving primary call finds a
server free, it immediately occupies a server and after completion of service leaves the
system. Otherwise, if all servers are engaged, an arriving primary call goes into orbit
and produces a source of repeated calls with rate v, until it finds a free server after
one or more attempts. However, if there are no free waiting places, the primary call is
lost. Again we assume that the service rate is y,, for both primary and secondary calls.

The operation of the system can be described using the two-component process
(N (1), Qn(t)), where N, (t) is the number of busy servers and @, (t) is the number
of calls in the retrial queue at time ¢. Under the above assumptions this process is an
MP with state space S = {0,1,...,s} x {0,1,...,m}.

We study a multiserver retrial queueing model of the type M /M /s/m and derive
the expression for the parameter of a limiting exponential distribution for the time of
the first loss of a call. Consider again two cases:

Case 1: p,, = nu (fast service), v, = v (usual retrial rate), n — oo.

Case 2: u,, = nu (fast service), v, = V,,v (large retrial rate), n — oo, V,, — oc.

Let €2,,(J,q) be the time of the first loss of a call given as @,(0) = ¢ and
N, (0) = j.

THEOREM 6.7. For the model described above under the assumption of fast service
(case 1) if X > 0, p > 0, v > 0, then for any initial state the distribution of the
variable n=5"™Q,, (4, q) weakly converges to the exponential distribution

lim P{n_s_mﬂn(j, q) > t} =exp{—At}, t>0,

n—oo

s4+m

where A = N2, p = A/ pu.
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Proof. Consider a two-component process (N, (t), @, (t)). It is a homogenous MP in
continuous time with state c space Z ={(j,q), 7 =0,s, ¢ =0,m}. We again consider
an auxiliary MP (N, (), Q,,(t)), where Q,, (t) is the number of retrial calls in the orbit
for the system with an infinite buffer, and mention that £2,,(j, ¢) is the exit time of this
process from the subset Z. In each state (7, ¢) the process spends an exponential time
with parameter

A+ snp if j =s;
A jnu+qu ifj€{0,1,2,...,s—1}.

An(G,q) = {

We can easily calculate the transition probabilities for an embedded MP and verify
that the subset Z forms a monotone structure with the following levels: Zy = {(0,0),
(la 0)}’ Zl = {(2a 0)}a sy Zs—l = {(57 O)}» and Zs—1+q = {(j7 q)a ] = 07 5}’
q=1,2,...,m.

Figure 6.5 illustrates the monotone structure and corresponding probabilities for a
two-server model, where o, 34, a4, by and €, (¢) are defined as: oy = qv(A + qv) -1

Be=AXA+qv)™t a,=qp/n — 0,b, = p/n — 0,e,(q) = p/(2n) — 0.

Denote by 7, (4, ), i € {0,...,s}, ¢ € {0,...,m}, the stationary distribution of
the embedded MP for (N, (), Qn( )). Consider first 0-level Zj. As it forms in a limit
one essential class, we denote m; = lim,, o m,(7,0), ¢ = 0, 1, and easily obtain that
m9 = m = 1/2. Furthermore, we mention that the set {(¢,0), ¢ = 0,1,...,s} also
forms a monotone structure and from representation (6.7) we obtain

1 1 pi—l )
7Tn(l O) iim(l+o(l))7 222,3,...78.

Denote now 7,,(q) = (m,(i,q), i =0,1,...,s) forqg = s,s+1, ..., s+m. Taking
into account the structure of transition probabilities (see Figure 6.5) and relation (6.9)
we obtain recursively forany ¢ = 1,2,...,m,

P
Wn(qu) ~ %Wn(qu - 1)7

7Tn(s>Q) ~ 7T’n(s - 17(]) "R 7Tn(27Q)a
(6.26)

Wn(lvq) ~ 7Tn(27Q) + ﬂ—n(ovq))\ _|_ ql/7

™ (0,q) = 7, (1, q).
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Figure 6.5. Monotone structure for two-server model with fast service

Finally, forany ¢ = 1,2,...,m:

q s+qg—1
P 11 p
Tn(s,q) ~ mn(s,0) <ns) = 5 et gt (LT o),

(i, q) = mn(s,q), i=2,...,5—1,

A+ qu
(0, q) ~ mn(1,q) = Ta(s, q) w

6.27)
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As g, (Z) = m,(s,m) L, we obtain

1 1 szrm
gn(Z2) = 5 e o (1+0(1)), (6.28)

m—s

and setting 5, = n~ , similar to the proof of Theorem 6.4 we obtain the parameter
of exponential distribution as

s+m
A=\ O

slsm

Now, consider the case where the service and retrial rates are large in the sense
that p,, = np and v,, = V,,v (case 2).

THEOREM 6.8. As A > 0, u > 0, v > 0, under the assumption of large service
and retrial rates (case 2) for any initial state the distribution of the variable
n=*""0Q,,(j,q) weakly converges to the exponential distribution with parameter

A= )\%, where p = A/ .

Proof. The proof follows the same lines as in Theorem 6.7. We consider an auxiliary
multicomponent process (N, (t), Q. (t)). Again it can be seen that the subset Z forms
a monotone structure with the same levels as above for case 1. In each state (4, ¢) the
process spends an exponential time with parameter

A+ snp if j = s,
A jnu+qgnr ifj e (0,1,...,s—1).

A(j,q) = {

In the same way we can prove relations (6.26), (6.27) and show that

7Tn(Sa Q) ~ 7rn(3 - 17Q) e = 777L(17Q) ~ 7Tn(07Q)~
Finally we obtain expression (6.28) and the statement of Theorem 6.8 is true. [

Note that the value of parameter A calculated in Theorem 6.8 is the same as the
value of the parameter calculated in Theorem 6.7. In both cases the result does not
depend on the retrial rate if v, /4 0.
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Chapter 7

Flows of Rare Events in Low and Heavy
Traffic Conditions

7.1. Introduction

At the investigation of complex technical systems and computing networks var-
ious events related to failures, changes of the operational regime, exceeding some
level, etc., usually have small probabilities (or rates) and may depend on the current
state of the system. This implies a significance of the analysis of flows of rare events.
Different asymptotic approaches to reliability analysis of various classes of stochastic
systems are studied in Korolyuk and Turbin [KOR 93], Kovalenko [KOV 80], Anisi-
mov et al. [ANI 87], and Anisimov [ANI 88]. An asymptotic analysis of wide classes
of regenerative queueing models is considered by Soloviev [SOL 70, SOL 71]. A sur-
vey of results devoted to the analysis of rare events in queueing systems is given by
Kovalenko [KOV 94].

In this chapter we consider the asymptotic analysis of flows of rare events switched
by a random environment. The environment may be non-homogenous in time and not
regenerative. In a case when the environment satisfies an asymptotically mixing con-
dition, an approximation by non-homogenous Poisson flows is proved. The approxi-
mation of the time of the first jump by the exponential (in the homogenous case) or
generalized exponential distribution is proved and the proximity estimates are consid-
ered. Therefore, the results of this chapter extend some of the results from section 3.2.1
on the behavior of flows of rare events with switching. Special attention is given to the
case of finite MP with transition rates of different orders. The notions of S-set and
“monotone” structure introduced in Chapter 6 are extended to the non-homogenous
case. The asymptotic behavior of a flow of rare events defines on the Markov pro-
cesses with a state space forming S-sets and the exit time from the S-set are studied.
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In the homogenous case corresponding results for S-sets using another technique are
obtained in [ANI 70, ANI 73, ANI 74]. In a case when the environment is a non-
homogenous MP satisfying conditions of the asymptotic aggregation (merging) of a
state space, an approximation of flows of rare events by Poisson flows with Markov
switching is proved.

Note that the asymptotic aggregation of the state space of Markov and semi-
Markov processes and algorithms of the sequential aggregation are studied in [ANI 70,
ANI 73, ANI 74]. For an homogenous MP in continuous time with transition rates of
different order similar results (the analysis of stationary and transient probabilities
in case of the asymptotic aggregation of the state space) are obtained in [COU 77,
BOB 86]. Using the technique of linear operators which are perturbed on the spec-
trum, the models of the asymptotic consolidation of homogenous MP and SMP are
studied in [KOR 93]. In heavy traffic conditions an averaging principle with Poisson
approximation for flows of rare events is proved. The method of proof is based on the
results of [ANI 90, ANI 94, ANI 95] on AP and DA for processes with semi-Markov
switching (see Chapter 4).

Applications to the reliability analysis of state-dependent Markov and semi-
Markov queueing systems of the Mgarq/Msa,g/m/k type in light and heavy
traffic conditions are considered. The models of the asymptotic consolidation and the
case of highly reliable servers are studied as well.

These results provide us with the approximative analytic approach in modeling of
reliability characteristics of rather complex queueing models in transient and stable
regimes under light and heavy traffic conditions.

7.2. Flows of rare events in systems with mixing

In various models the analysis of reliability is essentially related to analysis of
flows of rare events on the trajectory of a system. In some cases rare events can appear
only in some region of the state space and this region may be accessible with small
probability.

Let for any n > 0, x,(t), t > 0, be a random process with state space X and
{qn(z,t), x € X, t > 0} be non-negative functions such that ¢, (z,t) = 0asx & Z,,,
where Z, C X. Denote by (x,(t),I1,(¢)), t > 0, a two-component process, where
I1,,(t) is a Poisson process switched by x,,(¢). This means that if at time ¢, ., (t) = «,
then the instantaneous rate of jump of IT,,(¢) is ¢, (z, t). Therefore, the process II,, (¢)
is a Poisson process with random rate ¢, (2, (), t) and belongs to the class of doubly
stochastic Poisson processes or Cox processes [COX 80]. The rate g, (x,t) can also
be interpreted as the rate of failure in state x at time ¢. Then II,, (¢) is the total number
of failures in the interval [0, ¢].
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Let us study the behavior of I1,, (). Suppose that x,, (¢) satisfies an asymptotically
mixing condition in Z,, and introduce a strong mixing coefficient:

gon(u,Zn) =sup sup |P{xn(t) € Az, (t+u) € AQ}
t>0 A1,A2CZ, (71)
—P{a,(t) € A1 }P{an(t +u) € A2}
Put
Vit
A (t) = E/ qn (xn(v), v)dv,
0
and let II,, (¢) be a non-homogenous Poisson process with cumulative rate A, (t), i.e.,
Eexp {z@ﬁn(t)} = exp{(ew — 1A, (t)}, t>0.

For a fixed ' > 0, denote ¢, = sup,¢(o 1) SUPc 7, In (z,t).

THEOREM 7.1. Assume that as n — oo, V,, — 0o and

T
an = Vot / on(u, Zp)du — 0 (7.2)
0

then the finite-dimensional distributions of processes I,,(Vy,t) and I1,, (t) in the inter-
val [0, T'| are asymptotically equivalent.

Proof. According to the construction of IT,,(-), for any ¢ > 0,
Vit
Eexp{ — 011, (V,t) } = Eexp { (679 -1) / @n (20 (v), v)dv}.
0

Taking into account the inequality

/f( P(dy) — /f ’<sur>f( sup |P(A)—Q(A)|  (713)
Y

AeBy

valid for any non-negative bounded function f(y) and any non-negative measures
P(-),Q(-) on Y, we easily obtain that as u < v,

‘Eqn(xn(u),u)qn(mn(v) ) Eqn(xn() )Eqn(xn ),U)’Sqigon(v—u,Zn).

Using the inequality [e=®—e~°| < |a—b|, a,b > 0, and condition (7.2), we obtain
|EeXp { — 011, (Vnt)} — exp {(676 — I)An(t)}’

Vit 2\ /2
gye—9_1|2<1a(/0 qn(a:n(v),v)dv—/\n(t)>> — 0(va,) — 0.
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This relation proves the equivalence of one-dimensional distributions of I1,,(V,,t)
and II,,(¢). By analogy the equivalence of finite-dimensional distributions can be
proved. O

NOTE 7.1. In particular if ¢, = O(1/V},,), then (7.2) is satisfied if there exists such a
non-random sequence 7, that, as n — oo,

Volr, — 0, sup ¢, (u, Zn) — 0. (7.4)

n
U>ry

NOTE 7.2. Let (7.2) hold and there exist a continuous function Ag(t) such that for any
t € 10,77,

lim An(t) = Ao(t).

n—oo

Then the sequence of processes IT,,(V,,t) J-converges in [0, T to the Poisson pro-
cess Iy (t) with cumulative rate Ag(t).

This means that the flows of rare events in systems with mixing can be approx-
imated by Poisson processes with average cumulative rates. Denote now by v,, the
time of the first jump of IT,,(¢) (this can be interpreted as the time of the first fail-
ure). It is also possible to investigate the rate of convergence of v, to the generalized
exponential distribution and obtain low and upper boundaries.

STATEMENT 7.1. For anyt > (,
exp{ — An(t)} < P{un > Vnt} < exp{ — An(t)}(l + Q(An(t))an(t)t), (7.5)

where Q(a) = (a?/2) "1 (e* — 1 — a) and o (t) = Vouq? |, nt on(u, Zy,)du.

Proof. It is true that

Vot
P{V” > V,Lt} = Eexp{ —/ qn (xn(v),v)dv}. (7.6)

0

Note that e® < 1+x+2%/2asx < 0,and e® < 1+ +22Q(a)/2as0 < z < a.
Since ¢* > 1+ x and Q(a) > 1 as a > 0, it follows that as —oo < z < a,
1+z<e” <1+z+2°Q(a)/2. (1.7)

Therefore, for any non-negative random variable ¢ such that E¢ = a, and Var( = o2,
we obtain from (7.7), by putting x = a — (, taking expectation of both parts and
multiplying by e~¢, that

e <Ee ‘<e® (14 0°Q(a)/2).
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Using representation (7.6), considering ( = fo gn(xn(v),v)dv and putting
a = E¢ = A,,(t) we obtain (7.5). Note that in this case, Var{ < Qan( )t O
If
an(t)t/ Ay (t)? — 0, (7.8)
as n — oo, then relation (7.5) implies
il;}g |P{1/n > Vnt} - exp{ — An(t)}‘ — 0. (7.9)

Condition (7.8) is valid for wide classes of Markov models satisfying a strong
mixing condition. In this case as usual for some ¢ < 1, ¢, (u) < Cq“, therefore
relation (7.4) is true and the integral fooo on(u)du < C < oo. Thus, in this case
an(t) < CV,q2.

Similar results can be obtained for discrete time models.

The main problem in applications is to evaluate the function A, (-) and the
coefficient ¢, (u, Z,). In the following sections we consider homogenous and
non-homogenous finite Markov processes and show that A, (-) can be replaced
by an equivalent function calculated with the help of stationary or quasi-stationary
distribution.

7.3. Asymptotically connected sets (V,,-S-sets)

Now consider the extension of the notion of the S-set given in section 6.2. We now
introduce the important notion of V,,-S-set. Let x,,(¢), ¢ > 0, be an MP in discrete or
continuous time with finite state space X = {1,2,...,7}. Let Xo C X be a fixed
subset.

DEFINITION 7.1. The subset X is called a V,,-S-set if as n — oo for any i € Xy,
P{z,(t) € Xo forallt <V, | z,(0) =i} — 1,
and for any i, j € X,

P{there exists u, u <V, such that x,,(u) = j | #,(0) =i} — 1.

This means that in the interval [0, V;,] the process remains in X, with a probability
close to one and all states in X asymptotically communicate. In particular, the total
state space X may form a V,,-S-set. In this case (7.4) is satisfied.

7.3.1. Homogenous case

Now consider discrete time and suppose that z,x, & > 0, is a homogenous MP
with finite state space X. Let {xnx(i), ¢ € X}, k > 0, be the jointly independent
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families of rare indicators, i.e. P(xni(7) = 1) = 1 — P(xnk(?) = 0) = g, (4), where
(i) — 0,7 € X. Let

[Vatl

11, (Vnt) = ; Xnk (aznk)

Suppose that X forms a V,,-S-set. Denote by 7, (i), 7 € X, the stationary distribu-
tion of z,,, which exists at large n given this assumption. Put A, = 3, v 7, (7)qn (4).
As a consequence of Theorem 7.1 we can prove the following.

STATEMENT 7.2. If limsup,, ., VoA, < 00, then the finite-dimensional distribu-
tions of the process 11,,(V,t) and the Poisson process with parameter V,, A,, are
asymptotically equivalent.

Moreover, it can also be proved using the sequential algorithm of testing that if a
set forms an V,,-S-set [ANI 70, ANI 74], then V,, 7, (i) — o0, i € X.

These results also provide us with the possibility of studying the exit time from the
subset as the exit time can be represented as the time of the first jump of the auxiliary
stepwise process of the sum of indicators.

Let X be a fixed subset of X . Let us recall Definition 6.1 of an S-set. Consider an
auxiliary MP z,,;, with state space Xy and matrix of transition probabilities p,L(X 0)=
llpn (i, 5)pn(iy Xo) 7|, 4, 5 € Xo, where py, (i, Xo) => 1ex, Pn(i,1). Denote by 7, (i),
1 € Xy, its stationary distribution (which exists at least at large enough n) and define
the stationary probability of exit g, (Xo) = ZieXo Tn (1) (1 — pn(i, Xo)) (see also
section 6.2, relation (6.3)).

It is useful to know that if the subset X, is an S-set for the initial process x,,j, then
it forms a g,,(Xo) ~!-S-set for the auxiliary MP Z,,. It is also always possible to find
V., such that V,,g,,(Xo) — 0 and X forms a V,,-S-set for x,,.

Let us recall the notion of a monotone structure for the process in discrete time in
section 6.2.3 and consider a similar definition for the process in continuous time. Let
Zn(t), t > 0, be an MP with finite state space Z which can be represented in the form:
Z ={(i,s), i € X, s = 0,r}, with transition rates j,,((4, s), (j,q))-

DEFINITION 7.2. The state space Z is called a “monotone structure” of the order r
if as n — oo the following asymptotic relations hold:

L pn((3,9),(4,s + 1)) = en(s)ai;(s)(1 +0(1)), ¢ € X5, j € Xgt1, where
en(s) = 0,s=0,r—1;

2. pn((iy8), (J,s+k)=0i€Xs,j € Xspho s=0,7—2,k>1;
3o pn((i,8), (4, k) = pij(s, k)14 0(1)), i € X5, j € Xi, s =0,1, k < s;
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4. for each s = 1,1 the matrix G(s) — M(s) is invertible, where G(s) is a diag-
onal matrix with elements ufs) Dom<s, jex,, Hij(s,m), and M(s) = [|pi;(s, s)],

i,j € Xy, i # j, where pu;(s,8) =0, i € X,

5. an auxiliary MP with state space {(i,0), i € Xo} and transition rates 11,;(0, 0)
is irreducible with stationary distribution p;, i € Xo.

We call a subset of states Z, = {(i,q), i € X4} ag-level, ¢ =0,r.

Let p,,(s) = (pn(iys), i € Xs), s = 0,m, and p = (p;, i € X) be the
row-vectors, where p,(i,s) is the stationary probability of state (i,s). We put

On(s) = Hj;(l) en(d)-

THEOREM 7.2. If Z forms a monotone structure, then for any v, — oo such that
U 0n (1)~ — oo it also forms v, 8, (1)~ 1-S-set and for any q = 1,7 the following
representation holds:

Pn(@) = dn(q)a(q) (1 + o(1)),

where @(q) = pI1IZ AG)G( + 1) = M(j +1)7% A(s) = Jlai;(s)]], 7,
[[;-x C(G) = C(R)C(k+1)---C(s).

S

The proof is provided recursively to the order of the monotone structure and fol-
lows similar lines to the discrete case in section 6.2.3.

NOTE 7.3. If Z forms a monotone structure, then for any level ¢ and for some
0<a<l,on(u,Zy) <Cop(q)a*

Using Note 7.3 we can study flows of rare events of different orders defined on
the monotone structure. Denote by I1,,(¢) a Poisson process switched by x,,(¢) in the
following way: in state (4, s) the rate is g, (, s), where

Q( —an Hsn 1"’0 ))

b;(s) are some given values and ¢,, — 0 (we set HT_ =1).Put V,, = (¢,0,(r)) "%

STATEMENT 7.3. If the state space Z forms a monotone structure, then Hn(V,LQ J-
converges to the Poisson process with parameter A =" _ (a(s), b(s)), where b(s)
is a column vector with elements b;(s), i € X, and the vector a(s) is defined in

Theorem 7.2.

In particular, if Z is a subset of the state space and the rate of exit from state
(i,s) is equal to ¢y, (1, s), then using Statement 7.3 we can prove that for any initial
state (i, o) € Z the distribution of variable V,1Q,, (ig, s9) weakly converges to the
exponential distribution with parameter A, where €, (4o, so) is the exit time from Z
starting from state (i, So).
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7.3.2. Non-homogenous case

Let us now extend the notion of the monotone structure to the case where x,,(t) is
a non-homogenous MP. Suppose that x,,(t) takes values in Z = {(,s), i € X, s=
0,7} and transition rates at time ¢ are p,((7, s), (j,q),t). Assume that there exists a
normalizing factor V;, such that at each fixed ¢ the rates 1, ((7, s), (j, ), Val) satisfy
all items of Definition 7.2 where the values a;;(s) =a;;(s,t) and 11,5 (s, k) = i (s, k, t)
depend on ¢. This means for instance that f,,((¢, $), (j, ), Vat) = en(s)ai; (s, t)(1 +
o(1)) for item 1 in Definition 7.2 of the monotone structure. We denote corresponding
matrices as G(s,t) and M (s, t). Let p;(t), i € Xo, be the stationary distribution of the
auxiliary MP with state space {(,0), i € X} and transition rates 11;;(0,0,t), i # j.

Suppose also that the following condition is satisfied: functions a;;(s,t) and
ij (s, k,t) are piecewise continuous in ¢ and if a;;(s, 1) > 0, then for some ¢y > 0,
a;j(s,t) > co in an interval [0, T'] (the same for y;; (s, k, t)).

Then the set Z in the scale of time V,, forms an inhomogenous in time monotone
structure. Denote

a(g,t) =p(t) l:[ AG (GG +1,8) — M3 +1,8) "
j=0

THEOREM 7.3. If Z forms an inhomogenous in time monotone structure, then for any
q=1,r0<t<T,

P(z, (Vat) = (i,q), i € Xg) = dn(q)a(q,t)(1 + o(1)),

(7.10)
P (2, (Viat) = (i,0)) = ps(t) (1 + 0(1)), i€ Xo.

Note that the right-hand side in (7.10) stands for quasi-stationary probabilities.

Using this result we can study the behavior of inhomogenous flows of rare events
by analogy to Statement 7.3. Assume that the family of non-negative functions
qn (i, s,t), (i,8) € Z,t > 0, is given. Let IT,,(¢) be a Poisson type process switched
by a process x,,(t): at time ¢ the instantaneous rate of jump if g, (x,, (¢), s, ). Also let

r—1
qn (ia S, Vnt) = qnbi(s,1) H en(J);
j=s
where b; (s, t) are given values and V;, = (¢,,6,(r)) ™! — oo.
STATEMENT 7.4. If Z forms a monotone structure, then I1,,(V,,t) converges to a Pois-
son process with instantaneous rate \(t) = Y_._ (a(s,t),b(s,t)), where b(s,t) is a
vector with elements b;(s,t), i € X.
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In particular, if 7 is a subset of the state space and the rate of exit from state (4, s)
at time ¢ is equal to ¢, (i, s, t), then

¢
P{V,'Q,(i,s) >t} — exp{ 7/ X(u)du} (7.11)
0

7.4. Heavy traffic conditions

In heavy traffic conditions the trajectory of a system in most cases is non-stable as
the value of the queue usually goes to infinity. We consider the behavior of a flow of
rare events on the trajectory of a switching type system, which satisfies the averaging
principle.

Let for each n > 0, Fpp = {Cuk(t,z,2), t > 0, z € X, z € R"}, k > 0,
be jointly independent families of random processes in D’_, ,(t), t > 0, be an
independent of F,,;;, SMP in X which plays the role of a switching environment and
Shno be the initial value. Denote by 0 = ¢,,0 < t,1 < - - - the times of sequential jumps
of x,(+), and put x,p = @, (tnk), & > 0. We construct a process with semi-Markov
switching (PSMS) in the following way. Consider a sequence Syx+1 = Snk + Enks
where gnk = an (Tnk:7 Lnk, Snk:)’ Tnk = tnk+1 — tnk, and let

Cn(t) = Suk + Cuk (t = trks Trk, Snk) 88 b <t < tnpyr, t> 0.

Then the process (x,,(t), (n(t)), t > 0, is a PSMS (see section 1.2.5).

Let g, (x,2), v € X, z € R", be a non-negative function. We construct a Pois-
son type process II,,(¢) switched by (x,,(¢), (,(t)) in the following way: if at time ¢,
Zn(t) = x, ¢ (t) = z, then the instantaneous rate of jump of IL,, (¢) is ¢, (z, 2).

Consider for simplicity the homogenous case (the distributions of the processes
Cnk(+) do not depend on the index & > 0). Let 7,, () be the sojourn time in state « for
the process x,(+). Denote &, (x, z) = (1 (70 (), 2, 2), and

gn(z,2) = sup{\(nl(t,x,z)\ < Tn(l‘)}, reX, zeR".

Suppose that the embedded MP x,,;, & > 0, has at each n > 0 the stationary
measure 7, (A), A € Bx, and put m,,(z) = E7,(x), b, (x, 2) = E&, (2, n2),

/mn ) (dx), by /b x, 2)m (dx),

qn(z):/an(ac,nz)wn(dm).
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THEOREM 7.4. Suppose that n~" S, L, So, there exists a sequence of integers 1,
such that = 'ry, — 0, supy,. ©n(k, X) — 0, where @, (k, X) is a strong mixing
coefficient for xy, (see (7.1)), forany N > 0, € > 0,

lim sup sup nP{nilgn(x,nz) > e} =0,

<N @

limsup sup sup {ETnl(x)X(Tnl(x)>L)+E’§n1(aj,nz)|x(‘§(m,nz)’>L)}—>O,

n—co [5|<N @
as L — oo, for any T as max(|z1],|22]) < N,
’bn(x,zl) — bn(x,ZQ)‘ < CN’zl — zg‘ + an(N),
|nqn(x,nzl) — ngn (z,n22)| < CN‘zl - 22’ + an(N),

where Cn are some constants, o, (N) — 0 uniformly in |z1| < N, |z3| < N, also
there exist the functions b(z), q(z) and a constant m such that for any z € R”,

bn(z) — b(2), ngu(z) — q(z), my — m >0,
and b(z) has no more than linear growth.

Then the sequence (n=1(,(nt),11,,(nt)) J-converges in [0,T] to the process
(s(t),I1o(t)), where the function s(t) satisfies a differential equation

5(0) =50, ds(t) =m™"b(s(t)) dt,

and T1y(t) is a non-homogenous Poisson process with local rate at time t, q(s(t)).

The proof is essentially based on averaging principle type theorems for processes
with semi-Markov switching (see section 4.6).

Going forward we mention that if the state space of z,,(t) satisfies conditions of
the asymptotic aggregation of states (see Chapter 8, section 8.4.4, (8.51)), then the
limiting process can be represented as the process (s(t), IIo(¢)) switched by MP y(t)
(see Theorem 8.8).

7.5. Flows of rare events in queueing models

In this section, as the applications of the results above, we consider the flows of rare
events for the basic state-dependent queueing systems with Markov or semi-Markov
switching in light and heavy traffic conditions.

7.5.1. Light traffic analysis in models with finite capacity

Consider a non-homogenous state-dependent Markov type queueing model
Mo /M q/m/k switched by an external Markov environment. This model is
similar to the one introduced in section 2.2.1.1 in the homogenous case. Let @, (t),
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t > 0, be a non-homogenous MP with values in X = {1,2,...,r} and transition
rates ¢, (4,7,t), i,7 € X, 1 # j, t > 0. Let the family of non-negative functions
{An(i,t,q), pnlit,q), ¢ >0, i€ X, t > 0} be given. There are m servers and k
waiting places. Denote by @,,(¢) the number of calls in the system at time ¢. The
system operates in the following way. Calls enter the system one at a time. If at time
t, 2,(t) = i and Q,(t) = ¢, then the instantaneous input rate is A, (4, ¢, ¢) and the
incoming call takes an idle server if there is one. If all servers are busy and there are
no more than k + m — 1 calls in the system, the call joins the queue. Otherwise, this
call is lost. An instantaneous service rate for each busy server is j, (4, t, q).

Suppose that the system is in light traffic conditions and in the asymptotic sense
the rates slowly depend on ¢, i.e.:

A (i, Vit q) = endol(is t,q) (1 +0(1)), i€ X,
pn (i, Vit @) = po(ist,q) (1 + 0(1)), i€ X, (7.12)
Cn(lvjavnt) :Cl](t)(1+0(1))a ’L,_]EX, 27&.77

where e, — 0,V,, = e;;*~™~1 functions Ao (i, ¢, q), po(4, , q), ci;(t) are continuous,
and the values o(1) — 0 uniformly in ¢ in an interval [0, 7.

Consider at each fixed ¢ an auxiliary homogenous MP z(*) (v) with transition rates
¢ij(t), 1,7 € X, and suppose that at each ¢ this process is ergodic with stationary
distribution p;(t), i € X. Let A(t, ¢) and G(q,t) be diagonal matrices with elements
Xo(4,t,q) and min(q, m)uo(4,t, q), respectively, C(t) = ||lci;(t)|], 4,5 € X, i # J,
where we assume c;;(t) = — 3, cij(t). Denote by p(t) and T row vectors with
elements p;(t) and 1, respectively, and put

m+k—1

b)) = p(t) ( IT At (Gla+1,t) - C(t))_1> A(m + k, t)1.
q=0

Let £2,,(7, s) be the time of the first loss of a call given that x,,(0) = i, Q,,(0) = s,
and Y}, (t) be the number of lost calls in the interval [0, ¢].

Conditions (7.12) and the ergodicity of the process () (u) imply that the state
space of the system forms a monotone structure in the non-homogenous case. More-
over, as the rates ¢,, () satisfy conditions (7.12), then the process 2, (t) is quasi-ergodic
(see section 3.3 and papers [ANI 83, ANI 88]). Using the results of section 7.2 and
also Theorem 7.3 and Statement 7.4 (see also [ANI 83]) we can prove the following.

STATEMENT 7.5. If conditions (7.12) are satisfied, then relation (7.11) is true and the
process Y, (V,t) J-converges to the Poisson process with local rate \(t).
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In particular, if there is no Markov switching,

N m+k—1
A(t)z( I1 Ao(q,t)uo(q—i—1,t)_1>>\0(m+k,t).

q=0

NOTE 7.4. If z,(t) satisfies the conditions of asymptotic consolidation in the scale
of time V,, (see section 8.4.4, (8.51), (8.52)), then we can prove .J-convergence of
Y, (V,,t) to a Poison process II(t) switched by limiting aggregated MP. Correspond-
ingly, V- 1Q,,(i, s) weakly converges to the time of the first jump of II(t). Some
results in this direction are proved in Chapter 8.

7.5.2. Heavy traffic analysis

Now consider the system Mgar,/Msa,g/1/cc in heavy traffic conditions dis-
cussed in section 5.3.3. For simplicity we study the homogenous case and suppose
that the parameters of the model do not depend on n. The system is switched by a
homogenous SMP z(t), ¢t > 0, with values in X = {1,2,...,7}, where z(¢) stands
for the external environment. There is one server and an infinite number of waiting
places. Denote by Q(t) the number of calls in the system at time ¢. If 2(¢) = ¢ and
Q(t)/n = z, then input and service rates are (¢, z) and (i, z), respectively.

Suppose that the calls are impatient. This means that each call in the queue
independently of others may get a refusal (be lost) with the local rate n~tq(x(t),
n~1Q(t)), where ¢(i, z) is a continuous function. Let Y,,(¢) be the number of lost
calls in the interval [0, t]. Suppose that () is ergodic with stationary distribution p;,
1 € X. Denote

Az) =D A0 2)ps fi(z) =Y i, 2)pi, Gl2) =D qli, 2)pi.
i€ X i€ X e X

STATEMENT 7.6. If Q(0) = nqo, functions \(i, z), u(i, z), q(i, z) are locally Lips-
chitz with respect to z, and the function X(z) — 1i(2) has no more than linear growth,
then 'Yy, (nt) J-converges in [0, T to the Poisson process with local rate q(s(t)), where
the function s(-) satisfies the following differential equation

~

s0) = g0, ds(t) = (A(s(t)) — A(s(1)))dt,

and T is any positive value such that s(t) > 0 in the interval [0,T].

The proof uses the result of Theorem 7.4 and Statement 5.5, section 5.3.3 and is
based on the convergence of the process Q(nt)/n to s(t).

Similar results can be proved for semi-Markov queueing networks.
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Chapter 8

Asymptotic Aggregation of State Space

8.1. Introduction

Queueing models describing realistic computer networks usually have as usual
rather quite complex structures and high dimensions. Therefore, during the investiga-
tion of such complex stochastic systems the following question is of a definite inter-
est: to find the conditions when a complicated system can be approximated in some
sense by a system with fewer states and a simpler structure, for example, by a Markov
or semi-Markov system. We call this a problem of “asymptotic aggregation of state
space” and “decreasing dimension”.

One of the main problems here is a possible loss of information which may occur
after state aggregation and loss of Markovian property. For example, let us consider a
homogenous Markov chain z;, with finite state space I = {1,2,...,r} and a matrix
of one-step transition probabilities P = ||p;;||; jer. Assume a partition of the set I on
the subsets Iy, is given, where U I = I and I, N I,,, = () as k # m. Let us construct
an aggregated process Ty, k > 0, as follows:

i'\k:j lfl'kEI],kZO

It is well-known [KEM 76] that Ty, is again a Markov process if and only if for any
subsets I; and I},

p(s.1;) =p(q.1;), foranys,qe I, (8.1)

where p(s,I;) = EzeI] psi- In this case, if we denote for any s € I;, p(I;,I;) =
p(s,1;), then the values p(I;, ;) are the transition probabilities of the aggregated
Markov chain 7.
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It is difficult to expect that condition (8.1) can be satisfied for many real systems.
Therefore, the aggregated process realistically can only be close in some sense to a
Markov process. However, in the analysis of highly reliable systems and systems with
small probabilities of particular transitions, for example, small probabilities of failures
or the loss of the call, we can come to the problem of asymptotic aggregation (merging
or consolidation) of the state space, which can be formulated as follows.

Assume that the characteristics of the system depend on a small parameter € in
such a way that the state space can be subdivided on the subsets/regions such that
the transition probabilities between regions tend to zero as € — 0. The problem is in
the investigation of the conditions when the aggregated process obtained by coupling
the states of each region into one state converges as ¢ — 0 to a Markov or semi-
Markov process, and also when different accumulative functionals also converge to
corresponding functionals of the aggregated process. From a practical point of view
this means that instead of the initial rather complicated system we can consider the
system which is described by the limiting process and investigate its the characteristics
which mimic with sufficient accuracy the characteristics of the initial system.

The results devoted to the problem of asymptotic aggregation can be condition-
ally divided in three directions. The first direction is the analytic approach based on
the theory of the asymptotic expansions of the perturbed on the spectrum linear oper-
ators. This approach is being systematically developed by Korolyuk and co-authors
[KOR 69, KOR 93, KOR 94, KOR 99, KOR 00, KOR 04, KOR 05] with applications
to asymptotic analysis of time homogenous Markov and semi-Markov processes. A
similar technique is also used by Yin and Zhang [YIN 03] and in [IL” 99, YIN 03].
A martingale technique is used in [KOR 94] (for finite MPs in [YIN 00]). Another
approach based on direct probabilistic methods is developed by Kovalenko [KOV 75]
where he obtained the proximity estimates of the aggregated processes to the Markov
processes.

The author developed another approach based on the convergence of switching
processes with rare switching [ANI 73, ANI78, ANI87a, ANI 88c, ANI 00a,
ANI 00b, ANI 02, ANI 04, ANI 87b]. The advantage of this approach is that it
allows us to study non-homogenous in time processes and even some classes of
non-semi-Markov models for which analytic approaches are not yet developed.

Results on the weak convergence of aggregated processes for Markov and semi-
Markov models are proved in [ANI 75, ANI 78] using constructive methods and
limit theorems for SPs. The weak convergence of accumulative processes defined on
asymptotically aggregated Markov or SMPs to two-component MPs with Markov or
semi-Markov switching was first proved in [ANI 78] for a finite state space and then
extended to a general state space and non-homogenous in time models in [ANI 88c].



Asymptotic Aggregation of State Space 223

Aggregation models for queueing systems in light and heavy traffic conditions are
also studied in [ANI 98, ANI 00a]; the convergence of SPs in the asymptotic aggrega-
tion scheme to switched diffusion processes is studied in [ANI 00b].

8.2. Aggregation of finite Markov processes (stationary behavior)

In this section we consider the behavior of a stationary distribution for a finite
MP in discrete and continuous time with asymptotically aggregated state space and
prove using the matrix analytic technique that it can be approximated as a product of
stationary probability of the aggregated state (region) of the limiting process and the
stationary probability of a particular state inside the aggregated region.

8.2.1. Discrete time

In the previous sections we consider the dependence of the parameters of the sys-
tem on n where n — oco. When we talk about small probabilities or low rates, some-
times it might be expedient to consider the dependence on a small parameter ¢ — 0. In
fact, this is an equivalent setting as, without loss of generality, we can always consider
in a triangular scheme the dependence on a parameter n — oo, and consider a small
parameter € depending on 7 in such a way that ¢ = ¢,, — 0. In this section for better
transparency of the model we consider the dependence on a small parameter e — 0
and omit for simplicity the dependence € = ¢,,.

Let at each ¢ > 0, 2.(k), K > 0, be a homogenous MP in discrete time with a
finite state space X = {1,2,...,r} and the matrix of transition probabilities

P.=|lp(i, )|, i.j€X. (8.2)

Suppose that P. = Py + B + o(e), where the matrix Py is reducible with m

classes of essential states X1, Xo,..., X,,,ande — 0, i.e.,
PO 0 0
o P2 o e
Py = , 8.3
0 0 e e 0 (8.3)
0o o pm

each matrix P*) =|| py(i,5) |, 4,7 € Xy, is irreducible, and as & — 0,
Pe(3,7) =po(i,j) +ebij +o(e), 4,57=1,...,r, (8.4

where for all k, po(i,j) = 0if i € Xj, j ¢ Xi. Denote by W(k)(i), i€ X, a
stationary distribution for matrix P*):

@) = > 7 G)pe(G i), i€ Xy, 8.5)
IS
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where Y-, v, 7" (i) = 1 for any k, and put
Aps = Z W(k)(i) Z bij, k,s=1,...,m, k#s,

i€Xy JEX,
(8.6)
A= Aq.
[
Let y(t), t > 0, be a continuous time MP with state space {1,...,m} and transi-

tion rates Ay, k # s. Suppose that y(t) is irreducible with stationary distribution p;,
i=1,...,m,lie.

pid; = ZPjAji7 Zpi =1 (8.7
oy im1

Denote by 7. (i), i € X, a stationary distribution for matrix P-.
THEOREM 8.1. At our assumptions ¢ (i), i € X, exists at rather small £ and for any
k=1,....m,ast € Xy,
1e(i) = pr -7 (i) + 0(e), i€ X, k=1,...,m. (8.8)
NOTE 8.1. This result allows us to decrease the dimension of the initial MP at the
calculation of the stationary distribution: instead of finding a solution of the system

of linear equations of the rank r we can solve m systems of ranks 7, k = 1,...,m,
respectively, (7 is the number of states in X},) and one system of rank m.

Proof. The values 7. (i), i € X, satisfy the system of linear equations (8.5). Using
(8.4) we can re-write it in the form: for any k£ and i € X},

me(i) = Y me()p( i) +e Y Y m(d)bsi + ole). (8.9)
JEX, s#k jEX,
Now let us seek a solution for 7. (), i € X}, in the form
7 (i) = cxm® (3) + e2®) (i) + o(e), (8.10)

where D, o cp = 1. Itis clear that >0, >, 2(F)(§) = 0. Combining together
(8.9) and (8.10) we obtain

cpm® (1) + ez (i) = Z (Ck-ﬂ'(k) (j)(po(j7 1)+ Ebji) + Ez(k)(j)po(j,i))
JEXk

+e) Y eam®(G)bji + ofe).

s#k jEX,

8.11)



Asymptotic Aggregation of State Space 225

Taking into account (8.5) we obtain from (8.11) the system of equations for values
*) (4):
2\ (4):

W@ =er D 7P+ D 2P 6o )

JEXk JEXk

+33 ey, i€ Xp, k=1,2,...,m.
s#k jeX

(8.12)

From (8.4) it follows that for any ¢, > b;; = 0. This means that

jex

=D bip=)_ > bu (8.13)

JEX) s#kleX,

Taking a sum of both parts in (8.12) by © € X, we obtain

DW= Y M6 Y b+ Y 2P0

1€ X jE€Xk i€ X jeXk

+ Z Z Csﬂ'(s)(j) Z bﬂ

s£k jEX, iEX)

(8.14)

Finally, using notation (8.6) and property (8.13), we obtain from (8.14):

Ap = cAw, k=1,...,m. (8.15)
s#k

However, this system is equivalent to system (8.7) for the stationary distribution
of MP y(-). As ), ¢ = 1, and the stationary distribution is unique, this implies
¢k = pr, k =1,...,m, and finally proves (8.8). O

It is also possible to take the next step and find the 2nd terms z(*)(4) in (8.8) from
system (8.12).

Note that the asymptotic expansions of the stationary distribution for homogenous
MP with the arbitrary state space using the technique of linear operators perturbed on
the spectrum obtained in [KOR 93].

8.2.2. Hierarchic asymptotic aggregation

These results can be extended to the hierarchic aggregation models (regions Xy,
in the limit can be reducible and also consist of several subregions). In this case it
is possible to use the algorithm given in [ANI 70, ANI 73, ANI 74] and recursively
calculate a stationary distribution in each region step by step providing the aggregation
at each step.
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Suppose that instead of (8.4) the following representation holds:

p(i, j) = pV (i, §) + ebij + o(e), (8.16)
where p!! )(z Jj) =0ifi € Xy, j & Xi, Zlexkpsl)(l ) = 1,1 € X, and each
region X, can also be divided over subregions X § ), s=1,...,d, such that

(1>(Z 4) = poli,j) +e1bl)) +o(e1),

where pg(i,7) = 0if i € X jé X (k) , each subregion X (%) is irreducible and
g/e1 — 0. This means that there is a fast transition process in each subregion X S( ),

.. . k . .
slow transition process between regions X S( ), s =1,...,dy, inside each region X (),
and an even slower transition process between regions X(¥) k =1,...,m

Denote by 7 (i, s, k), i € X S(k), a stationary distribution for matrix

P(s,k) = |lpo(i,5)|. 4.5 € X,

and put
k) _ (1)
AL = 20 wisk) Y by
iex(® jexi®
Agk) ZA(SI;, s,q=1,...,d.
q#s
Let for any &k = ,m, p(gk), = 1,...,dy, be the stationary distribution

satisfying the system

k)Agk):Zpk)Agz7 s=1,...,d.

q#s
Denote
d,
Aknzngk) Z 7T('L,S7]€)Zb”, kvn:]-v"'amvk#nv
s=1 iex(® JEXn
Ak - Z Ak7u
n#k
and let pi, k = 1,...,m, be the stationary distribution satisfying the system

Py = Z PnAnk.
n#k
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Then in a similar way we can prove the following asymptotic formula for the
hierarchic models: if i € X §’“’ then

me(i) = peplF (i, 5,k) + O(e/er). (8.17)
This formula can be extended to any level of hierarchy in a similar way.

8.2.3. Continuous time

Similar results can be proved for an MP in continuous time. Let z.(¢), t > 0, be a

homogenous MP with finite state space X = {1,...,r} and transition rates a. (i, 7).
Suppose that
X:UXk, XpNX;=0 ask#j, (8.18)
key
a:(1,7) = ao(4,5) +ebi; +o(e), 1,j€X, (8.19)

for any k, ag(i,j) = 0ifi € X, j € Xy, and an MP defined by transition rates
ao (i, j) in each region Xj, is irreducible. Denote ao (i) = >_,_; ao(4, j). Let 7k (4),
1 € X}, be a stationary distribution in region X:

B @ag@) = Y 7P (f)ao(j, ), (8.20)
JEXk, jFU
and put

s = > 7®(@) Y by, k#s, (8.21)

i€Xy JjEXs

S (8.22)
s#k

Let pg,k = 1,...,m, be the stationary distribution of the aggregated MP y(t)
with transition rates ay constructed on the coupled regions Xj:

Anpr =Y _ palins, k=1,...,m. (8.23)
s#k

This exists and is unique if y(t) is irreducible. Let 7. (i), ¢ € X, be the stationary
distribution for the initial MP:

ﬂ-E(Z’)ai(i): E 7T5(j>a5(j,7;), iEX,
J#i
where

ac(i) = ac(i,j).

i
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THEOREM 8.2. At our assumptions, forany k =1,...,m, and i € Xy,

7e(i) = pre® (i) + O(e). (8.24)

Proof. We search 7 (7) in the form:
m(i) = cpm® (i) + e2W(3), i€ Xy,

where ZZ;I ¢, = 1. Taking into account system (8.20) and using a similar method
as in the proof of Theorem 8.1 we obtain a system of equations for variables cy:

aCr = § CsOgs-

s#k

However, this system is equivalent to system (8.23) for the stationary distribution
of an MP (). As >, ¢ = 1, and the stationary distribution is unique, this implies
cr = pk, k =1,...,m, and finally proves (8.8). This implies the statement of Theo-
rem 8.2. O

This result can also be extended to hierarchic models as in section 8.2.1. Note that
the method of sequential aggregation of states of an MP in a triangular scheme was
first proposed in [ANI 70, ANI 73, ANI 74].

8.3. Convergence of switching processes

In the previous sections we studied the asymptotic expansion of the stationary
distribution for an MP satisfying the conditions of asymptotic aggregation of state
space. Now we consider the convergence of random processes switched by an MP
satisfying the conditions of asymptotic aggregation. The method of investigation is
based on the limit theorems on the convergence in the class of SPs. For this purpose
we prove a quite general theorem that establishes the conditions when a sequence
of SPs aggregated by the first component .J-converges to a regular limiting SP. In
various applications a limiting process has a simpler structure and may depend on
fewer parameters. Therefore this theorem provides us with a new approach to the
problems of asymptotic decreasing dimension and aggregation of the state space in
complex stochastic systems.

Let ateach n > 0,
:Fnk: = {(an(t,l',Z),Tnk(a'},Z),ﬁnk(l',Z)), t Z 0) MRS Xa FARS Z}a k Z 0)

be the jointly independent parametric families of random processes (. (¢, x, z) with
values in a space Z and random variables (7, (z,z2), Bnk(x,z)) with values in
[0, 00) x X, where X is some measurable set. We assume that Z C R" or Z C {0, 1,
+2,...} (a discrete set). Let (z,0,Sno) be the initial value. These families define
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a sequence of SP (ky,(t),(n(t)), ¢ > 0, with values in (X, Z) according to
relations (1.3), (1.4). Let for simplicity Y be a discrete set, Y = {y1,%s,...}, and
K(-): X — Y be amap from X to Y. Denote X,, = K~ '(y), y € Y. Suppose that
(yo(t),Co(t)), t > 0, is a regular SP with values in (Y, Z), which is defined by the
families

Fo={(G(t,y.2), (v, 2), (9, 2)), t >0, y €Y, z € Z}, k>0,

and the initial value (yo,So). We study the conditions of the convergence of the
sequence of SP (K (k,(-)),(n(+)) which are aggregated in the first component to
(yo(+), Co(+))- This result is related to asymptotic averaging or aggregation of the states
of the initial SP. For any m > 1 denote,

qunk()\la"'a)‘m;th'"atmaaaf(')ax7z)

m (8.25)
= Eexp {7’ Z)\ZC’nk (tlu ‘T>Z) - 97—nk(£>z)}f(K(ﬁnk(x7 Z)))7
=1

where i = +v/—1, A} € (—00,00), 1 = 1,m, 0 < t; < -+ < ty, z € X,
z € Z,0 >0, f(-) is some bounded function in Y". Let the function TZk()\o, Ce A,
ti,...,t;,0, f(-),y, a) be determined by expression (8.25) for the families Fp k>0,
where the last factor in the right-hand side is f (35 (y, 2)).

DEFINITION 8.1. We say that the sequence of random processes (,(-) J-converges to
the process (y(+) in [0,00) if there exists a sequence of intervals [0,T,,], T,, /" o0,
such that for any m > 0, (,,(-) J-converges to (o(-) in the interval [0, T,,].

The following theorem is a modification of Theorems 1,4 [ANI 78] that are
directed at the applications in the asymptotic aggregation models; see also [ANI 88b].

THEOREM 8.3. Let (K (2n0), Sno) == (Yo, So) and the following conditions hold:

1. there exists an everywhere dense set D C [0, 00) such that for any m > 1,
y €Y, z € Z, any deterministic sequences (&, z,) such that z,, € X, z, — z, and
Joranyk >0, A\1,..., A, t1, ... bt € DO, f(),

lim wnk(Ah e '7>\M7t17 s 7tj797f(')7xn7zn)

:{Ek(Alw'-; m7t17"'atm505f(')7y7z);

A
2.foranyy € Y, z € Z, k > 0, the sequence of measures generated by the
sequence of processes G (-, K(2r,), 2) as , € Xy, 2, — 2 is relatively compact
in Skorokhod space Do (2);
3.foranyy €Y,z € Z k > 0, the variable T;,(y, z) is almost sure (a.s.) the
point of continuity in t of the process (. (t,y, z), and P{7;(y,z) > 0} = 1.
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Then the sequence (K (k,(+)),Cn(+)), as n — oo, J-converges in [0, 00) to an SP

(wo(-), Co(-))-

Proof. Denote by {t,k, Tnk, Snk, & > 0} and {fk7ﬂk,§k, k > 0} the sequences
defined according to relations (1.3), (1.4) using the families F,,;, & > 0, and fk,
k > 0, respectively. Using the definition of .J-convergence [SKO 56, BIL 68] it is
not hard to prove the following statement: if f,,(t), ¢ € [0,T], is a sequence of
deterministic functions .J-convergent to fo(t), t € [0,7T], and a,, is a determinis-
tic sequence such that a,, — ag € (0,T), where ag is a point of continuity of
fo(t), then f(an) — fo(ap). Let us now fix k,z,z. Then, using the Skorokhod
method of a common probability space, we obtain, according to conditions 1-3, that
the sequence of variables &,k (%, 2n) = Guk(Tnk(Tn, 2n), Tn, 2n) as T, € X,
z, — z, weakly converges to Ek(y, z) = &(ﬁ (y, 2),y,z). Also, according to con-
dition 1, for any m > 1, k > 0, the finite dimensional distributions of the vec-
tor (an(tla L, Zn)a Il = W? gnk(xna Zn)a Tnk(xna Zn)a K(ﬂnk(xnv Zn))) weakly
converge to the corresponding distributions of the vector (zk(tl,y,z), I = 1,m,
& (v, 2),7e(y, 2), Br(y, z)). Now, as we have the convergence of the initial values at
k = 0, from recurrent relations (1.3), (1.4) it follows that for any m > 1 the multidi-

mensional distributions of the vector (t,,x, K (Znk), Snk, k=0, ..., m) weakly con-
verge to the multidimensional distributions of the vector (t;€7 Yk S’k, =0,...,m).
Now consider a deterministic function ¢, (t) = fn(t — tn, Tn, 20)x({E > t,),

where [, (u,z, z) is a sequence of functions such that f,, (u, z,, z,,) J-converges in u
to fo(u,y,2) in [0,00) as K(x,) = y, 2z, — 2. Let t,, — to. Then, by the definition
of J-convergence, @, (t) converges to o (t) = fo(t — to,y, 2)x(t > to) for all ¢ >
to that are the points of continuity of (g(¢). Again using Skorokhod method of a
common probability space, we obtain according to conditions 1 and 2 that the finite
dimensional distributions of process @, (t) = Cur(t — tuk, Tnk, Snk)x(K(xnk) =Y,
tnr < t) weakly converge to corresponding distributions of process wo(t) = Cr (t—th,
Tis Sk)X (I =y, t, < t) for all ¢ that are a.s. the points of continuity of ¢g(t). Now
we can use the relation:

B Ox (K (n(1) = ) — BeOx (5o (t) = )|

N
Z Ec? Oy (K (kn(t) = s tak <t < tnps1)

(8.26)
— B oWy (§o(t) =y, T <t < Txp1)]
+P(tnn1 <)+ P(ivia <),

Let t > 0 be the point of continuity of (yo(:),Co(-)). Then at any fixed N
the first sum in the right-hand side of (8.26) goes to zero as n — oo. Now, as
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yo(+) is regular, then P(fNH < t) - 0as N — oo, and also at any fixed N,

P(t,nt1 < t) = P(tyy1 < t) as n — oo. Therefore, at large enough N the
right-hand side of (8.26) is small as n — oo, which implies the convergence of
one-dimensional distributions. In the same way we prove the convergence of finite
dimensional distributions.

To prove J-convergence we again use the Skorokhod method of a common prob-
ability space. As the convergence of finite dimensional distributions holds, we can

construct the families F,,;(w) and Fy,(w) on the same probability space €2 such that
ast € D, z, € Xy, z, — %, sequence (znk(t,xn,zn,w),?nk(xn,zn,w),ﬁnk(:zrn,
Zn,w)), converges to @k(t,y,z,w),%k(y,z,w),gk(y,z,w)), and conditions 2 and
3 are satisfied for all w € Q' C €, where P(Q') = 1. If (Fin (- w), (-, w)) and
(50(-,w),g70(~, w)) are SPs constructed by introduced families, then the sequence
(K(%n(t,w)), ¢, (t,w)) converges to @vo(t,w), Zo(t,w)) forallt € D,w € Q. Let
us choose some w' € . According to condition 3, t:()(w’) < t-1(w') < ---. This
means that K (Fn(-,w')) also J-converges to K (%(-,w’ ). Consider the sequence

¢, (-,w'). For any k > 0 according to condition 2, (,,(-,w’) J-converges to go(-, w’)
in any interval [, 3] C (tx(w'), tx41(w’)). Let us consider the behavior of ¢, (-, w’)
in the neighborhood of the point ?k (w'). Using condition 3 and the fact that the
function Ek(t,%z,w’) is right continuous at t = 0 and C,;(-, 2nk(W'), 2,w')
J-converges to Gy 2,0) in any interval [0, €] such that € is a point of continuity
of Co(e 9, 2,w'), the values Zn(tan/)’ as ?nk(w') —e<t< ?nk(w’), are close to
G, (tnr(w') — 0,0"). The values C,, (t,w'), as ?nk(w’) <t< ?nk(w’) + ¢, are close

to ¢,,(tnk(w'),w’). This means, by definition of convergence in .J-topology, that the
modulus of continuity in J-topology of the function ¢, (¢,w’) in the neighborhood

of each point ,,(w’) is small. This implies the relative compactness of Zn(-,w’ )
concerning .J-convergence and finally proves Theorem 8.3. O

Note that if {y(+) is stochastically continuous, then in condition 3 we need to verify
only relation P{7(y,z) > 0} = 1.

8.4. Aggregation of states in Markov models

Let us consider the applications of Theorem 8.3 to the models of asymptotic aggre-
gation (merging, enlargement) of the state space for hierarchic in time Markov sys-
tems. We prove that if the state space of the process can be divided in the regions
such that transition probabilities between them are small in some sense, then under
rather general conditions the aggregated process obtained by coupling each region
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into one state can be approximated by an MP constructed on the aggregated states and
correspondingly the accumulative processes can be approximated by processes with
independent increments with Markov or semi-Markov switching.

8.4.1. Convergence of the aggregated process to a Markov process (finite state
space)

In section 8.2 we investigated the asymptotic behavior of the stationary distribution
of the MP in the asymptotic aggregation setting. Now we consider the weak conver-
gence of the aggregated process to an MP defined on the aggregated state space. As
it follows from section 6.2.2, Theorem 6.1 and Corollaries 6.1, 6.2, the asymptotic
behavior of the first exit time from the S-set does not depend on the initial state.
This provides the opportunity of studying the convergence of the aggregated (consol-
idated) processes to Markov and semi-Markov processes [ANI 73, ANI 78, ANI 87a,
ANI 88c, ANI 87b, ANI 02, ANI 04].

Consider first for the illustration a simpler case of a homogenous MP in discrete
time and with a finite state space. We consider again a triangular scheme and assume
that the MP depends on a small parameter €,, — 0 as n — oo. Without loss of gener-
ality we can assume that ¢,, = 1/n. Let at each n, x,, k¥ > 0 be a homogenous MP
in discrete time with a finite state space X = {1,2,...,r} and the matrix of transition
probabilities P,, = ||p.(i,7)||, ¢,7 € X. Suppose that the following representation
holds:

X = U X,, where X, ﬂXy2 =0 asy; # yo, (8.27)
yey

and P, = Py + B/n + o(1/n), where matrix Py is reducible with d classes of
essential states X1, Xo,...,Xy4. Thus, relation (8.3) holds, where each matrix
PW = ||po(i,5)||, 1,7 € X, is irreducible, and

p’VL(Z’J):po(zaj)+blj/n+0(1/n)a 17]217,7“, (828)

where for all y, po(é,j) = 0if ¢ € X, j ¢ X,. This means that X is subdivided
in the non-intersected regions with small transition probabilities of the order O(1/n)
between them. We define the aggregated process T, as follows: for any & > 0,

Tok =Yy aszp, € Xy, yeY. (8.29)

If we define a map K (-) from X to Y such that:
K(z)=y foranyz e X,, yeY, (8.30)

then 7, = K(.’I}nk)



Asymptotic Aggregation of State Space 233

Let us keep the notation of section 8.2, denote by W(y)(i), i € X, a stationary
distribution for matrix P(y), and put

Ays = Z 7@ (3) Z bij, y,s€Y,y#s. (8.31)

i€X, jEXs

Let y(t), t > 0, be a continuous time MP with state space Y and transition rates
Ays, y # z.

THEOREM 8.4. Let x,,0 € X,,. Then, as n— oo, the sequence of processes K (2, [ny])
J-converges in any interval [0, T to an MP process y(t) with the initial state y(0) =

Yo-

Proof. To prove this theorem we use Theorem 8.3. In this case the process K (&)
can be represented as an SP with state space Y where the switching times are the
times of transitions between regions. As the exit time from the region is asymptotically
approximated by the exponential distribution and does not depend on the initial state
of the region, then the limiting process has the exponential sojourn times in the states
and is thus an MP.

Let us provide formal proof. First, we represent K (z,,,,) as an SP using the con-

struction given in section 6.2.4. For each y € Y, let ~(y)(k), kE > 0, be an auxiliary
MP with state space X, and matrix of transition probabilities

= p¥ (i, 5)|, 4.7 € Xy, (8.32)
where
ZA)(ny)(i:j) :pn(i,j)pn(i,j{y)_l, i, € Xy,

pan anzs 1€ Xy,
SEX,

(8.33)

(pn (i, X, ) is one-step probability to leave region X, from state 7).

For each y € Y, let us define a family of jointly independent random indicators
(W (i, k), i € Xy, k> 0} such that P(x (i, k) = 1) = 1 - P(x¥¥) (i, k) = 0) =
pn (%, X, ), and construct the family of independent and identically distributed in index
]Bernoulhprocesses{yy)( m), i€ Xy, y€Y, m=0,1,2,. }j2012

defined on the trajectories of MPs ¥ (k) in the following way: denote by Z 7y (z k:)

process 71 (k) given that 7./ (0) = i € X,, and put

m

ygLyl) Zx(y) (y (i, k) k;) m > 0. (8.34)



234 Switching Processes in Queueing Models

Let 17, (i, X, ) be the time of the first jump of y(yj) (i,m):

Vg (i, X,) = min {m :m > 0, y (i,m — 1) =1}, (8.35)

and let {B,x (i, X,), i € X, k > 0} be a family of independent in index & random
variables with values in X \Xy, where

. ) . N L
P(/Bnk(ley) :J) :Pn(Z,J)Pn(%Xy) y ) ng (8.36)
(probability of a jump to state j at the time of exit from X)).

Let us define an SP in discrete time (k,,(m), (,(m)), m = 0,1,2,... using the

family of processes {y,(:;) (¢,m)} and the variables introduced above as follows: sup-
pose that the initial value z,,(0) = iy € X,. Putt,0 = 0, yno = Yo, ino = %0,

tpk+1 = tnk + gnk (inlw Xynk)a Fivnk: = 97531"'“) (inlw gnk (ink:a Xynk) - 1)7
i7zk+1 = /Bnk Gnka Xynk)v Ynk = K(an)7 k > 0.

According to the results of section 6.2.4, variable 7,,; (4, X)) has the same distri-
bution as the exit time from region X, starting from state 7. Therefore, the times ¢,
are equivalent to the times of transitions between regions X, sequence i,; shows
the initial states in the regions (for example, i, is the initial state in the region X,
after the jump from region X)), value ?,Lk. shows the state just before exit from region

Xy,.» and y, . is the sequence of the regions for the aggregated process. Denote

ﬁn(m) = Ynk, Cn(m) = yfﬁ:k) (ink, m — tnk)

as tpr < m <tlpgt1, m:0a1527"'

Thus, by the definition, process k., (m) is equivalent (in the sense of the equiva-
lence of finite dimensional distributions) to the aggregated process K (X, )-

Let us consider the limiting behavior of the introduced variables. At any y the state
space X, for the process %&y)(k) forms in the limit one irreducible class. Therefore,

using the results on the convergence of the weakly dependent stepwise processes (see

Chapter 3) we see thatas n — oo, for any i € X, the process yiﬁ) (i, [nt]) J-converges
to a Poisson process withrate A, = >, Ay. Thus, the variable v, (i, X ) /n as the

time of first jump of yfﬁ) (i, m) weakly converges to the exponential random variable

with rate A,. In a similar way we can prove that
P(ynlzz‘yn():yv in(]:iGXy) —’Ayz/Ayv Z#y
Therefore, according to Theorem 8.3 the sequence of SPs (x,,([nt]), ¢, ([nt])) J-

converges to an SP (k(t), ((t)), which is constructed by the family of Poisson pro-
cesses II, (¢) with rates A, and the family of variables 3(y), where

P(ﬁ(y) = Z) = Ay /Ay, z#Y,
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in the following way: if x(t) = y, then a switching time in state y is the time of the
first jump of the Poisson process IT,(¢), and the next state z is chosen according to the
value of 3(y). Then by definition the process x(t) is equivalent to an MP y (). O

This result can be extended using the same technique to the case when each subset
X, can form a V,,-s-set, where V,,/n — 0. Assume that relation (8.27) holds and
instead of relation (8.28) a more general representation is true:

(i, 1) = p O, 1) +n " hy(i,1), i,01=1,d, (8.37)

where lim sup,,_, ., max; ; |hy,(4,1)| < C,and forany j € Y, p%o)(i, l)=0atie X,
¢ X;.

For any j € Y denote by ngk)
transition probabilities p£?> (2,1), 1,1 € X;. Consider the case when the subset X; in
the limit can be split over several classes of essential states. Introduce a uniformly

strong mixing coefficient

, k > 0, an auxiliary MP with state space X; and

Lp;j)(k) = z‘l,iQeI)r(IiXAch |P{mffk) €A ngo) = il} — P{xffk) €A 95550) = 12}‘

Suppose that there exists a sequence of integers r,, and ¢, 0 < g < 1, such that

n~'r, — 0, andforanyjcy, o (r,)<q. (8.38)

Note that condition (8.38) means that each subset X; forms an n-s-set (see sec-
tion 7.3 and [ANI 70, ANI 73, ANI 78]). In particular X; may form a closed ergodic
subset.

Denote by sl )(i), i € X, a stationary distribution for xgk) For any j € Y,
m €Y, j # m, we introduce the aggregated transition rates

an(Gim) =Y aP() Y halil). (8.39)

ier leXm
Suppose that there exist the values a(j, m) such that for any j,m € Y, j # m,

an(j,m) —a(j,m). (8.40)

Denote by y(t) an MP with values in Y and transition rates a(j,m), j,m € Y,
Jj# m.

THEOREM 8.5. Let x,,0 € Xj,. Then as n — oo, the sequence of processes K (2, [n4])
J-converges in any interval [0, T] to an MP process y(t) with the initial state jg.

The proof follows the same lines as the proof of Theorem 8.4.



236  Switching Processes in Queueing Models

8.4.2. Convergence of the aggregated process with a general state space

Now consider the asymptotic aggregation of homogenous MPs with a general state
space assuming that the aggregated regions may form V,,-S-sets (satisfy the asymp-
totic uniformly strong mixing conditions in a particular scale of time). Suppose that
MP z,,; takes values in a measurable set X with Borel o-algebra Bx which can be
represented in the form:

X=J X, where X, ()X, =0asy # v, (8.41)
yey

where Y is a measurable set with Borel o-algebra By . Assume that one-step transition
probabilities p,, (x, A) = P(z,1 € A | 0 = ) are represented in the form

1
pn(2, A) = p (@, A) + —hn (2, 4), x € X, A€ Bx, (8.42)
where limsup,, . sup,. 4 |hn(z, A)| < C, and forany y € Y,

pO(x,A)=0asz e X,, AﬂX =0.

andpglo)(:c,Xy) =lasz € X, Foranyy € Y, let

state space X, and transition probabilities pgl (,A), v € X,,,AeB x, - Introduce

its uniformly strong mixing coefficient:

(y) be an auxiliary MP with

W= s [Plal) e Alal) =)
z1,22€Xy, AEBx, (8.43)

P{x €A|xn0 =22}

Suppose that there exists a sequence of integers r,, and ¢, 0 < ¢ < 1, such that

n~'r, — O, andforanyyeY, o (rn) <4q. (8.44)

Denote by w(y)(A), A € Bx,, a stationary measure for an MP m;yk) (it exists
under assumption (8.44)). Forany y € Y, C € By, y ¢ C, introduce the aggregated
transition probabilities within the set Y:

an(y,C) = /X hon <x, U Xu) 7 (dz).

v ueC

Suppose that the following condition holds:

A) there exists a family of finite measures A(y,C),y € Y, C € By,y & C,
such that an MP y(t) with values in Y and transition rates A(y, C') for any initial state
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is regular and for any y € Y and any continuous bounded function f(v), v € Y,
uniformly iny € Y,

/ f()(an(y, dv) — Ay, dv)) — 0. (8.45)
Y\{y}

Providing the same steps as at the proof of Theorem 8.4 and using Theorem 8.3
we can prove the following result.

THEOREM 8.6. Let z,(0) € X, and conditions (8.41), (8.42), (8.44) and condition
A) be satisfied. Then as n. — oo, the sequence of aggregated processes K (&, [r4])
J-converges in any interval [0, T] to an MP process y(t) with the initial state yq.

Note that this result can be easy extended to the case when the auxiliary processes

xfly,g in each region X, are quasi-ergodic Markov processes (see section 8.6).

8.4.3. Accumulating processes in aggregation scheme

In the same way we can investigate the behavior of accumulating processes and, in
particular, the flows of rare events switched by an MP admitting the asymptotic aggre-
gation of state space. Assume that x,,;, £ > 0, is an MP satisfying the conditions of
the asymptotic aggregation given either in Theorem 8.4, or Theorem 8.5 or Theorem
8.6. Let K (x,1) be the aggregated process defined according to (8.29), (8.30). Con-
sider a general state space X and Y and let us keep the notation of section 8.4.2. Let
f(z), z € X, be a bounded measurable function in X. Also let {x,x(z), z € X},
k =0,1,...be the families of indicators of rare events, which are jointly independent
in index k, with distributions not depending on k, where

P(X,Lk(aj) = 1) =q(z)/n+o,(x), z€X, (8.46)
q(x) is a bounded measurable function in X, and

lim sup no,(z) = 0. (8.47)

N0 geX

Put
Su(m) =" f(@nr);  CGalm) =D xok(war), m=0,1,...  (848)
k=0 k=0
Denote

o) = / f@)n (dz),  Galy) = / (@)@ (dr), yeY. (849
reX reX

Y
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o~

Assume that there exist measurable functions f(y) and ¢(y) such that

lim sup {|fn(y) = FW)| + [@(v) — @v)|} = 0. (8.50)

n—oo er

Let us define the limiting accumulating process Sy (t) = fot ]?(y(u))du, where ()
is a limiting MP defined in Theorem 8.4 or Theorem 8.6. Also let II(¢) be a doubly
stochastic Poisson process switched by y(t) with the instantaneous rate of jump at

time ¢, (y(¢)).

THEOREM 8.7. If x,,(0) € Xy, then as n — oo under the conditions above in any
interval [0, T] the sequence of processes (K (&y, 1), Sn([nt])/n) J-converges to a
two-component MP process (y(t), So(t)), and the sequence (K (2, 1n4), Cn([n1])) J-
converges to a two-component MP (y(t),IL(t)), where y(0) = yo.

The proof of Theorem follows the same lines as Theorem 8.4.

Note that condition (8.50) can weaken: instead of taking supremum in Y, for
any fixed 7' the condition should be satisfied for a sequence Y,,, € Y such that
P(y(u) €Y, 0<u<T)—1lasm — oo.

8.4.4. MP aggregation in continuous time

The results above can be easy extended to MPs in continuous time. Consider for
simplicity a finite state space. Let x,, (), ¢ > 0, be a homogenous MP with values in
X and transition rates ay,(4,j), i,4 € X, i # j, t > 0. Suppose that the following
representation is valid:

X = U Xy, whereXylmez =0 as y; # yo, (8.51)
yey
and
an(i,j) = al (i,5) + V, tho(i,5) (1 + 0(1)), 4,5 € X, (8.52)

where for any y € Y, a%o)(i,j) =0asie€ Xy,j € Xy,andV,, — coasn — oo.

This means that X can be divided in the non-intersected regions with small transition
rates of the order O(1/V},) between them.

Let the non-negative values {¢,(x), € X} be given. Denote by IL,(¢), t > 0, a
doubly stochastic Poisson process switched by x,,(t): if at time ¢, 2:,,(¢) = «, then the
rate of jump of II,,(¢) is ¢, (x). Consider the asymptotic behavior of the aggregated
process K (x,,(t)), where K(-) is the map from X to Y defining the subdivision in
regions X, (see relation (8.30)), and also the behavior of the two-component process

(K (zn(t)), (1))
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For any y € Y denote by x(y)( t), t > 0, an auxiliary MP with state space X,

and transition rates a( )(z j), 1,5 € Xy, i # j. Introduce a uniformly strong mixing

coefficient
(v) _ (v) (y) —
o (u) w1,w2€r§1(3?(ACX ‘P{x ) e Az xl} 553
— P{x(y) yeA| x(y) - x2}|

Suppose that there exists a sequence -, and ¢, 0 < ¢ < 1, such that
V,'r, —0, andforanyycY, o (r,)<gq. (8.54)

n

Note that condition (8.54) means that each subset X, for an MP :c(y)( t) forms an
V-s-set (see section 7.3 and [ANI 70, ANI 73, ANI 78]) In particular X, may form
a closed ergodic subset.

Denote by p(y)( ), € X, a stationary distribution of x(y)( t) which exists at
large enough n due to condition (8.54). Put

an(y, 2 Z oy (x) Z ho(x, s).

reXy seX,

Also assume that
Gn(x) = qo(ﬂv)Vn_1 + o(Vn_l)7 re X,
and denote

Q(y) = Z P%y)(x)%(x)-

TEXy

Suppose that there exist the values a(y, z) and gp(y) such that

aTL(Z/) Z) - Zio(y, Z)a @L(Z/) — Z]\o(y% Y,z S Y; Yy 7& Z. (855)

Denote by y(¢), t > 0, an MP in continuous time with state space Y~ and transition
rates ao(y, z), y # z, and let II(¢) be a doubly stochastic Poisson process switched by
y(t) with the instantaneous rate at time ¢, go(y(t)).

THEOREM 8.8. Ifz,(0) € X, then asn — oo, in any interval [0, T the sequence of
aggregated processes K (x,,(V,t)) J-converges to an MP y(t), where y(0) = yo, and
also the sequence of two-component processes (K (x,(V,t)), 11, (V,t)) J-converges
to the process (y(t), IL(t)).

These results are partially published in the books [ANI 87b, ANI 88c] and papers
[ANI 78, ANI 98, ANI 00a, ANI 00b] and are extended to the schemes of aggregation
for Markov and semi-Markov processes with a general state space and also to non-
homogenous in time models.
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Note also that using the results of Chapter 3 we can prove that under rather gen-
eral assumptions the behavior of the accumulating stochastic processes switched by a
Markov process, which admits the asymptotic aggregation of state space, is approxi-
mated by the processes with independent increments and Markov switching.

8.5. Asymptotic behavior of the first exit time from the subset of states (non-
homogenous in time case)

Consider the asymptotic behavior of the first exit time from the subset of states
for a non-homogenous MP. In most applications this time is usually interpreted as the
time of the first loss of a call, or the time of a failure of the system. We prove the
results on the generalized exponential approximation of this time and use it for the
investigation of the models of the asymptotic aggregation of the state space in the next
sections. The proof uses the properties of a quasi-ergodic MP introduced in section
3.3 and the results of section 7.2.

We study the continuous time as this is usually the case in queueing models. The
results for discrete time are similar. Let 2, (¢), ¢ > 0, be a non-homogenous in time
MP with finite state space X = {0, 1,2,...,d} given by the family of instantaneous
transition rates {a,(i,1,t), i, € X, i # 1, t > 0}. Let Xo = {1,2,...,d} be a
subset of X . Given that x.,,(0) = ig, igp € Xo, denote the first exit time from X, by

vn(io) = inf {t : ¢ > 0, z,(t) = 0}. (8.56)

Consider the asymptotic behavior of the variable v;,(ig) with the assumption that
the rates of exit tend to 0 and the subset X forms in a limit one subset of com-
municated states. Suppose that there exists a family of continuous in v functions
{ap(i,j,v), 1,7 € Xo, ¢ # j, v > 0} and a sequence k,, — oo such that for
any fixed 7" > 0,

lim sup |a, (i, j, knv) — ag(i, j,v)| =0, 4,5 € Xo, i # j. (8.57)

n—oo v<T

For each fixed v > 0 denote by a:(()v) (+) an auxiliary homogenous MP with state
space X given by the family of transition rates {ao(,j,v), i,j € Xo, ¢ # j}. Let
@) (u) be its uniformly strong mixing coefficient. Suppose that there exists g, 0 <

g < 1, and for any T' > 0 there exists a constant 7(7") > 0 such that for any v < T,
e (r(T)) < q. (8.58)

This means that for any 7 > 0 an MP :c((f) (+) is ergodic uniformly in v < T Let

() (1), i € X, be its stationary distribution. Denote by
an (X0,0,t) = > 7 (i)an(i,0,t)
i€ Xo

the averaged (quasi-stationary) rate of transition from X, to the state {0} at time ¢.
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THEOREM 8.9. Suppose that there exists a sequence k, — oo such that relations
(8.57) and (8.58) hold, and

lim sup max sup knan, (i, 0, knu) < Cr < . (8.59)

n—oo 1€Xo u<T

Then for any 1y € X,

lim sup P{I/n(zo) >k t} — exp{ An( )}| =0, (8.60)

where A, (t) = ky [, a,L(Xo,O, k,v)do.

Note that proximity estimates similar to Statement 7.1, section 7.2 can also be
provided.

NOTE 8.2. In the homogenous case a,(i,l,t) = a,(i,!), e.g., the transition rates do
not depend on time ¢, and we obtain

Ay (t) = thy, m(i)an(i,0)
1€Xo
(the exponential approximation of the variable v, (ip)). In the non-homogenous case
the value A,,(t) stands for the cumulative rate.

Proof. Consider an auxiliary non-homogenous MP Z,,(-) with state space X and the
instantaneous transition rates {a,(i,1,t), i,l € Xo, ¢ # I, t > 0}. Furthermore,
denote by (Z,,(t),I1,,(t)), t > 0, a two-component MP such that II,,(¢) is a doubly
stochastic Poisson process switched by the process Z,,(¢): the instantaneous rate of a
jump at time ¢ is ay, (z,,(¢), 0,t). Given that Z,,(0) = ig € Xo, put

Un(io) = inf {t : ¢t >0, I, (t) > 1}.

It is not hard to prove that at each iy € X the variables v, (ig) (see (8.56)) and
U (o) have the same distribution. Furthermore, according to relations (8.57), (8.58)
process Z, () is a quasi-ergodic process (see section 3.3) and Lemma 3.2 with relation
(3.55) holds.

Let us use following representation:
knt
P{'z?n (io) > knt} = Eexp { — / an, (in(u), O,u)du}. (8.61)
0

Denote A, (t) = E IN " (#,(u),0,u)du. Using the inequality |e* — e —
ePla—p)| < 1 |a (3|? that is true as a, B < 0, we obtain from (8.61):

B 1 knt B 2
1P{vn(io) > knt} —exp{ — An(t)}| < 2E‘/ an (Zn(u),0,u)du — A, (t)
0
(8.62)
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Denote by ¢,,(u, v) the uniformly strong mixing coefficient defined for the non-
homogenous in time process Z,(-) in the interval [u, v] by analogy to (8.53). Using
conditions (8.57) and (8.58) and the results of [ANI 88a] we can prove that for any
T > 0 there exists the values ¢1, ¢ < g1 < 1 and r(T") such that

sup @ (u,u+r(T)) < q1. (8.63)
u<T

Inequality (7.3) implies that for any u < v,
E‘an (acn(u), 0, u) an (xn(v), 0, v) — Ea, (xn(u), 0, u) Ea, (J:n(v), 0, v) }

S sup (Zn(I7 07 5)@%(“7 1})7
x,s

Using this inequality it is not hard to prove that

knt B 2
sup E‘ / an (2n(v),v)dv — Ap(t)| — 0.
0

t<T

~ Furthermore, relation (8.63) together with (8.59) implies that uniformly int < T,
An(t) — Ay (t) — 0. This completes the proof of Theorem 8.9. O

The results of Theorem 8.9 can be extended to the case of a general state space X
using the results of sections 3.2.1.2 and 3.3.

Note that Theorem 8.9 extends to the non-homogenous case some results on the
asymptotic behavior of the first exit time from a subset of states for homogenous MP
and SMP studied independently in [ANI 70, ANI 73, ANI 74, ANI 87b, ANI 88c] and
[KOR 69, KOR 93].

It is also possible to study the exit time from a subset X which satisfies the con-
ditions of the asymptotic aggregation of the states in a particular scale of time. Using
the same technique we can represent the exit time from X as the time of the first
jump of IL,,(¢) and prove that asymptotically it is equivalent to the time 7 of the first
jump of process Il (¢) which is a doubly stochastic Poisson process switched by the
aggregated MP. In this case 7 has a P H-type distribution. This means that in complex
systems with transition rates of a different order the distribution of the time of first
failure in general is approximated by a P H-type distribution.

In queueing systems the value v, (ig) usually means the time of the first loss
of a call (or overfilling of the system). Note that for homogenous in time models
the applications to the analysis of the behavior of complex renewable systems with
fast repair were given in [ANI 78, ANI 97, ANI 98, ANI 00a, ANI 87b, ANI 89b,
ANI 89a, ANI 89¢, SZT 91].
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8.6. Aggregation of states of non-homogenous Markov processes

Here we extend the results of sections 8.4.1, 8.4.2 and 8.4.4 to the models of
asymptotic aggregation of a state space for hierarchic non-homogenous in time
Markov systems. We prove that if the state space of an MP can be divided in the
regions such that the transition probabilities between them are small in some sense,
then under rather general conditions the accumulating processes can be approximated
by non-homogenous in time processes with independent increments and Markov
switching with the number of states equal to the number of regions.

Let for each n > 0, x,(t), t > 0, be a non-homogenous MP in continuous time
with state space X = {1,2,...,d} given by the family of instantaneous transition
rates a,, (i, 7,t),4,j € X, i # j. Suppose that X can be represented in the form:

X = U Xy, where X, NX,, =0asy; # o, (8.64)
yey

and K (-) is a map from X to Y such that K(«) = y for any = € X,. Consider the
aggregated process K (x,(t)), t > 0, and study the conditions of the convergence to
an MP at the assumption that transition rates between regions X, are asymptotically
small. Assume that the transition rates are represented in the form

1
an(i,1,t) = a9 (i, 1,t) + Ebn(i, 1,t), i,le€X, (8.65)

where for any 7" > 0,
limsup max sup |by(4,1,t)| < Cr < o0, (8.66)

n—oo bl ¢<nT
and foranyy € Y, ¢t > 0,
a3, 1,t) =0 asie X,, | ¢X,. (8.67)

Let functions aS{” (i,1,t) regularly depend on the parameter ¢ in the following way:
there exists a family of continuous functions {ag(i,1,u), i,l = 1,d, i # 1, u > 0}
such that forany y € Y and 7" > 0,

lim sup ’a%o)(i,l,nu) - ao(i,l,u)‘ =0, i,leX,. (8.68)

=00 LT

For any y € Y and fixed v > 0 denote by :z:(()y)(t, v), t > 0, an auxiliary homoge-
nous MP with state space X, and transition rates ap(i,l,v), 1,1 € Xy, @ # 1, and
introduce a uniformly strong mixing coefficient

apéy’v) (u) = max
01,12 E)('y7 ACXy

P{xéy)(u,v) cA| xéy)(O,v) = il}
(8.69)
- P{x(()y)(u,v) €A a:éy)(O,v) = zg}‘
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Suppose that there exists ¢, 0 < ¢ < 1, and for any 7" > 0 there exists a value
r(T) such that forany y € Y, v < T,

e (r(T)) < q. (8.70)

Note that conditions (8.68)—(8.70) mean that each subset X, for the initial process
2, (t) forms a quasi-ergodic set (see section 3.3). Furthermore, for each v > 0 denote
by ﬂ(y)( v), 1 € X,, a stationary distribution of an MP x(y)(t, v) (this exists under

the assumption (8.70)). Forany y € Y, z € Y, y # z, we put

n(Y, 2,0) Z g z,v) Z by (i, 1, nv).

1€Xy leXx,

Suppose that for any y, z € Y, y # z, and for any ¢ > 0 there exist the limits:

t
Ay, z,t) = lim / an(y, z,u)du, (8.71)
n—oo 0

and the functions A(y, z,t) can be represented in the form:

t
A(ya 2, t) = A0(y7 2, u)dua (872)
0
and \o(y, z, t) are some continuous with respect to ¢ functions. Denote by y(t) a non-
homogenous MP with state space Y and the instantaneous transition rates at time ¢,

5‘0(1%2775)’].)2 € Y7y 7é Z.

THEOREM 8.10. Suppose that conditions (8.64)—(8.68), (8.70)~(8.72) hold and
2, (0) € Y,,. Then the sequence of aggregated processes K (x,,(nt)) J-converges in
any interval [0, T] to an MP y(t) with the initial state yo, and also for any t > 0 and
ie X,

lim P(z,(nt) = i) = P(y(t) = y)ms” (i, ).

n—oo

Now we consider the convergence of the accumulating processes switched by
xn(t). Let {f(i,t), i € X, t > 0} be a family of continuous functions. Consider
the process

Denote
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THEOREM 8.11. Suppose that the conditions of Theorem 8.10 hold. Then the sequence
(K (xzn(nt)), Sp(t)/n) J-converges in any interval [0,T) to the process (y(t), S(t))
where y(t) is defined in Theorem 8.10 and

S(t)z/o f(y(u),u)du. (8.73)

It is also possible to study stochastic additive functionals. For example, consider
the behavior of flow of rare Poisson events switched by ., (). Let {g,(i,t), i € X,
t > 0} be a family of continuous non-negative functions and let II,,(¢) be a doubly
stochastic Poisson process switched by x,,(+): if z,,(t) = ¢ then the instantaneous rate
of a jump is gy, (4, t). Denote by

AW (4 / Zﬂ' (4, v)qn (i, nv)dv

1€Xy,

the cumulative rate of jump in region X,,, which is averaged by a quasi-ergodic distri-
bution.

THEOREM 8.12. Suppose that conditions of Theorem 8.10 hold, for any T > 0

lim sup max sup nqy, (i, nu) < Cr < oo,
n—oo 1€X 4<T

and there exists a family of functions {G(y,v), y € Y, v > 0}, which are continuous
with respect to v, such that for any u > 0,

lim nAY (u) :/ q(y,v)dv.
0

n—oo

Then the sequence of processes (K (xy,(nt)), I, (nt)) J-converges in any interval
[0, T o the process (y(t),11(t)), where MP y(t) is defined in Theorem 8.10 and T1(t)
is a Poisson process switched by y(-): if at the time t, y(t) = y, then the local rate of

Jjump is Gy, t).

Proof of Theorems 8.10-8.12. At first we represent the process (K (x,,(t)), Sy (t)) as
an SP. In this case switching times are the times of transitions between different
regions X, and the corresponding process (,(t,y) is constructed as an accumulat-

ing process given on the auxiliary process fo’ )( -) in the region X,. Let us define it

more formally. For any y € Y, [ € X, denote by Z», iy (t,1) an auxiliary MP with state
space X, initial state [ given by transition rates an( k.t),i ke X, i#k. Also let

H;-”( t) be a non-homogenous compound Poisson type process switched by g (t 1)
with the instantaneous rate of a jump in the state i at the time ¢, b?) (i,t)/n, where
b (i) = >igx, ¥ (i,1, ), and the size of jump

kW (i ) = {z with probability o' (i, 1, )b (i, 1)1, 1 ¢ X,,.
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We consider a two-component process (£ (¢, 1), I (t)). Denote by ) (u, 1)
the time of the first jump of process Y (t) in interval [nu, co) and by Bn )(u, 1) its
size. Let us construct an SP y,,(t) with values in Y using the families of variables
{7 (y)( 0), () (w,0), 1 € Xy}, y € Y. Suppose that igp € X, is the initial value.
Put ¢ no — 0,

takt1 = tok + T (bakyink) s dnkr1 = BY™) (b, ink)
Ynk = K (ink), k>0,
and denote

yn(t) = Ynk as trk <t< tnkJrla t> 0.

Then by definition process y,,(+) is equivalent to process K (z,(-)). Denote by
¥ (¢) a compound Poisson process with instantaneous rate of jump Ao(y,t) =
Z#y Xo(y, z,t) (see (8.71), (8.72)) and the size of jump

ko(y,t) = {z with probability \o(y, z,t)Xo(y,t) "L, 2 # y.

If n — o0, then according to Theorem 8.9 the variable Tn (u l) forany [ € X,,

u > 0, weakly converges to the variable 7() (u), where 7(%) (u) is the time of the first

jump of the process IT*¥) (¢) in the interval (u, o). The variable K ( ) (u,l)) weakly

converges to the variable xo(y, u), respectively. However, an SP constructed with the
help of processes T1(¥)(t) and variables rq(y, t) is equivalent to an MP y(t) defined
in Theorem 8.10. Finally using the result of Theorem 8.3 in section 8.3 we obtain the
statement of Theorem 8.10.

In the case of Theorem 8.11 we put (,, (¢, y,7)=n"" fo :cn (nu, 1), u) du. Then
the process (K (z,(t)), S, (t)/n) by analogy can be represented as an SP using the
processes (, (¢, y, 7) and previous notation. As in each region X, the process i (t 1)
satisfies the uniformly strong mixing condition, then the process (,(t,y,4) for any
1 € X, converges to the deterministic function fo y, u)du and the limiting process
for S, (t)/n which is constructed using the average characteristics corresponds to the
expression (8.73). Similar conclusions are made at the proof of Theorem 8.12. O

Similar results can be proved for a non-homogenous in time MP in discrete time
satisfying condition (8.64) and a condition of the (8.28) type, where the local transition
rates a, (i, ,t) should be replaced by one-step transition probabilities at step [nt¢] and
the condition of form (8.68) should be satisfied.

8.7. Averaging principle for RPSM in the asymptotically aggregated Markov
environment

In this section we study the averaging principle for RPSM introduced in section
1.2.3 with the additional Markov switching for the case when a switching MP is



Asymptotic Aggregation of State Space 247

asymptotically aggregated in the scale of time nt. This means that condition (4.51) of
Theorem 4.5 in section 4.4 is not true and the states of MP z,,;, do not asymptotically
communicate in the scale of time nt.

8.7.1. Switching MP with a finite state space

We keep the notation of section 4.4. Let (z,,(t), S, (1)), t > 0, be an RPSM with
additional Markov switching defined according to relations (4.47), (4.48) and func-
tions m,,(x,a) and b, (z,a) are defined according to (4.49). Suppose first for sim-
plicity that MP 2,5, has a finite state space X = {1,2,...,d} and keep the previous
notations. Let the following representation hold:

X =|JX;, where X, ()X, =0asy # s, (8.74)
jey
and one-step transition probabilities p,, (¢, j) = P{x,1 = j | no = ¢} are represented
in the form

pn(isg) = PO, 5) +n h(iy ), ij € X, (8.75)

where limsup,,_, . max; ; |h,(i,j)] < C, and for any y € Y, Y (1,7) = 0 as

i€ Xy j ¢ Xyand Yoy i) (1) = 1,0 € X,
(v)

For any y € Y denote by x,/, & > 0, an auxiliary MP with state space X,
and transition probabilities pﬁf” (,7), 1,7 € X,. Introduce a uniformly strong mixing
coefficient

W) (k) =
= max
n ( ) i1,i2€ Xy, ACXy

P{:rglyk) €A x%) = il} - P{:L“sly,g €A :z:flyo) = 12}’

Suppose that there exists a sequence of integers r,, and ¢, 0 < ¢ < 1, such that

n~lr, — 0, andforanyyecY, o (rn) <q. (8.76)

Note that condition (8.76) means that each subset X, forms an n-s-set for process

x;yk) (see section 7.3 and [ANI 70, ANI 73, ANI 78]). In particular X, may form a

closed ergodic subset. Denote by 777(5’) (i), i € X,, a stationary distribution for :z:;yk) .

Furthermore, for any y €Y', €Y, y# 2, we introduce the aggregated characteristics:

Xn(yaz) = Z ﬂ-’ELy)(Z) Z hn(z7l)a

1€ Xy leX.,
i€ Xy

bu(y, ) = > 7P ()b (i, ).

ieX,
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Suppose that there exist the values X(y, z) and continuous with respect to « func-

o~

tions m(y, @), b(y, ) such that forany « € R", y,z € Y,y # z,

Ay, 2) — Ny, 2), iy, ) — iy, @) > 0,
N R (8.78)
bn (yv a) — b(yv OZ)‘

Denote by y(t,yo) an MP with values in Y, transition rates X(y7 2),y,z2 €Y,
y # z, and the initial state yo. Let n(u, yo, So) be a solution of a differential equation
with a random function in the right-hand side:

dn(u, 9o, 50) = b(y(u, v0),1(u, yo, 50))du,  1(0,0,50) = so- (8.79)
Denote
z(u, o, s0) = /Ouﬁt(y(v,yo)m(v,yo,80))dv, (8.80)
and define the processes

C(tvyOaSO) = T](Z 1(75790,50)790,50)7
K‘(tmyOa 30) = y(Z 1(t7y07 50)790)7 t > 07
> 0,

B (8.81)

where 27 1(t, 3o, s0) = inf{u : u 2(u, Yo, 50) = t}.

Here we assume that z(u,yo, So) Poxcasu — oo, i.e., for any t > 0,
P(271(t,90,50) < 0o0) = 1. Thus, the variable z~1(¢, yo, s9) exists and is a proper
random variable.

Consider the aggregated process K (2, (t)) where K (-) is amap from X to Y such
that K'(x) = y as ¢ € X,,. Note that the original process x,,(t) is not generally an MP
or even an SMP (see section 1.2.3). Moreover, neither is process K (-).

THEOREM 8.13. Let (x,(t), S, (t)) be an RPSM defined according to relations
(4.47),(4.48), functions m,(x,a) and b, (x,a) are defined according to (4.49) and
conditions (4.52), (4.53) of Theorem 4.5 hold. Also let x,(0) € X,, and S,,(0)/n

F, So as n — oo, conditions (8.74)—(8.76) and (8.78) hold. Then the sequence of
processes (K (x,(t)), Sn(t)/n) J-converges in any interval [0,T] to the process
(K(t7 Yo, 50)7 C(t7 Yo, SO)) deﬁHEd above by (88])

Proof. We use AP for RPSM with Markov switching (Theorem 4.5, section 4.4) and
Theorem 8.3, section 8.3. The proof follows the lines similar to the proof of Theorems
8.4, 8.7, section 8.4 on the convergence of accumulating processes switched by the
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asymptotically aggregated MP. First, let us introduce the auxiliary random processes
following the notation similar to proof of Theorem 4.5. Denote

gn(u) = K(xnk)a Tin (u) = Snk/n7 Zn(u) = tnk

(8.82)
ask/n<u<(k+1)/n, u>0,

where process z, (-) corresponds to ¥, (u) in Theorem 4.5.

Put pu,, (¢) = inf{w : u > 0, z,(u) > ¢}. The following representations hold:
Sn(nt)/n =y, (Vn(t)/n) = Tin (ﬂn(t) - 1/”)7
K (2n(t)) = gn (pn(t) — 1/n).

In this way process (K (z,(t)), S, (t)/n) is represented as a superposition of two
processes: (g, (u),n,(u)) and pu,(t). First, we study the behavior of the processes
(gn(w), np(u)) jointly with z, (u), then g, (t) and their superposition.

Consider process (g, (w), 7, (w), 2, (1)), u > 0. We can represent it as an SP. The
formal proof can be provided following similar lines as at the proof of Theorem 8.4.
Let us avoid many technical details and provide the explanation of the basic steps. The
switching times are chosen as the times of transitions between regions X . According
to Statement 7.1 the exit time from any region is asymptotically approximated by the
exponential distribution and does not depend on the initial state of this region. Notice
that g, (u) represents the aggregated process for the initial MP x,,;,. Therefore, as it
follows from Theorem 8.5, given that ¢,,(0) € X,,, process g, (t) weakly converges
to an MP y(¢, o). Moreover, while process ., is in region X, it behaves like process

x;yk) . Let us define for any X, an auxiliary RPSM (1) (u), z{’ (u)) which is defined

by relation (8.82) where z,,, is replaced by xggc) Then process (1, (u), z,(u)) can be

represented as an SP constructed by processes (m(Ly) (u), 2Y) (u)) where the switching

times are the transition times between regions.

For any y € Y let us introduce the auxiliary processes z(*) (u, s) and ) (u, s),
where 1) (u, s) is a solution of a differential equation

dn(y)(u, s) = /I;(y,n(y) (u, s))du, n(y)(O, s) =s,

u
W) (u, s) = / (1 (v, ))dv.
0

Assume that at instant nt; process x,,, jumps into region X, and the value of .S,,;,
at this time is ns;. Then according to Theorem 4.5, section 4.4, process (n,(ly) (u),
zﬁly)(u)) in the interval [t,t,] J-converges to process (n¥)(u,s;), 2 (u,s1))
and its distribution asymptotically does not depend on the initial state of I‘S’Q in
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region X,,. As it is mentioned above the process g, (t) weakly converges to an MP
y(t,yo). Therefore, using Theorem 8.3 we can prove that under the conditions of
Theorem 8.13 process (gn(u), nn(u), zn(u)) in any interval [0, A] J-converges
to (y(u,yo),n(u, Yo, s0), z(u, Yo, $0)). As m(y,a) > 0, process z(u,yo, So) is
strictly monotonically increasing. Thus, process z~1(t, %o, so) exists, and process
(gn(w), M (u), pn(u)) also J-converges to (y(u,yo),n(u,yo,s0), 2~ (1, vo, 50)).
Note that process 7)(u, Yo, So) is continuous, but y(u, yo) is discontinuous. Based on
the results on the U-convergence of the superposition of random functions [BIL 68]
for the process 7, (u) and on the results about J-convergence of the superposition
of discontinuous processes [ANI 79, ANI 88c] we can state that the superposition
of processes (g, (u),n,(u)) and p,(t) J-converges to the superposition of limiting
processes which implies the statement of Theorem 8.13. O

8.7.2. Switching MP with a general state space

Using the results of section 8.4.2 these results can be easily extended to the case
where X and Y have a general state space. Assume that an MP x,,, satisfies the
conditions of asymptotic aggregation in Theorem 8.6, section 8.4.2. Define the values
my, (z,«) and b, (z, ) by relation (4.49) and in each region X, similar to (8.77)
denote

mn(yﬂ) = / mn(m7a)ﬂ'7(ly) (d.’L‘),
X'L/
’ (8.83)

Bul) = [ b)) (o)
Xy
Assume that variables (7,5 (+), £nr(+)) satisfy conditions (4.52), (4.53) of Theo-

rem 4.5, section 4.4 and there exist functions m(y,«) > 0 and B(y, «) which are
continuous with respect to o such that for any o € R”,

sup {|n(y, @) = iy, a)| + [bu(y, @) = bly,@)|} — 0. (8.84)
Yy

Let us define a regular MP y(¢,yo) with state space Y, transition rates A(y, B),
y €Y,B € By,y ¢ B, given by (8.45) and the initial state yy. Define also the
processes 7n(u, Yo, So) and z(u, yo, So) according to relations (8.79) and (8.81).

THEOREM 8.14. Let (x,(t), S, (t)) be an RPSM defined according to relations
(4.47), (4.48), the functions m.,(x,a) and b, (x,a) defined according to (4.49) and
the conditions (4.52), (4.53) of Theorem 4.5 hold. Let MP x ;. satisfy the conditions
of asymptotic aggregation in Theorem 8.6, section 8.4.2. Also let x,(0) € X, and

S,(0)/n == so asn — oo and (8.84) holds.

Then the sequence of processes (K (x,(t)), Sn(t)/n) J-converges in any interval
[0, T to process (k(t, yo, S0), C(t, Yo, o)) defined above by relations (8.79)—(8.81).
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Similar results can be proved for non-homogenous in time MP.

NOTE 8.3. If for any y the process x(yk) in each region Y is a quasi-ergodic MP with

the corresponding family of quasi-ergodic measures 7(¥) (¢, A), then the result of The-
orem 8.14 is also valid, where the functions 7, (y, @) and R,,(y, «) in (8.83) should
be replaced by iy, (y, v, t) and by, (y, a, ), and the functions 7(y, a) and b(y, @) in
(8.84) should be replaced by m(y, «,t) and g(y, a, 1), respectively, and also the tran-
sition rates of the limiting process y(t, yo) at time ¢ have the form A(y, B, t).

8.7.3. Averaging principle for accumulating processes in the asymptotically aggre-
gated semi-Markov environment

Consider a special case of the accumulating process, switched by a semi-Markov
process admitting the asymptotic aggregation of state space. This case is important in
various applications. Assume that the distributions of variables (&, (z, 2), Tk (2, 2))
in (4.46) do not depend on the argument z. Therefore, introduce the family of jointly
independent random variables

Fop = { (& (), Tak(2)), 2 € X}, k>0, (8.85)

with values in R" x [0, 00) and distributions not depending on index k. In this case
the process x,,(t) defined by (4.48) is an SMP given by the embedded MP x,,;. and the
sojourn time in state x is 7% (). Correspondingly, process .Sy, (¢) is a sum of random
variables &, (x) defined on the trajectory of an SMP z,,(-) in the interval [0, ¢]. Let us
keep the notation of section 4.4.1. Denote

mp(z) = Erpi (), bp(z) = E&u (). (8.86)

Assume that MP z,,, satisfies the conditions of asymptotic aggregation in Theorem
8.6, section 8.4.2. For any region X, denote

/ ma(2)7® (dz),  by(y) = /X by ()W) (dz). (8.87)

Yy

Assume that there exist functions 7 (y) > 0 and b(y) such that

sup {|n(y) — ()| + [ba(y) —(y)|} — 0. (8.88)

Let y(t,yo) be a regular MP with state space Y, transition rates A(y, B),y € Y,
B € By, y ¢ B, defined by (8.45), and the initial state yy. Define the processes
n(u, Yo, o) and z(u, yo, So) according to relations (8.79)—(8.81). In our case,

7w, 0, 50) = 50+ / By (us o)) du,
0

z(u,yo,so) = z(u,yo) = /Ouﬁz(y(v,yo))dv.
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Assume that n(u, yo, So) 2, o0 as u — oo. Then for any t > 0 the value

27 Y(t,yo) is a proper random variable and it is easy to check that the process

k(t,y0) = y(27(t,90), yo) is also an MP with transition rates A(y, B)/m(y),y € Y,

B € By. Assume that k(t, yo) is regular (e.g. with probability one has a finite number

of jumps in any finite interval). Then process ¢ (%, o, 50) = 7(2 7 (t,%0), vo, So) after
changing time using transformation u = z~*(v, o) can be represented in the form

t

C(t.vn.s0) = s+ [ B (u3n))du (8.89)
0

where g(y) = E(y)/m(y)

As a consequence of Corollary 4.2, section 4.4.1, Theorem 8.6, section 8.4.2 and
Theorem 8.14, section 8.7 we obtain the following result.

COROLLARY 8.1. Let S, (t) be a stepwise process of sums of random variables
defined by the family of random variables F,, (8.85) on a trajectory of an SMP x.,(-)
according to relations (4.47), (4.48) and the following conditions are satisfied.:

1) MP x,. satisfies conditions of asymptotic aggregation of Theorem 8.6, section
8.4.2;

2) functions m,,(x) and b, (x) defined according to (8.86), condition (4.88) of
Corollary 4.2 section 4.4.1 holds, and (8.88) is true;

3) x,(0) € X, and S,,(0)/n L soasn — .

Then the sequence of processes (K (x,(t)), Sn(t)/n) J-converges in any interval
[0,T7] to the process (k(t,yo),C(t, yo, S0)), where k(t,yo) is an MP with transition
rates A(y, B)/m(y), y € B, and the initial state yo, and process (t,yo, So) defined
by (8.89) is an accumulating process given on the trajectory of k(t, yo).

8.8. Diffusion approximation for RPSM in the asymptotically aggregated
Markov environment

Now consider the diffusion approximation of RPSM switched by an MP which
admits the asymptotic aggregation of state space in the scale of time nt. Assuming
that /b\(y, a) = 0, it is possible to prove that (,(t) weakly converges to a diffusion
process with Markov switching. Note that the case of a finite state space is studied in
[ANI 00b]. We consider a general case.

As according to Theorem 8.13, S,,(t)/n J-converges to process ¢ (¢, yo, So), then
there is no sense in considering the normalized process (.S, (t) —n¢(t, yo, S0))/+/1 as
function ¢ (¢, yo, So) is random. However, ifg(y, a) = 0, then ((t, yo, S0) = 0 and we
can investigate the convergence of process S, (t)/1/n.

We keep the notation of section 8.7.2. Let at each n > 0, F, = {(&ur(z, 2),
Tak(2,2)), x € X, z € R"}, k > 0, be jointly independent families of random
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variables with values in R” x [0, 00) and distributions not depending on k& > 0, and
let z,;, « > 0, be an independent of F,;, £ > 0, homogenous MP with values in a
measurable space (X, Bx), Sno be the initial value. Let (z,(t), S, (t)) be an RPSM
defined according to relations (4.47), (4.48). Denote

mp(z,a) = ETpi (2, v/na),  by(x,a) = E&(z,vVna), (8.90)
using a normalizing factor /n and assume that
bp(z,0) =0 foranyx € X, o € R". (8.91)

Let MP z,,;; satisfy the conditions of asymptotic aggregation in Theorem 8.6, sec-
tion 8.4.2 and the values M, (y, ) are defined by relations (8.83). Suppose also that
there exists a matrix function B2 (z,a) = E&,1(x, ay/n)én1 (z, a/n)*, and for any
y € Y denote

B2(y,0) = / B2(z, )7 (dz).
Xy

Suppose that there exist functions m(y, o), §2(y, ) such that for any o € R",

sup {|fiin (y, @) — Wy, @) | + |B2(y, @) — B*(y, )|} — 0. (8.92)
Y

Denote by y(t,yo) a limiting MP for the aggregated process K (x,,;) with state
space Y, transition rates A(y,B),y € Y, B € By, y ¢ B, defined by (8.45) and
the initial state yo. Let p(¢, 40, 80), Yo € Y, sg € R", be a solution of a stochastic
differential equation with a random function in the right-hand side:

(0,90, 50) = s0,  dp(t, 5o, 50) = g(y(f7yo)7p(t7yo,So))dw(t), (8.93)

where w(t) is a standard Wiener process in R”. We can say that p(t, yo, o) is a diffu-
sion process with Markov switching. Also define process z(t, yo, So):

t
Z(t7y0780) = / m(y(v7y0)ap(v7y0780))dv' (894)
0

Denote
19(75790,30) :p(z_l(t7y0750)7y0750)5 (8.95)
K(tvyOaSO) :y(zil(t7y0330)7y0)a tZOa

where we assume that z(u,yo, So) r, oo as u — oo, i.e., for any ¢t > 0,
P(271(t,y0,50) < 00) = 1. Thus, the variable 271(¢, yo, so) exists and is a proper
random variable.

Consider the asymptotic behavior of process (K (z,,(nt)), Sn(nt)//n).
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THEOREM 8.15. Let (2:,(t), S, (t)) be an RPSM defined according to relations (4.47),
(4.48), functions my(x,a) and b, (x,a) defined according to (8.90), relation (8.91)
holds, function m., (x, «) satisfies condition (4.53) of Theorem 4.5 and for any N > 0
the following conditions are satisfied:

lim limsup sup sup E7,1(z, vna)x(ma(z, vna) > L) = 0; (8.96)

=% n—oo [a|<N @

lim limsup sup sup E|§n1(x,\/ﬁa)’2x(‘§n1(x, \/ﬁa)| >L)=0; (897

L=00 n—oo |a|<N =@
and as max(|ay |, |as]) < N,
|B2(2,01) — B2(2,a0)| < Oy — aa| + an(N), (8.98)
where a,,(N) — 0 uniformly in |a1| < N, |as| < N;

Let MP x,,. satisfy the conditions of asymptotic aggregation in Theorem 8.6, sec-
tion 8.4.2, and relation (8.92) holds, where for any o € R", uniformly with respect
oy €Y, |B(y,a)| < C(1+ |al). Also let x,,(0) € Xy, and S, (0)/y/n L soas

n — oQ.

Then the sequence of processes (K (x,,(t)), Sn(t)//n) J-converges in any inter-
val [0, T such that z(+00, Yo, So) > T with probability one, to process (k(t, yo, So),
(L, yo, So)) defined above by relations (8.93)—(8.95).

The proof follows the same lines as the proof on Theorem 8.13. We keep relation
(8.82) where instead of process 7,,(u) we introduce the process

pn(u) = Spr/vV/n, ask/n<u<(k+1)/n, u>0.

Let us define for any X, an auxiliary RPSM (pgf’ )(u), 2 (u)) which is defined
on the trajectory of process xflyk) Then process (pn(u), z,(u)) can be represented

as an SP constructed by processes (pgf’) (u), zy(ly)(u)) where the switching times are

the transition times between regions. Now we introduce for any y € Y the auxil-
iary processes z(*) (u, s) and p(¥)(u, s), where p(¥) (u, s) is a solution of a stochastic
differential equation

dp® (u, s) = E(y,p(y) (u, s))dw(u), p¥(0,5) = s,
and 2 (u, s) = fou m(y, p¥ (v, s))dv.

According to Theorem 4.6, section 4.4, process (p{¥’ (u), z8¥’ ()) in any interval

[t1,t2] given that p%y) (t1) = s1, J-converges to the process (p¥)(u, s1), 2 (u, 51)).

Then following the final lines of the proof of Theorem 8.13 we obtain our statement.
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NOTE 8.4. As mentioned in Corollary 8.1, in the case when functions m.(y, «) do
not depend on argument «, process k(t, Yo, So) does not depend on sg and is an MP
with values in Y and transition rates m(y) "t A(y, B). In general x(t, 3o, s) is not a
Markov or even a semi-Markov process.

Note that when the variables { (&, (z, @), 7ok (2, &)} do not depend on parameter
a, (see (8.85)), then process x,,(t) is an SMP given by the embedded MP x,,;, and
the sojourn time in state = 7, (x). Correspondingly, the process S,,(¢) is a sum of
random variables &, () defined on the trajectory of an SMP z,,(+) in the interval [0, ¢]
(see section 8.7.3). Therefore, as a consequence of Theorem 8.15 we can formulate
similar to Corollary 8.1 the result on the diffusion approximation of processes in the
asymptotically aggregated semi-Markov environment.

The results of this section can easily be extended to the case when the auxiliary
(v)

processes ;. in each region X, are quasi-ergodic Markov processes.

Note that AP and DA for sums of random variables defined on homogenous
Markov or semi-Markov processes with either ergodic or asymptotically aggregated
state space are studies in [KOR 04, KOR 05] using another analytic technique based
on the theory of the linear operators that are perturbed on the spectrum.

8.9. Aggregation of states in Markov queueing models

In the following sections we consider the applications of the results on the analysis
of rare events and asymptotic aggregation of state space to queueing systems with
different types of rare events or rare transitions.

8.9.1. System Mq /Mg /r /oo with unreliable servers in heavy traffic

Consider a state-dependent system Mg /Mg /r/oo similar to the system intro-
duced in section 2.2.1.1. We assume that there are  servers which are subject to ran-
dom failures. The system is described by the family of rates {\(q), u(q), a(q), c(q),
¢ > 0} and random variables {n(q), k(q), ¢ > 0}. Suppose that the system operates
in the following way. Denote by )., (¢) the total number of calls in the system at time
t (or volume of information). If Q(t)/n = ¢, then the local arrival rate is A(¢) and
a batch of 7)(q) calls may enter the system. Correspondingly, the local service rate is
1(q) and a batch of min{x(q), ¢} calls may complete service and leave the system.
Suppose also that each server is subject to random failures and repairs and assume that
the rates of failure and repair are small (of the order O(1/n)). This means, if at time
t, n=tQ(t) = g, then the instantaneous rate of failure for each busy server is a(q)/n,
and the rate of repair for each failed server is ¢(q) /n.

For this system we naturally obtain the model which enables the asymptotic
aggregation of states. Denote by R, (¢) the number of servers “on” at time ¢. Let

9(q) = En(q), v(q) = Ex(q).
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STATEMENT 8.1. Suppose, that Q,,(0) = nqo, R,(0) = ro, variables n(q), £(q)
are integrable uniformly in q in any bounded region, functions \(q), 1(q), 9(q), v(q),
a(q), c(q) are locally Lipschitz with respect to q and no longer have linear growth.

Then the sequence of processes (R, (nt), Q(nt)/n) J-converges in [0,T] to an
MP (R(t), z(t)) with values in {0,1,...,7} x [0,00) such that R(0) = 1o, and at
fixed z(t) = q process R(t) is a Birth-and-Death process in interval [0, r] with the
Jollowing transition rates: from k to k + 1 the rate is (r — k)c(q) and from k to k — 1
the rate is ka(q). Correspondingly, process z(t) satisfies the differential equation with
the random right-hand side:

2(0) = qo, dz(t) = (g(2(t))A(2(t)) — R(t)v(2(t))u(2(t)))dt.

Here T is any positive value such that z(t) > 0 in [0, T| with probability one.

Proof. To prove this result we note that when R,,(t) = k, process @,,(-) behaves as
the queue in system Mg /Mg /k/oo with k available servers. Therefore, according
to Theorem 5.2, section 5.2, process @, (t)/n in the interval where R, (-) = k is
approximated by process z(*)(-) such that

2B () = (g(z P E))ANEP (1)) — ko (2™ () (M (1)) dt.

Correspondingly, the process R,,(nt) at fixed @, (t) = ngq locally behaves as a
Birth-and-Death process with the rates (r — k)b(q) and ka(q), respectively, and in
some sense it plays the role of the environment for Q,, (¢).

Therefore, we can represent process (R, (nt),Q(nt)/n) as an SP where the
switching times are the subsequent times of failures and repairs of the servers and use
Theorem 8.3, section 8.3 and Theorem 5.2, section 5.2. O

Note that similar results can be obtained when we have an additional semi-Markov
environment, and also for queueing networks (Mgar,o/Msa,q/ki/o0)” with unreli-
able servers with rare failures and repairs.

8.9.2. System My /My, /1/00 in heavy traffic

Consider a system Mayr,o/Muq/1/00 (see section 5.3.3, Corollary 5.3) and
assume that a switching MP x,,(¢), t > 0, with values in X = {1,2,...,r} satisfies
the conditions of the asymptotic aggregation of state space (8.18) and (8.19) in
section 8.2.3. Process z,,(¢) stands for the switching environment of the queueing
model. Assume that an MP defined by transition rates ao(7, j) in each region X is
irreducible. Denote by 7(*) (i), i € X}, a stationary distribution in region X}, given
by (8.20). Define by K (z,(t)) the aggregated process where K (-) is a map from X
toY: K(i) =yifi € X,,.
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Also let the family of non-negative functions {\(¢, q), u(4,q), ¢ > 0}, i € X,
be given. A queueing model consists of one server and an infinite number of waiting
places. Calls enter the system one at a time. The instantaneous input and service rates
depend on the state z(-), the value of the queue and the normalizing factor n in the
following way: if at time ¢, x,,(¢) = i and Q,,(t) = @, then the input rate is A(i, Q/n)
and the service rate is (i, Q/n), where Q,,(t) is the number of calls in the system at
time ¢. For any y € Y, denote

Ay, a) = > A6a)n6), Aly,g) =D pli, g (i),

iEXy iEXy
and letg(y, q) = X(y, q) — iy, q)-

STATEMENT 8.2. Suppose that functions \(i,q), wu(i,q) are locally Lipschitz with
respectto q, foranyy € Y function b(y, q) has no more than linear growth, n=1Q,,(0)

L s0 > 0and z,(0) € Xy,

Then the sequence of processes (K (x,(t)), Qn(nt)/n) J-converges in the inter-
val [0,T] to the process (y(t,vo), q(t, s0)), where y(t) is an MP with values in Y,
transition rates ays defined in (8.21) and the initial state yo, and the process q(t, so)
is a solution of a differential equation with random right-hand side:

dg(t,s0) = b(y(t.%0).q(t.50))dt,  q(0,50) = s,

where T' is any positive value such that q(t, sg) > 0 in the interval [0, T] with proba-
bility one.

The explanation of this result is the following: the transitions between regions
occur rarely and the sojourn time in each region is of the order n and is approximated
by an exponential distribution. However, in the interval of the order n in each region,
the normalized queue Q(nu)/n due to AP is approximated by a solution of differential
equation with the parameters averaged by a quasi-stationary distribution in this region.

The formal proof follows the lines of the proof of Theorem 8.4. Let us give the
basic ideas without detailed constructions given in this theorem. Note that we can
represent the process (K (x,(t)), @, (nt)/n) as an SP where the switching times are
the times of transitions between regions X,,. The convergence of the aggregated pro-
cess K (x,(t)) to an MP y(t, o) directly follows from Theorem 8.8, section 8.4.4.
Furthermore, in the interval where z,,(t) € X, the queueing process asymptotically
behaves as the queue in the system with input and service rates A(¢, q), u(7, q), i € X,
switched by the auxiliary MP with values in X, and transition rates ao (7, j), 4, j € X,.
Therefore, according to Corollary 5.3, section 5.3.3 process Q,,(nt)/n in region X,
is approximated by a solution of a differential equation

dg® (t) = b(y, ¥ (1)) dt.
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Finally, we use Theorem 8.3, section 8.3.

8.10. Aggregation of states in semi-Markov queueing models

Similar results can be proved for semi-Markov queueing models SM /Mgy .q/
1/00 and Mgnr,o/Msnr,g/1/o0. Note that AP for these models is considered in sec-
tions 5.3.2 and 5.3.3.

8.10.1. System SM /Mgy, q/1/00

Let x,(t), t > 0, be an SMP with values in some finite set X given by the
embedded MP z,,;, and by the family {7,,(z), * € X} of sojourn times. Also let
non-negative functions p,(x,q), x € X, ¢ > 0, be given. There is one server and
an infinite number of waiting places. The calls enter the system one at a time at the
instants of jumps u,1 < un2 < --- of process z,(t). Put x,, = z(upk + 0). If
a call enters the system at time u,,;, and the number of calls in the system becomes
equal to (), then the service rate in the interval [y, Un g+1) 1S fn (Tnk, @/n). After
service completion the call leaves the system. Let (),,¢ be the initial number of calls,
and Q,, () be the number of calls in the system at time ¢.

Note that AP and DA, for the case when the embedded MP xy, k& > 0, does not
depend on parameter n and is uniformly ergodic, was studied in section 5.3.2.

Denote m,, () = E7,(x), x € X. Assume that the embedded MP z,,, satisfies the
conditions of the asymptotic aggregation (8.27) and (8.28) or more general conditions
(8.37) and (8.38) of section 8.4.1. Let m(f)(z'), i € Xj, be a stationary distribution
of the auxiliary MP xifk) in region X;. Also let y(¢) be an MP with values in ¥ and
aggregated transition rates a(j, m), j,m € Y, j # m, defined by relations (8.39) and
(8.40). For any j € Y denote

iEX, i€X;
Assume that the functions i, (4, ¢) satisfy condition (4.53) of Theorem 4.5,

lim limsup max E71(2)x (701 (z) > L) =0, (8.100)
€

L—oo npnooo

there exist values m(j) > 0 and functions ¢(3, ¢) such that forany j € Y, ¢ > 0,

~

M (j) — m(j),  n(d,q) — €4, q), (8.101)
and S,,(0) £, s0. Then similar to Statement 8.2 the following result can be proved:

STATEMENT 8.3. If P(2,(0) € X;,) — 1, then under the conditions above the
sequence (K (x,(nt)), Qn(nt)/n) J-converges in the interval [0,T) to the process
(y(t, Jo), q(t, jo, S0)), where y(t, jo) is an MP defined above with the initial state jo
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and q(t, jo, o) is a solution of a differential equation with a random right-hand side:
q(O;jO, 80) = S0 and

dq(t, jo,s0) = m(y(t,jo)) " (1= 2(y(t, o), a(t, jo, s0)) ) dt,

and T is any positive value such that q(t, jo, s9) > 0 for all t € [0, T| with probability
one.

8.10.2. System MSM,Q/MSALQ/I/OO

Now consider a queueing system with semi-Markov modulated arrival flow inves-
tigated in section 5.3.3. Let x,,(¢), t > 0, be an SMP with values in X = {1,2,...,r}
and sojourn times 7, (), x € X. We keep the notation of section 8.10.1. Let the fam-
ily of non-negative functions {\, (i, q), pn(i,q), ¢ > 0}, 4 € X, be given. There is
one server and an infinite number of waiting places. Calls enter the system one at a
time and if at time ¢, 2(¢t) = i and Q,(t) = @, then the instantaneous input rate is
An (i, @Q/n) and the service rate is pi, (7, Q/n).

Note that the case when the embedded MP zy, k& > 0, does not depend on param-
eter n and is irreducible is studied in section 5.3.3. In this section we assume that the
embedded MP z,,;, satisfies the conditions of the asymptotic aggregation (8.27) and
(8.28) or more general conditions (8.27), (8.37) and (8.38) of section 8.4.1. Let 71'53) (7),
1 € X, be a stationary distribution of the auxiliary MP zgl]k) in region X;. Also let
y(t) be an MP with values in Y and aggregated transition rates a(j,m), j,m € Y,
j # m, defined by relations (8.39) and (8.40). Let the values m,,(j) be defined in
(8.99). Denote forany j € Y

ba(Go0) = D (Aalisq) = (i @) mn ()7 ().

i€ X,

Assume that the functions \,, (4, ¢) and pu,,(4, q) satisfy condition (4.53) of Theo-
rem 4.5, and there exist values m(j) > 0 and functions b(j, ¢) such that forany j € Y,
q=0,

o~

Sn(0) 2, s0 and condition (8.100) holds. Then the following result is true.

STATEMENT 8.4. If 2,(0) € Xj,, then under the conditions above the sequence
(K(zn(nt)), Qn(nt)/n) J-converges in the interval [0,T] to the process
(y(t, Jo), q(t, jo, S0)), where y(t, jo) is an MP defined above with the initial state jo
and q(t, jo, o) is a solution of a differential equation with a random right-hand side:
q(0, jo, s0) = so and

dq(tija 50) = b(y(t,JO) ) Q<t7 jOa SO))dta (8103)
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where b(j,q) = b(j, q)/i(q), and T is any positive value such that q(t, jo, so) > 0
forallt € [0, T) with probability one.

NOTE 8.5. Consider an auxiliary SMP a:(j )( t) with values in X; given by the embed-
ded MP ngk) and sojourn times 7, (i), ¢ € X;. Denote by p(J )( ). @ € X, its station-
ary distribution. It is known that p(J )( ) = my, (i) ) (1) /M, (7). Therefore function
b(j,q) in (8.103) can be presented in the form:

b(jsa) = lim >~ (Anli-q) = (i) o (3).

i€ X

Similar results can be proved for the system with batch arrivals and service. Let
the family of random variables {n,, (4, q), kn(i,¢), i € X, ¢ > 0} be given repre-
senting the batches of arriving calls and service batches. This means that if at time
t, x(t) = i and Q,(t) = @, then with the input rate A\, (¢, Q/n) a batch of size
(i, Q/n) can enter the system. Correspondingly, with the rate 1, (i, Q/n) a batch
of min{@, k,(i,@/n)} calls can complete service and leave the system. The sizes
of arriving batches can be positive or negative representing the flows of negative cus-
tomers, for example. Denote g, (i, q) = En, (4, q), v, (i, q) = Er, (7, q).

NOTE 8.6. Assume that the conditions of Statement 8.4 hold, variables 7, (¢, ¢) and
kn (1, q) are uniformly integrable in each bounded in ¢ region, i.e., for any N > 0,
lim limsup sup max {Enn i,q)X (nn(i, q) > L)

L—oo pooo lg|<N
+ Erin(i,q)x (kn(iq) > L)} =0,

functions g, (4, ¢) and v,, (i, q) satisfy condition (4.53) of Theorem 4.5 and there exists
the limiting function G(j, q), j € Y, ¢ > 0, such that for any j, q,

G(j,q) = lim " (Aa(i,0)9n (i, 0) = pn (i, Q)vn (i ) o (i)
zGX

Then the result of Statement 8.4 holds where in (8.103) function E( J, q) should be
replaced by G(J, q).

Using the same technique we can apply these results to retrial queues and state-
dependent semi-Markov type queueing networks (SM/Mgnr,o/1/00)", (Msarq/
Mg, /1/00)" with input flow and service depending on the state of some additional
Markov or semi-Markov process admitting the asymptotic aggregation of the state
space.

8.11. Analysis of flows of lost calls

To show other possibilities of the application of the results of this chapter let us
consider the behavior of flows of lost calls in Markov queueing system My, /My /
s/m with losses and Markov switching admitting the asymptotic aggregation of
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state space. Suppose that the family of non-negative functions A(4), u(7), i € X, be
given. Let x,,(t) be a homogenous MP with values in X and transition rates a,, (7, j),
1,5 € X,1 # j,t > 0. The system has s identical servers and m waiting places. The
calls enter the system one at a time and if ,,(t) = ¢, then the instantaneous input rate
is A(7) and the instantaneous service rate for each busy server is p(i). Denote by
L, (t) the probability of a loss of the call which entered the system at time ¢. Let
Z,(t) be the total number of calls lost on the interval [0, ¢].

Assume that the state space X of x,,(t) is subdivided in the non-intersected regions
X, (see (8.51)) with small transition rates of the order O(1/n) between them:

an(zvj) :aO(Zvj)+n71h0(la])(1+0n(1))7 ’Lv] € Xv (8104)

where for any y € Y, ao(i,j) = O0asi € X, j ¢ X,. Forany y € Y denote
by 2¥)(t), t > 0, an auxiliary MP with state space X, and transition rates aq(i, 5),
1,7 € Xj, and assume that this process is irreducible with stationary distribution
pW (i), i € X,. Define aggregated transition rates between regions

an(y>z) = Z psly)(l) Z ho(l’,j), Y # 2,

1€X, jEX.

and denote by y(t,yo0), t > 0, an MP in Y with transition rates @, (y, z) and the initial
state 1.

For the analysis of this system let us introduce an auxiliary queueing system
M Z(\}[’) /M 1(5) /s/m with losses given by the family of input and service rates
{A\(3), u(i), i € X, } and switched by an MP 2(¥)() as described above. Denote for
this system by G(y) a stationary probability for a call to be lost. As for this system
the process () (t), QW) (t)) is an MP where Q) (t) is the value of queue, then
G(y) can be calculated by solving a system of linear equations for the stationary
distribution of the system. Using the results on the convergence of the accumulating
processes in aggregation scheme (see section 8.4.3) we can prove the following:

STATEMENT 8.5. If 2,(0) € X,,, then under our assumptions for any t > 0,
L,(nt) — EG(y(t,y0)), and for any T > 0 the process (K (x,(nt)), Z,(nt)/n)

J-converges in the interval [0, T to the process (y(t,yo), fot G(y(u,yo))du).

Now consider the case when the system Mjy;/M,,/s/m is operating in “fast”
service conditions. This means that for any 4, 1(¢) = (%), and p,, (1) — co. Suppose
that p,, (i) = n'/+™c (i), where ¢(i) > 0,47 € X. Assume that x,,(-) satisfies the
assumptions above and p¥)(4), i € X, is a stationary distribution of the auxiliary MP



262  Switching Processes in Queueing Models

z®) (t), t > 0, defined above in the previous section. For any y € Y denote

AW = 1 Zp(y)(i)A(i)<)@>s+m,

|em
sls™ c(i)
where A(¥) has a meaning of a stationary rate of lost calls in the region Xy.

Let y(¢,yo) be an MP introduced above and Z (¢, y0) be a doubly stochastic Pois-
son process switched by y(¢, yo): if at time ¢, y(¢, yo) = v, then the instantaneous rate
of jump is A¥).

STATEMENT 8.6. Under our assumptions for any T > 0 process (K (xz,(nt)),
Zn(nt)) J-converges in interval [0, T to process (y(t,vo), Z(t,y0)) and also for any
t > 0,nL,(nt) — EG(y(t,yo)), where

. s+m
60 - X "0(30)

1€Xy

The proof follows from the results on the convergence of accumulating processes
in the aggregation scheme (section 8.4.3) and the results of sections 6.3.1 and 6.3.1.1.

These results mean that if a queueing system is switched by a Markov process
admitting the asymptotic aggregation of its state space, then under appropriate scaling
of time, different functionals defined on this system (queueing processes, flows of lost
calls, etc.) can be approximated by corresponding functionals defined on a simpler
queueing system switched by a Markov process with the aggregated state space and
averaged transition probabilities.

Results for queueing systems can be extended using the same technique to state-
dependent and also non-homogenous in time queueing networks. These results pro-
vide us with a new approach in analytic modeling of wide classes of queueing models
with a hierarchic stochastic structure. For example, instead of simulation of the initial
system we can use the approximate relation:

Q(nt) ~ nq(t, jo, s0) + V/nl(t, jo),

and model the solutions of differential equations or diffusion processes in a Markov
environment. Note also that the state space of a limiting switching environment cor-
responds to the regions of the initial environment. This provides the opportunity to
decrease the dimension of the model.



Asymptotic Aggregation of State Space 263

8.12. Bibliography

[ANI70] ANISIMOV V., “Limit distributions of functionals of a semi-Markov process given
on a fixed set of states up to the time of first exit”, Soviet Math. Dokl., vol. 11, no. 4,
p. 1002-1004, 1970.

[ANI 73] ANISIMOV V., “Asymptotic consolidation of the states of random processes”, Cyber-
netics, vol. 9, no. 3, p. 494-504, 1973.

[ANI 74] ANISIMOV V., “Limit theorems for sums of random variables in an array of
sequences defined on a subset of states of a Markov chain up to the exit time”, Theor.
Probab. and Math. Stat., , no. 4, p. 1-12, 1974.

[ANI 75] ANISIMOV V., “Limit theorems for random processes and their applications to dis-
crete summation schemes”, Theor. Probab. Appl., vol. 20, 1975.

[ANI 78] ANISIMOV V., “Limit theorems for switching processes and their applications”,
Cybernetics, vol. 14, no. 6, p. 917-929, 1978.

[ANI79] ANISIMOV V., “Limit theorems for the composition of random processes”, Theor.
Probab. and Math. Stat., vol. 17, p. 5-22, 1979.

[ANI 87a] ANISIMOV V., “Approximation of asymptotically consolidatable Markov pro-
cesses”’, Theor. Probab. and Math. Stat., vol. 34, p. 1-11, 1987.

[ANI 87b] ANISIMOV V., ZAKUSILO O. and DONTCHENKO V., The elements of queueing
theory and asymptotic analysis of systems, Visca Scola (Russian), Kiev, Ukraine, 1987.

[ANI 88a] ANISIMOV V., “Estimates for deviations of transient characteristics of non-
homogenous Markov processes”, Ukrainian Math. J., vol. 40, no. 6, p. 588-592, 1988.

[ANI 88b] ANISIMOV V., “Limit theorems for switching processes”, Theor. Probab. and Math.
Stat., vol. 37, p. 1-5, 1988.

[ANI 88c] ANISIMOV V., Random Processes with Discrete Component. Limit Theorems, Kiev
University (Russian), Kiev, Ukraine, 1988.

[ANI 89a] ANISIMOV V. and SZTRIK J., “Asymptotic analysis of some complex renewable
system operating in random environment”, European Journal of Operations Research,
vol. 41, p. 162-168, 1989.

[ANI 89b] ANISIMOV V. and SZTRIK J., “Asymptotic analysis of some controlled finite-
source queueing systems”, Acta Cybernetica, vol. 9, no. 1, p. 27-38, 1989.

[ANI 89c] ANISIMOV V. and SZTRIK J., “Reliability analysis of a complex renewable system
with fast repair”, J. of Information Processing and Cybernetics, vol. 25, no. 11/12, p. 573—
583, 1989.

[ANI97] ANISIMOV V., “Asymptotic analysis of switching queueing systems in conditions
of low and heavy loading”, in CHAKRAVARTHY S. and ALFA A., Eds., Matrix-Analytic
Methods in Stochastic Models, vol. 183 of Lecture Notes in Pure and Appl. Math., p. 241—
260, Dekker, New York, 1997.



264  Switching Processes in Queueing Models

[ANI 98] ANISIMOV V., “Asymptotic analysis of stochastic models of hierarchic structure and
applications in queueing models”, in CHAKRAVARTHY S. and ALFA A., Eds., Advances in
Matrix Analytic Methods for Stochastic Models, p. 237-259, Notable Publications, New
Jersey, 1998.

[ANI 00a] ANISIMOV V., “Asymptotic analysis of reliability for switching systems in light
and heavy traffic conditions”, in LIMNIOS N. and NIKULIN M., Eds., Recent Advances in
Reliability Theory: Methodology, Practice, and Inference, p. 119-133, Birkhéduser Boston,
Massachusetts, 2000.

[ANI 00b] ANISIMOV V., “J-convergence for switching processes with rare perturbations to
diffusion processes with Poisson type jumps”, in KOROLYUK V., PORTENKO N. and SYTA
H., Eds., Skorokhod’s Ideas in Probability Theory, p. 81-98, Inst. of Math. Nat. Acad. Sci.
of Ukraine, Kiev, 2000.

[ANI 02] ANISIMOV V., “Averaging in Markov models with fast Markov switches and appli-

cations to queueing models”, Annals of Operations Research, vol. 112, no. 1, p. 63-82,
2002.

[ANI 04] ANISIMOV V., “Averaging in Markov models with fast semi-Markov switches and

applications”, Communications in Statistics - Theory and Methods, vol. 33, no. 3, p. 517—
531, 2004.

[BIL 68] BILLINGSLEY P., Convergence of Probability Measures, Wiley, New York, 1968.

[IL” 99] ILIN A., KHASMINSKII R. and YIN G., “Singularly Perturbed Switching Diffusions:
Rapid Switchings and Fast Diffusions”, Journal of Optimization Theory and Applications,
vol. 102, no. 3, p. 555-591, 1999.

[KEM 76] KEMENY J. and SNELL J., Finite Markov Chains, Springer-Verlag, New York,
1976.

[KOR 69] KOROLYUK V., “The asymptotic behavior of the sojourn time of a semi-Markov
process in a subset of the states”, Ukrainian Math. J., vol. 21, p. 705-707, 1969.

[KOR 93] KOROLYUK V. and TURBIN A., Mathematical Foundation of the State Lumping of
Large Systems, Kluwer, Dordrecht, 1993.

[KOR 94] KOROLYUK V. and SWISHCHUK A., Random Evolutions, Kluwer, Dordrecht, 1994.

[KOR 99] KOROLYUK V. and KOROLYUK V., Stochastic Models of Systems, Kluwer, Dor-
drecht, 1999.

[KOR 00] KOROLYUK V. and LIMNIOS N., “Evolutionary systems in an asymptotic split
phase space”, in LIMNIOS N. and NIKULIN M., Eds., Recent Advances in Reliability The-
ory: Methodology, Practice and Inference, p. 145-161, Birkhduser Boston, Massachusetts,
2000.

[KOR 04] KOROLYUK V. and LIMNIOS N., “Average and diffusion approximation for evolu-
tionary systems in an asymptotic split phase state”, Ann. Appl. Prob., vol. 14, no. 1, p. 489—
516, 2004.

[KOR 05] KorROLYUK V. and LIMNIOS N., Stochastic Systems in Merging Phase Space,
World Scientific, Singapore, 2005.



Asymptotic Aggregation of State Space 265

[KOV 75] KOVALENKO 1., Investigation on the Relliability Analysis of Complex Systems,
Naukova Dumka (Russian), Kiev, 1975.

[SKO 56] SKOROKHOD A., “Limit theorems for random processes”, Theory Prob. Appl.,
vol. 1, p. 289-319, 1956.

[SZT 91] SzTRIK J. and KOUVATSOS D., “Asymptotic analysis of a heterogeneous multi-
processor system in a randomly changing environment”, /EEE Transactions on Software
Engineering, vol. 17, no. 10, p. 1069-1075, 1991.

[YINOO] YIN G., ZHANG Q. and BADOWSKI G., “Asymptotic properties of a singularly
perturbed Markov chain with inclusion of transient states”, Annals of Applied Probability,
vol. 10, no. 2, p. 549-572, 2000.

[YIN 03] YIN G.,ZHANG Q. and BADOWSKI G., “Discrete-time singularly perturbed Markov
chains: Aggregation, occupation measures, and switching diffusion limit”, Advances in
Applied Probability, vol. 35, p. 449-476, 2003.






Chapter 9

Aggregation in Markov Models with Fast
Markov Switching

In this chapter we study the approximation of Markov type queueing models with
fast Markov switching by Markov models with averaged transition rates. First, we
prove an averaging principle for the two-component Markov process (., (t), ¢, ()) in
the following form: if a component x,, () has fast switching and satisfies the asymp-
totic mixing conditions, then component ¢, (-) J-converges in Skorokhod space to
a Markov process with transition rates averaged by some quasi-stationary measures
constructed by ,,(-). The convergence of a stationary distribution of (x,,(+), (. (+)) is
studied as well. The presentation is based on [ANI 02a].

These results differ from the results on averaging principle for SP in Chapter 4
as component (,(-) is not growing and averaging is provided for transition rates of
a switching component. This setting also differs from the models of the asymptotic
aggregation of MP and SMP, as component x,,(-) itself is not generally an MP. To
prove the main results we use Theorem 8.3, section 8.3 about the weak convergence
in the class of SPs. The results are used in the approximation of state-dependent queue-
ing systems of the type Mas,q/Mar,qo/m/N with fast Markov switching by simpler
models without switching environment.

9.1. Introduction

At the investigation of hierarchic state-dependent queueing models, communica-
tion and manufacturing systems, etc., we come to a necessity to study models oper-
ating in different scales of time (slow and fast) and possibly under the influence of a
random environment. Different examples can be found for example in [BOL 98]. Tak-
ing into account a high dimension and a complex structure, exact analytic solutions for
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these systems can be obtained only for special exceptional cases. Many of the results
related to the analysis of Markov type queueing models use the technique of quasi-
Birth-and-Death processes [NEU 89, NEU 89] and deal with matrix-analytic equa-
tions for queueing characteristics in a steady-state regime, for example [LUC 94a,
LUC 94b, RAM 98]. These equations in most cases have a rather complicated form,
and numerical methods and inversion algorithms are used in order to obtain some
queueing characteristics. Therefore, asymptotic methods play an important role at the
investigation and approximate analytic modeling.

In this chapter we develop an asymptotic approach, which can be efficiently
applied to the approximation of queueing models with fast Markov switching by
Markov queuing models of a simpler structure with averaged transition rates. This
approach provides us with the opportunity of reducing essentially the dimension and
the complexity of the initial model and studying transient and steady-state regimes,
as well.

We study a sequence of two-component MP (., (t), ¢, (¢)), t > 0, where n — co
at the assumption that the transition rates of the first component x.,(+) are consider-
ably larger compared to the transition rates of the second component ¢, (-) (we say that
Zn(+) has fast switching). If in addition x,,(-) satisfies some form of asymptotic mix-
ing condition, it is proved that the component (,,(-) J-converges in Skorokhod space
to an MP with transition rates averaged by a quasi-stationary distribution constructed
by x,(-). In particular, this model describes the behavior of an MP with local rates
depending on a fast MP z,,(-) (switching by a fast Markov environment). The con-
vergence of a stationary distribution for (z,,(+), (,(+)) is studied as well. The method
of investigation uses the equivalent representation of a two-component MP as a pro-
cess with Markov switching and the asymptotic technique for Markov processes with
mixing conditions.

In section 9.4 these results are effectively applied to the approximation of
Markov type queueing models with transition rates of different order, in particular,
state-dependent queueing models in a fast Markov environment. Some classes of
models of this type are studied in the remaining sections of this chapter.

Related results based on the approximating aggregation technique for the analysis
of a stationary distribution of nearly decomposed MPs with applications to queues
are considered in [COU 77, BOL 98]. Analysis of transient probabilities is given in
[BOB 86]. Our approach deals with the convergence of the queueing processes. This
also gives the possibility of studying various functionals and performance character-
istics and the behavior of transition and stationary probabilities, as well. The conver-
gence of aggregated processes is rigorously proved. This approach is simpler in some
sense compared to the one developed in [COU 77], because averaging by station-
ary probabilities is provided using transition rates only within each aggregated block.
Moreover, each block in our case can also be nearly decomposed in another scale of
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time. Some numerical results and the comparison of these approaches are provided in
section 9.6.

Note that the transient behavior of the processes generated by queues is mainly
investigated in heavy traffic and overloaded regimes, for instance see survey [WIL 96,
ANI 02b]. Approximation, presented in this chapter, has another nature, because in our
case the queueing process in not asymptotically growing. Related in some sense mod-
els on averaging of dynamic systems with fast Markov switches using a martingale
technique are considered in the books [ETH 86, KUS 90, SKO 89]. The case of fast
semi-Markov switching using asymptotic methods for switching processes is studied
in [ANI 95]. Some specific results dealing with the convergence of aggregated pro-
cesses for Markov systems in the fast ergodic Markov environment with applications
to queueing systems are considered in [ANI 78, ANI 98].

9.2. Markov models with fast Markov switching

Consider a class of MP with Markov switching which later will be used in queue-
ing applications.

9.2.1. Markov processes with Markov switching

Let {zx(t,i), t > 0},i € Z, k > 0, be the jointly independent at different ¢, k,
families of homogenous MPs in continuous time with transition rates not depending
on k. Process x (-, ) takes values in a discrete set X; and is defined by transition rates
b (z,y), 2,y € X;, & # y. Z is also a discrete set, Z = {0,1,2,...}. We assume
that

b (z) = Z b (z,y) <oo, z€X; icZ.
y#T

Also let the family of non-negative functions {a(z,7,y,j), z € X;, vy € Xj,
i,j € Z, 1 # j}and {c(x,i,y,5), x € X4, y € X;, 4, € Z, j # i} be given.
Assume that forany z € X;,1 € Z,

Z a(z,i,y,j) = a(x,i) < oo, Z c(x,i,y,5) = c(x,i) < 1.

yeX;, j#i yeX;j, j#i

Using introduced families we construct a two-component MP (z(t), ((t)), t > 0,
with values in the space {(x,i), € X;, i € Z} in the following way: a component
x(+) in the interval between kth and & + 1th jumps of process ((-) is operating as
an MP z(-,-) depending on the current state of ((-), and ¢(-) is operating as an
MP switched by x(-), where the jumps of {(-) may happen in the intervals between
jumps of z(-) and at the times of jumps of x(-), as well. More specifically, let the
initial value (2(0),¢(0)) = (zo,40) be given. While {(-) = ip, component z(-) is
operating as an MP (¢, i) with the initial state x¢. If in the interval [0, ¢] component
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¢(+) has no jumps and at time ¢, (z(t),((t)) = (z,40), then in the interval [¢,¢ + h]
with probability a(z, ig, 21,41 )h+o(h) process (x(-), ((+)) can jump to state (x1, %1 ),
i1 # ip. If this happens, then in the next time interval {(-) = 4; and component
x(+) is operating as an MP 1 (¢, 1) starting from state x; until the next jump time of
¢(+), and so on. Furthermore, denote by ¢; < to < --- the times of sequential jumps
of zo(t,4p). Then, while the component x(-) is operating as an MP (¢, i), at any
instant of time ¢}, with probability c(z(t;, —0), i, 1, 1) process (z(-), ((-)) can jump
to state (x1,11), i1 # 4. If this happens, then in the next time interval component x(-)
is operating as an MP x4 (¢, 41 ) with the initial state =1, and in this interval {(-) = 4
until the next jump time of {(-), and so on.

It is easy to prove that by definition process (x(-),((-)) is equivalent to a two-
component MP with state space {(z,7), z € X;, ¢ € Z} and the following transition
rates from state (z,1%) to (y, j):

b(i)(x’y)(l_c(x’i))’ J=1, y?’él';

b((x,2 1)) =
(29, (.9) {a(az, i 9,3) + VO @), iy, 5), G0

The proof is based on the following elementary fact. Consider an MP y(¢) with
three states {1, 2, 3}. Suppose that y(0) = 1, in state {1}, y(-) spends an exponential
time with parameter \ and then jumps either with probability p to state {2}, or with
probability ¢ = 1 — p to state {3}, respectively, where the states {2, 3} are absorbing
states. Then this MP is equivalent to an MP y(¢) with states {1, 2, 3}, initial state {1}
and transition rates A\12 = Ap, A13 = Ag, where {2, 3} are absorbing states.

We call (z(t),¢(t)), t > 0, an MP with Markov switching (MPMS). It is a special
subclass of switching processes and the processes with Markov switching, see section
1.2.5. If for any 4, b)(x,y) = b(z,y) (the rates do not depend on index i), then
component ((-) corresponds to an MP in a Markov environment with transition rates
b(x,y). This is a special case of Markov random evolutions [PIN 75].

Now consider a two-component MP (Z(t), ((t)), t > 0, with state space {(z, ),
x € X, i € Z} and transition rates b((x, ), (v, j)) from state (x, ) to (y, j), where
y # x as j = i and show how to represent this process as an equivalent MPMS. At
each 7 denote by 1:,(;) (t),t > 0, an auxiliary MP with state space X; and transition rates
b (2,y) = b((2,9), (y,4)), w,y € Xi, y # @ Puta(w,i,y,j) = b((x,1), (7)),
j # i. Letus construct an MPMS (z(+), ((+)) as above by the family of MPs ng) (-) and
transition rates a(z, 4, y, j) for the component {(-) (in this case ¢(z,i) = 0, x € X;,

i € Z). If the initial values (Z(0), ¢(0)) and (x(0), ¢(0)) have the same distributions,

then by definition processes (Z(+), ¢(+)) and (z(-), {()) are equivalent (have the same
finite-dimensional distributions).

A representation of (Z(+), {(+)) in the terms of the equivalent MPMS is essentially

used in the asymptotic investigation. If the transition rates of {(-) are asymptotically
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small, then we can investigate transitions of Z() by analyzing the flow of rare events

constructed in each domain X; on the auxiliary MP mfj) (+). This representation essen-

tially reduces the dimension and in the case where x,(:) (+) satisfies the asymptotically
mixing condition, provides the possibility of using asymptotic results for accumula-
tive processes (in particular, flows of events) defined on MPs. If b((z, %), (y,7)) = 0

as |j—i| > 1, then (Z(-), ¢(+)) is a quasi-Birth-and-Death process [NEU 81, NEU 89].

9.2.2. Markov queueing systems with Markov type switching

Consider as an example a state-dependent system My qo/Mpr,q/1/00 with
Markov type switching which is defined as follows. There is one server with an
infinite buffer. Calls arrive one at a time and wait in the queue according to the FIFO
discipline. Let non-negative functions {\(z, 1), u(z, 1), ca(z, ), g (,7), b (x, ),
x € X, y€ X;, x#y,i> 0} begiven. Here ay(x,i) + ag(z,i) < 1,z € X,
i > 0, and X; are some discrete sets. Let Q(¢), ¢ > 0, be the total number of calls
in the system at time ¢. The system operates as a two-component MP (x(t), Q(t)),
t > 0, as follows. Let the initial value (2(0), @Q(0)) be given. Further, if at time ¢,
(z(t),Q(t)) = (x,i), then the local arrival rate is A(z, %), the local service rate is
w(z,) (u(z,0) = 0), and process x(t) has a local transition rate b (z,y) from
state x to state y, where x,y € X;, y # x. If Q(-) jumps to state j, then transition
rates of x(t) immediately change to b¥)(z,y), z,y € X,, y # x. Let t; be the
time of the first jump of x(-). If (z(t;1 — 0),Q(t1 — 0)) = (x,1), then at time #;
either an additional call may enter the system with probability a4 (x, 1), or a call on
service may complete service with probability ag(z,7) (no changes with probability
1 — aa(z,i) — ag(z,i)). After service completion a call leaves the system. We
assume here that acg (2, 0) = 0 and there are no additional transitions of z(-) at times
of arrivals and completion service.

Note that this system is a generalization of the system M o /M, /1/c0 consid-
ered in section 2.2.1.1 and differs from other Markov queueing systems with Markov
switching considered in Chapter 5, as in this case the transition rates of the switching
process x(-) also depend on the value of queue, therefore this is the case of feedback
and z(-) in general is not an MP.

Denote b () = 3=, ., b (2, ). Suppose that for any = € X;, i € Z, b\ (z) <
C; < o0. By definition, (x(-), Q(-)) is an MP with the following transition rates from
state (x,1) to (y, j):

l)(")(sc,y)(l—ozA(ac,i)—as(nc,i))7 j=1,y#
Nz, 1) 4+ b9 (2)oa(x, 1), =1+ 1, y=ux;
(1), (4:)) — (2,1) + 0" (x)oa(w, 1) j=i+1ly

p(a, i) + b9 (z)as(z, ), j=i—1,y=u

0, otherwise,
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(ati =0, u(x,0) = 0, ag(x,0) = 0). Note that the process (z(t), Q(t)), t > 0, can
be represented as an MPMS (see the previous section).

In particular, if for all i € Z, X; = X and b (z,y) = b(z,y), z,y € X,z # v,
then x(-) is an MP with state space X and transition rates b(x,y), ¢ # y, and we
obtain the queueing model in a Markov environment [NEU 81].

In a similar way we can describe state-dependent networks with Markov switches,
batch Markov arrival process and service, some classes of state-dependent retrial mod-
els with Markov switches, etc.

9.2.3. Averaging in the fast Markov type environment

Now we study a two-component MP (z(t), ((t)), t > 0, with the assumption that
component z(-) has fast switching (large transition rates) compared to ¢(-). Consider
in a triangular scheme a sequence of two-component MPs (x,(t), (,,(t)), t > 0, with
state space {(x,7), v € X;, ¢ € Z} and transition rate from state (x,7) to (y, 7).
by ((z,1),(y,7)), where y # x as j = i (transition rates depend on some scaling

factor n, n — o0). For any ¢ € Z denote bgf)(oay) = by((x,1), (y,9)), x,y € X;,
x # y (transition rates at level 7). Consider an auxiliary MP :ng )(t), t > 0, with state
space X; and transition rates b\ (x,y), v,y € X;, * # y. For any fixed z € X;,
i € Z, put bgf)(x) = D yeX., ytu bsf)(x,y). Let us introduce a uniformly strong

mixing coefficient for MP ad (+): for any u > 0 denote

A0) = sup [P{aw) € 4] 29(0) = 2}

z,y,A

. P{xgp(u) e A|z0(0) = y}’

Assume that argf )( -) satisfies the following condition: there exist a scaling factor
Vi, V,, — 00 as n — oo, and constants L, ¢ € Z, such that for some ¢, 0 < g < 1,

and for any ¢ € Z,

D (Li/Vi) < ¢, n > 0. ©.1)

Condition (9.1) means that for all x € X the exit rates bgf ) (x) are asymptotically
large (fast switching) and zgf ) (+) is asymptotically mixing in any fixed interval.
EXAMPLE 9.1. Suppose that X; is a finite set, b (z,y) = Vn@g) (x,y) + on(1)),
z,y € X;, where 0,,(1) — 0, ZyeX,; . b((f) (z,y) > 0 for each € X, and an MP

%'éi) (-) with transition rates E(()i) (x,y) is irreducible. Then (9.1) is satisfied.
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EXAMPLE 9.2. Let X; = {1, 2, 3,4}, and the generator of the process ng)() is rep-
resented in the form:
—bn(1)  ViZbiz  Vipbis  Vibig
B _ ViZbor  —bn(2)  Vipbas  Vibos
" Vibsi  Vibsa  —bn(3)  V2bsy |’
Vibsr  Vibiz  V2bss  —by(4)
where entries b,,(j) are the sums of other elements in the corresponding row. If
b1abay > 0, bgabyz > 0, bz + big + baz + bag > 0, b3y + bga + byy + baz > 0, then
condition (9.1) is also satisfied. In this case X; consists of two classes {1,2} and

{3,4} with transition rates O(V,?) in each class, and transition rates between these
classes O(V},).

More general cases, when the state space forms S-set (asymptotically connected
set, see section 6.2), are considered in [ANI 98, ANI 00].

If condition (9.1) is satisfied, then the number of jumps of component z,,(-) in
each finite interval tends in probability to infinity. In this case we can asymptotically
average the rates of (,(-) in each domain X; by a corresponding quasi-stationary
distribution and prove that the component (,, () converges in each finite interval [0, T']
to an MP with averaged transition rates. Put

b (2,1) = > b ((2,9),(y,5)), =€ X, i€ Z. 9.2)
yeX,, jEZ, VE)

Let there exist constants C; such that for any n > 0,

sup by (z,i) < C; < oo, i€ Z. (9.3)
rzeX;

Condition (9.3) means that the transition rates between domains X; are bounded.
Together with condition (9.1) this means that transitions between states within each
domain X; happen considerably faster rather than transitions between different
domains Xj.

If condition (9.1) holds, then MP :cgf ) (t) at each n > 0 has an ergodic (stationary)
distribution pgf)(a:), x € X;. Denote

b ((2,1),5) = > bu((@,9), (4, ),

yeX;

an(i,5) = Y p(@)bn ((2,4),4), J # i,
reX;

JEZ,j#1
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Assume that, as n — oo, the following condition holds:

A) there exist finite values a(i,7), ao(i), 4,j € Z, j # i, such that ag(i) =
> j4iao(i,j), and forany i, j € Z, i # j,

an(zuj) — aO(iuj)u an(l) B ao(i)'

Let (o(t,i0), t > 0, be an MP in Z with transition rates ao(, ), ¢ # j, and the
initial state ig. According to relation ag (i) = >, ; ao(i,j) MP (o(-,40) is conserva-
tive (for any state, the sum of probabilities of jumps to all other states in Z is equal to
one).

We say that a process is regular, if it almost surely has a finite number of jumps in
any finite interval. The following theorem holds (the proof is given in section 9.3).

THEOREM 9.1. Assume that (x,,(0),(,(0)) = (x0,%0), To € Xi,, the process (o(+, o)
is regular and conditions A), (9.1), (9.3) hold. Then in any interval [0,T), ¢,(-) J-
converges to (o(+, ip) as n — oo.

9.2.4. Approximation of a stationary distribution

Results of section 9.2.3 deal with the approximation of the distributions of the
process in any finite interval [0, T']. We now study the approximation of the stationary
distribution. Consider the sequence of MPs (x,,(t), ¢, (t)), t > 0, introduced in section
9.2.3 with values in {(x,7), € X, i € Z} and transition rates from state (z,) to
(y,7), bn((z,7),(y,7)), (y # = as j = 7). We keep all previous notation. Let (o(t),
t > 0, be a regular MP given by transition rates ay(¢,7), i,j € Z, i # j. Denote
by {pn(z,7), x € X, i € Z} a stationary distribution of (x,,(+), (,(+)) Gf it exists).
Assume first that X; and Z are finite sets.

THEOREM 9.2. Let conditions A), (9.1), (9.3) hold, for any i € Z there exist limits
py) (@) = lim p{)(a), =€ X,

and exist values ¢; > 0 such that min,c x, liminf, . b, (x,i) > ¢;. Also let MP

Co(+) be ergodic with stationary distribution Iy(7), i € Z. Then at large enough n,

(xn (), Cn(+)) is ergodic and

m p,(z,i) = pi (2)o(i), € X, i€ Z. (9.4)

The proof of Theorem 9.2 is given in section 9.3. Note that a multiplicative form
of a limiting stationary distribution in Theorem 9.2 is in agreement with the results on
the aggregation of finite MP [COU 77].

If we assume that X; are infinite sets and, in addition, for any ¢ € Z, as n — o0,

an (i, (y,7)) — ao(i, (y,7)), where Zyexj ao(i, (y,7)) = ao(i, j), then the result of
Theorem 9.2 is also valid. '
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Now consider the case when Z is infinite but sets X; are finite. Denote by
Tn1 < Tha < --- the times of sequential jumps of (,(-) and put (X, Znk) =
(n(Thk), Cn(Thk +0)), k > 1. Then (X1, Zyk) is the embedded Markov chain for
(@n(- )7 Cn(+)). Let us fix a state ig and denote by v, (20, %0) a return time to domain
(Xi,,10) for the process (Xpk, Znk) given that (X1, Zp1) = (o, o). The proof of
the following theorem is given in section 9.3.

THEOREM 9.3. Let there exist constants ¢ > 0, C' > 0, such that the conditions of The-
orem 9.2 hold, where for any i € Z, ¢; > ¢, and for any n, Ev,(z¢,i9)? < C < o0.
Then at large enough n, (,(+) is ergodic and relation (9.4) holds.

Condition Ev,,(7¢,i9)> < C can be verified in particular applications, for
instance see [ANI 01]. In the following section we check this condition for a system

MM,Q/MM7Q/1/OO.
9.3. Proofs of theorems

9.3.1. Proof of Theorem 9.1

First, we represent (z,,(+), (,(+)) as an MPMS using the auxiliary MPs 2 (+) as
was shown in section 9.2.1. In our case a(z,i,y,j) = by((z,9),(y,5)), ¢ € X;,
y € X;, j # i, and for all x, 4, ¢(x,7) = 0 (there are no jumps of component ¢, (-)
at the times of jumps of xz,(+)). Denote by T,,; < T,2 < --- the times of sequen-
tial jumps of ¢, (-) and put (X,k, Znk) = (@n(Tok), Co(Tox + 0)), & > 1, where
(Xnks Znk) is the embedded Markov chain for (xn( ), Cn(+)). Denote

Pn($7i7t7j) :P(TnQ _Tnl < t, Zn2 :] | (than) = (x,@)), ]#Za t>0.

First, we prove that forany i,j € Z,i # j,t > 0,

sup |P(z,i,t,5) — (1 — e D" aqg(i, 5) /ag(i)] — 0. 9.5)
rzeX;

Given that z,,(0) = z, denote A, (t,z,1) fo (1) ),)du. Then for any
t > 0, j # i, we have a representation:

t
P, (z,i,t,j) = E/ exp{ — A, (u, x,i)}bn((x,(f)(u),i),j)du. (9.6)
0

Now we prove the following auxiliary statement: if conditions (9.1), (9.3) hold and
xsf ) (0) = x, then for any bounded measurable function f(z), x € X;, forany t > 0
uniformly in x € X;,

t
Gz, t) :/ FE(w)du—1 > o (y 2o 9.7)
0

yeX;
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If for some r > 0, <p£f) (r) < g, then, as is known (for example [DOO 53]), for any

t >0, <p,(f) (t) < ¢*/7~1. Thus, condition (9.1) implies
D () < gVe/Limt > 0. (9.8)

Denote Ky = sup,, | f(y)|. Using the inequality | [ f(y)P(dy) — [ f(y)Q(dy)| <
2Ky supy |P(A)—Q(A)|, which is true for any bounded real functlon f) and proba-

bility measures P(-), Q(-), and properties of go,(f ) (+) we obtain the following relations:

Bf(01) = > oD W) )| < 2K (1), >0
yeX
(i) () () 9.9
B{(f (25 (w) = Bf (21 () (f (22 (v)) = Bf (21 (4))) }]
< 8Kl (v —u), u<w.
Therefore, after some algebra we obtain
t
[EGu(w.0)] <26 | el (uau < C(1) — .
VarG,(z,t) < 16Kf/ 0D (v —u) < 8tC,(f) — 0,
0<u<v<t
where C,,(f) = 2K;a 'V, "}(1 — e=*V»!), o = —Ingq/L,. These relations imply

(9.7). Note that as the function G,,(x, t) is continuous in ¢ uniformly in n, then (9.7)
holds uniformly in ¢ in any bounded region.

Using (9.7) and condition A), we find that for any ¢ > 0 uniformly in x € X,

N P
u < t, Ap(u,x,i) — ap(i)u. Now, using a stepwise approximation, we can prove
that for any continuous function h(t),

t t
/ h(u)bn((azgf)(u),i),j)duf/ h(w)an (i, j)du — 0, t>0.  (9.10)
0 0

It follows from the relations above that

’/exp{ At 2,1) Yo (2 (), ), )du—/otexp{—ao (i)ubao i, )du
g/ lexp { — An(us2,8) } — exp { — ao(iyud b (2 (w), ), j)du
‘/ exp { — ao(i)u} (bn (29 (W), ), 1) — aolis 1)) du

*_>0
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As the function e~ is continuous and bounded in the region z > 0 and relation (9.3)
holds, then the convergence in probability implies the convergence of expectations
and relation (9.5) is proved.

Relation (9.5) means that the distribution of the variable T}, — T;,1 given that
(Xn1,Zn1) = (x,1) weakly converges to the exponential distribution, and it does
not depend on state {x} and on the next transition of ¢, (-). This implies the weak
convergence of finite dimensional distributions of ¢,,(+) to corresponding distributions
of an MP (y(-,ip) as follows from Theorem 8.3 in section 8.3 (see also [ANI 78]).
As o(+,4p) almost surely has no simultaneous jumps, the weak convergence of finite
dimensional distributions also implies .J-convergence and finally Theorem 9.1 is
proved.

9.3.2. Proof of Theorem 9.2

Consider the embedded MP (X, Znk), K > 1, introduced above. Denote
my(x,1) = E[The — Tha | (Xn1, Zn1) = (x,1)]. Then

my(z,1) = E/oouexp{ — An(u,x,i)}bn(ng)(u),i)du, (9.11)
0

given that a:gf ) (0) = z. According to the conditions of Theorem 9.2, the tail of the inte-

gral in the domain {u > L} ate < ¢; and large enough n can be approximated by the
value [~ uexp{—(c; — £)u}C;du, which is small at large L. According to Theorem

9.1, the integral in the domain {u < L} converges to fOL wexp{—ap(i)u}ap(i)du.
Thus, the right-hand side in (9.11) converges to ag (i) L.

Let 23 (0) = 2. As A, (t,2,1) — ag(i)t and A, (t,2,7) > (¢; — e)t at large
n and € < ¢;, then, by adding and subtracting the term e*““(i)tP(xg) (t) = y), we
obtain that for any « € X;, § > 0 uniformly in ¢ > 4,

Ee_A”(t’x’i)X(xSf)(t) = y) - Ee_A”(t’”’i)P(xif) (t) = y) — 0. (9.12)

Relation (9.9) implies that for any i € Z, y € Xj, uniformly in ¢ > 0,
P(ng)(t) =y — pg’) (y) — 0. Denote 7, (t) = max{Ty : Tnr < t} (Tn(t) is the
last time of jump of ¢, (+) before ¢). Thus

P ((2n(t),Ga(t)) = (1))
-y /0 P(7u(t) € du, 2, (Tu(t) +0) = 2, (u(Tu(t) +0) =1)  (9.13)

zeX;

X Be MRy (2801 — ) = ).
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Using relations (9.12), (9.13) we obtain after some algebra that as n — oo,

P((2a(t),¢a(t)) = (4,1)) — P(Calt) = 1) 0 (y) — 0 (9.14)

uniformly in ¢ > §. Consider the process (x,,(t), (. (¢)), t > 0. According to condition
(9.1) the states in X; communicate (except possibly a number of transient states).
Correspondingly, if ag(i,7) > 0, then there exist states (x,4) and (y,j) such that
b ((x,17), (y,7)) > 0 at large enough n. This means, if the process (o(-) is ergodic,
then at large n the states of (z,,(+), ¢, (-)) communicate (except possibly a number of
transient states) and (x,,(-), (,,(+)) is also ergodic (limiting probabilities exist but some
of them can be zeros). Denote by {m,(z,7), * € X;, ¢ € Z} and {IL,,(3), i € Z}
the stationary distributions of the embedded MP (X,,x, Z,1) and component (,(+),
respectively. From relation (9.14) it follows, as ¢ — oo, that

pn(y,i) — L, (D)l (y) — 0, i€ Z, yeX,. (9.15)
Let us find the limit of I1,,(z) as n — co. Denote
pa((2,0),(y,9)) = P((Xn2, Zn2) = (4,4) | (X1, Zn1) = (2,1)),
(i, (,9)) = S o0 @b ((2,0), (9.)), G #i.

zeX;

(9.16)

Without loss of generality we may assume that the limits lim,, o @, (¢, (y,7)) =
ao (i, (y, 7)) exist (otherwise we may assume the existence of partial limits and show
that the final result does not depend on the subsequence n; — o0). Then, using the
representation similar to (9.6) and relation (9.10), we obtain that

lim_py ((2,4), (y,)) = ao (i, (. 4)) /a0 (i), ©.17)

n—oo

where Zyer ao(i, (y,7)) = ap(i,j). Consider an MP (X}, Z;) with state space
(x,i), z € X;,i € Z, and transition probabilities aq (i, (v, j))/ao(i) from state (x,7)
to (y,7). It is easy to see that component Zj, forms an MP with transition proba-
bilities ag(i,7)/ao(i). This process is the embedded MP for (y(-) and is ergodic.
Denote by 7((4), i € Z, its stationary distribution. It is easy to verify that the values
mo(@,4) = >_,4; To(j)ao(i, (2, j))/ao(i) are the stationary probabilities for (Xy, Zj)
and 7o (i) = i vex, To(z,1). According to the ergodic theorem for semi-Markov
renewal processes, for any i € Z,

Hn(i):an(w,i)mn(m,i)< > Wn(x7j)mn(x7j)> , (9.18)

zeX zeX, jeZ

and, as n — oo,

-1
Hn(i)ﬁ%o(i)ao(i)1(2%0(]')(10(]')1) , 1€ Z (9.19)

j€Z
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As we can see, the right-hand side in (9.19) is equal to ITj(¢). Finally, from rela-
tions (9.15), (9.19) we obtain that p,, (x, 1) — Ho(z’)pgf) () and Theorem 9.2 is proved.

9.3.3. Proof of Theorem 9.3

If Ev,, (w0,40)% < C, then MP (X .1, Zn), k > 1, is positive recurrent, the expec-
tation of the return time to state (xo,4g) for (z,(:),(,.(-)) is finite. Then, as at our
conditions the values m,(z, %) are uniformly bounded (see (9.18)), then component
Cn(+) is ergodic with stationary distribution IT,, (7). According to Theorem 9.2, for
each state (x,1) transition probabilities and the expectation of a sojourn time con-
verge to ao(i, (y,7))/ao(i) (see (9.17)) and 1/ag(i), respectively. As vy, (zo,70) is
uniformly integrable, then Ev,, (¢, ig) converges to the expectation of the return time
to state i for process o(-) with the initial state iy, because we have the convergence
of the expectation of a sum of occupation times on any finite sequence of states of
(Xonk, Znk). Thus, I1,, (i) — o (4), ¢ € Z. Together with (9.15) this proves the result
of Theorem 9.3.

9.4. Queueing systems with fast Markov type switching

In this section as the applications of Theorems 9.1, 9.2, 9.3 we consider averaging
in Markov queueing models with fast switching.

9.4.1. System My;.o/Muy.o/1/N

9.4.1.1. Averaging of states of the environment

Consider a queueing system in a fast Markov environment. A system consists of
one server and /V waiting places. Consider a general case, when the calls arrive accord-
ing to a state-dependent Poisson process with Markov switching and also at the times
of jumps of a switching MP. If the system is full, an arriving call is lost. Let x¢(t),
t > 0, be an ergodic MP with values in X = {z1,...,z,}. Denote by p(x), x € X,
its stationary distribution. Let b(z) be the exit rate from state z, x € X. We define a
Markov environment with fast switching as follows: x,,(t) = z¢(V,t), t > 0, where
V., is a scaling factor, V,, — oo.

Denote by ¢o(:) and ¢, (-) uniformly strong mixing coefficients for processes
xo(-) and x,,(-), respectively. According to the ergodicity of x(-), there exist ¢ < 1
and L > 0 such that po(L) < ¢. Then ¢, (L/V,) = ¢o(L) < ¢, and condition (9.1)
holds.

Let {\(z,%), u(x, 1), an(z,i), ag(z,i), x € X, i > 0} be the non-negative func-
tions. Denote by @, (t), t > 0, the total number of calls in the system at time ¢.
The system is switched by the process (z,,(t), @, (t)) as follows: if (2, (¢), Q. (1)) =
(x,1), then the local arrival rate is A(z, %), and the local service rate is u(x, ). More-
over, if at the time ¢,,;, of the kth jump of =, (¢), (s (tnr — 0), Qn (tnr — 0)) = (z,4),
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Proof. Let Ty, k > 1, be the times of sequential jumps of @, (¢). Put (X,x, Znk) =
(20 (Tt + 0),Qr(Tr, + 0)), k > 1. Then (X1, Zpn) is the embedded MP. Let
pn((z,1), (y,7)) be defined by (9.16). Denote v(i) = X(z) + ji(i). As functions
A(+), p(-) are uniformly bounded, using Theorem 9.1 we can prove that p,,((z,1),
(y,7)) — po(i, (y,7)) uniformly ini > 1,z € X, where py(3, (y, 7)) = 0, as |i—j| >

1, and po (i, (y,7 + 1)) = p(y)A\(y,1)0(i) " po(i, (y,7 — 1)) = p(y)ply,9)v(i) ",
and also uniformly in? > 1, z € X,

E[Tn,kJrl - Tnk ‘ (Xnkaénk) - (x,z)] — 6(1.)71;

R (9.21)
E[Zn,k+1 - an | (Xnkv an) = (l’?Z)} - ()‘(Z) - ﬁ(Z))i)\(l)_l

This means that for some ng, (X,x, Znk) is irreducible as n > ng. Also for some
€ > 0 the left-hand side in (9.21) at large enough n (i.e. n > ng) is no greater than
—casi > L. Then, according to the classic Foster criterion, at n > ng the process
(Xnm, Znm) is positive recurrent. Consider a finite domain D = X x {0,...,L}
and denote by v,(x,L + 1,D) a return time to D for ()?nm,zm) given that
(Xno, Z’n,O) (z, L + 1). In the same way as it was done in Theorem 4.1 [ANI 01],
we can prove that for some a, 0 < o < 1, P(vp (2, L+ 1,D) > k) < o*, k > 1,
as n > ng. This implies uniformly in n > ng the existence of the 2nd moment for
vp(x, L+ 1, D) and for the return time to the domain (X, 0), respectively. Thus, our
result follows from Theorem 9.3. O

EXAMPLE 9.3. Consider a system My, /M;/1/co which is switched by the fast MP
Zn(t) = xo(Vpt) with values in X = {x1,...,x,}, where as z,(t) = x, the arrival
and service rates are \(z) and (), respectively. Let 2:o(¢) be ergodic with stationary
distribution p(z), and A(z) + p(x) > 0, v € X. Denote A= Y oex Mz)p(x),
o= > ,cx i(x)p(z). Suppose that i > X. Put g = A/7i. Let Q,(0) = io. Then
Statement 9.1 holds, where (+) is a Birth-and-Death process with constant birth and
death rates A and 7i, Q(0) = ig, and py,(x,i) — p(z)(1 — g)g', x € X,i > 0.

Note that for this system the approximation of a stationary distribution can also be
obtained using matrix-analytic relations [NEU 81, NEU 89].

9.4.2. Batch system BMy;.o/BMp.qo/1/N

Consider the case of batch arrival and service. In general, batch systems even in
Markov case are very difficult for analytic study, because they do not belong to the
class of quasi-Birth-and-Death processes [NEU 81]. We keep all notations from sec-
tion 9.4.1.1 and suppose for simplicity that a4 () = 0, ag(+) = 0. Let in addition the
families of non-negative integer random variables {{(x,4),n(z,i), v € X, ¢ > 0},
be given. The system operates as follows: if (2, (t), Q. (t)) = (x,1), then with rate
A(z,4) a batch of min(§(x,i), N + 1 — i) calls may enter the system, or with rate
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u(x,i) a batch of min(n(x,7),:) calls may complete service and leave the system
(u(x,0) = 0). Put

at(z,i,m) = )\(z,i)P(f(x,i) = m), a (x,i,m) = ,u(:z:,i)P(n(:c,i) = m),

zeX zeX
oo o0
at(i) = at(i,m), a (i)= Za_(27m), i>0,m>0,
m=0 m=0

and let £(7), 7(i) be random variables such that P(£(3) = m) = a*t (i, m)/a* (i),
P(A(i) = m) = a-(i, m)/a@~ (i), i > 0, m > 0,

Consider a state-dependent, approximating queueing system BAM APg/BMq/
1/N with averaged characteristics operating as follows. Denote by Q(t) the total
number of calls in the system at time ¢. If Q(¢) = 4, then with rate a*(7) a batch

o~

of min(§(é), N + 1 — 4) calls may enter the system, and with rate @~ (i) a batch of

min(7)(2), 7) calls may complete service and leave the system.

STATEMENT 9.4. If process Q(-) is regular and Q,,(0) = qo, then for any N < oo
the process Q,(-) J-converges in any finite interval [0,T] o Q(-) (Q(0) = qo). If
N < oo, Mz,4) + p(x,3) >0,z € X,i=0,...,N + 1, and Q(-) is ergodic with
stationary distribution T1(1), then Q,,() is also ergodic and

pn(2,3) — p(2)II(i), z€X,i=0,...,N+1.

The proof follows from Theorem 9.1. Note that these results can easily be extended
to multiserver models.

9.4.3. System M /M /s/m with unreliable servers

Consider a system M /M /s/m with s identical servers. Assume that no more than
m calls can be in the system at one time. Suppose that each idle server is subject to
failure and after failure it is immediately taken for repair. Let failure and repair rates be
considerably smaller compared to arrival and service rates. More specifically, suppose
that the arrival flow is a Poisson flow with rate V,, A, service time is exponential with
rate Vi (V,, — 00). Each idle server may fail with rate x, and each failed server has
a repair rate v. If an arriving call sees m calls in the system, this call is lost. After
completion of service a call leaves the system.

This can be a realistic model for a hospital with a number of ambulances which
may serve calling patients. In this case patients arrive considerably more often com-
pared to the failures of ambulances.
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Denote by Q,,(t) a number of calls in the system at time ¢ and by R,,(¢) a number
of failed servers. In this case @, (-) is a fast process with transition rates depending
on the current value of R,,(-). Assume that s < m. For each i = 0, ..., s, denote by
2 (t) an auxiliary Birth-and-Death process with values in {0, 1,...,m}, birth and
death rates in state k, A and min(k, s — i), respectively, and stationary distribution

p,(f), k = 0,...,m. Note that the values pg) can be explicitly calculated (as ¢ = s,

pSfB =1, p,(f) = 0, k < m). Let R(t) be the approximating Birth-and-Death pro-
cess with values in {0,1,..., s} and birth and death rates in state ¢, A(¢) and fi(7),

respectively, where

i) =~k (s—i—k)pl”, i=0,...,5—1.

Suppose that s < oo, m < 0o, and R, (0) = ro.

STATEMENT 9.5. If Aukv > 0, then for any m < oo, R, (-) J-converges in any
finite interval [0,T] to R(-), where R(0) = 1. If m < oo, then the processes
R(-) and (Qn(-), Rn(+)) are both ergodic and for any k = 0,...,m, i = 0,...,s,
pn (ki) — p,(;)H(i), where p,, (k,1) and 11(i) are stationary distributions of (Q,(-),
R, () and R(-), respectively,

Proof. 1t is easy to calculate that the transition rates b, ((k, ¢), (I, 7)) from state (k, )
to (1,4) fori =0, ..., s have the following form:

Vi ifj=i, l=k+1, k=0,

)

_17

bn(.’.) =

co,m
Vemin(k,s —i)p  ifj=d,l=k—-1k=1,...,m;
min(0,s —i—k)r ifj=i+1, 1=k k=0,...,m
i ifj=i—1,1l=k k=0,...,m;

) i

and b, (+,-) = 0 otherwise. Now Statement 9.5 follows from Theorems 9.1 and 9.2.
O

9.4.4. Priority model Mg /Mg /m/s, N

Consider the model with two types of priorities and different arrival and service
rates. Assume that there are m identical servers, s waiting places (buffer) for the 1st
priority calls (first type) and no more than N places for the second type calls. A flow
of first type calls is fast, and a flow of second type calls is slow. We may interpret, for
instance, the first type as the flow of internal tasks in a computer service system, and
the second type as an external flow of users to the system.
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Let the first type of flow be a Poisson flow with rate V,,a, V,, — oo, and service
rates for first type be V,,0. Denote by lej ) (t) the total number of calls of type j in
the system at time ¢, where j = 1,2. The system operates as follows: if a new first
type call enters the system, it either takes any idle server, if any, or it goes to one of
the servers, if any, which is occupied by the second type call and interrupts its service.
Otherwise, it goes to the queue of first type calls, or leaves the system, if all m servers
have first type calls on service and s calls of first type are waiting in the buffer. If
the first type call completes the service and there are waiting first type calls, then one
of these calls immediately goes for service. If the service of a second type call was
interrupted, then it goes back to the queue. If a server becomes idle and there are no
first type calls in the buffer, then one of second type calls from the queue (if any)
immediately goes for service. The arrival flow of second type calls is state-dependent
and constructed as follows: if at time ¢, Qf) (t) = ¢ and there are k idle servers, then
the local arrival rate for second type calls is A\(k,4),i =0,...,N — 1, (A\(k, N) =0,
k =0,...,m), so there cannot be more than N of the second type calls in the system.
At this time the service rate for each second type call on service is p(4). All calls after
completion of service leave the system.

Let xo(t), ¢ > 0, be a Birth-and-Death process with values in {0,...,m + s}
and birth and death rates a = a and by = min{k, m}b, respectively. Let gy,

k=0,...,m+ s, be its stationary distribution (it can be calculated in a closed form).
m+s
Put Pk = 9m—k> k= 17 sy M, Po = Zl:m Pl

m

@) =Y Ak, i)pr, i=0,....N—1,
k=0

min{i,m}

A =pli) S kpr i=1,...,N.
k=1

Consider an approximating Birth-and-Death process Q(t) with values in {0, ...,
N} and birth and death rates \(¢) and 7i(7), respectively.

STATEMENT 9.6. If a > 0,b > 0, Q(:) is regular and Q%z)(()) = qo, then for any
N < oo, process Qf)(') J-converges in any finite interval [0, T to Q(-) (Q(0) = qo).
IfN < oo, N(l,i) + (i) >0,0=0,...,m i=0,...,N, and Q(-) is ergodic with
stationary distribution 11(3), i = 0, ..., N, then Qg?)() is also ergodic and for any
k=0,....m+s1:=0,...,N,

lim lim P(Q () = k, Q'Y (t) = i) = gxTI(3).

n—oo t—o0o

Proof. Consider MP ( 51,1)(t), @ (t)), t > 0. As first type calls have the absolute
priority, then Qg)(-) is a Birth-and-Death process with fast switching and it forms a
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fast Markov environment for Q,(f)(). Transition rates b, ((k,4), (I, 7)) have the fol-
lowing form:

Vaa, ifj=4,l=k+1;,i=0,...,N,
k=0,....m+s—1;
Vb ifj=i,l=k—1;7=0,...,N,

k=1,....m+s;
A(min(0,m — k),4) ifj=i+1,1=k; i=0,...

k=0,...,m+s;
min(m — k,i)u(i) ifj=i—1,1=k i=1,...,N,

k=0,....m+s,

and b, (+,-) = 0 otherwise. Then Statement 9.6 follows from Theorems 9.1 and 9.2.
O

To this end, note that the approach suggested provides us with the opportunity to
approximate various functionals of queueing processes. In particular, as a hitting time
to a domain for a process with discrete state space is a continuous functional con-
cerning J-convergence, we can easily prove the following result related to the models
considered above. Denote by H,,(i) a busy period for @, (-) given that @, (0) = .
Let H (i) be a busy period for the approximated system Q(-). Suppose that N < oc.
If @, () J-converges to (-) in any interval [0, 7] and H () is a proper random vari-
able (for instance, all states of ()(-) communicate), then for any ¢, H,, (i) converges in
distribution to H () and also EH,, (i) — EH (7).

A separate and interesting problem is to find an error of approximation. For general
models it is still an open question. If 2, (t) = xo(V,,t), where z((t) is a finite ergodic
MP, and a Markov queueing system is also finite, it is possible to prove using the
results of [ANI 88] that for any ¢ > 0, P(Q,(t) = j) — P(Q(t) = j) = O(1/V,),
and the error in the approximation of the stationary distribution is also O(1/V,,).

9.5. Non-homogenous in time queueing models

To show wide possibilities of applications of these results let us consider the
asymptotic behavior of non-homogenous in time Markov queueing systems with fast
Markov type switching for the cases when a switching MP is either ergodic or allows
the asymptotic aggregation of the state space. These results are of a different type from
those considered in Chapter 4, as we do not normalize the queueing process ()(t) and
consider it in a usual scale of time, but we assume that switching is very fast and in
each finite interval [a, b] the number of switches tends to infinity as n — oc.
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9.5.1. System My ¢../Mn.q,/s/m with fast switching — averaging of states

Let the families of continuous in argument ¢, non-negative functions {a(i,1,t, q),
Ay t,q), n(i  t,q), i,l € X, i #1, ¢ € {0,1,2,...}} be given, where X = {1,
2,...,r} is a finite set. The system consists of s identical servers and m waiting
places. Denote by z,(t) a fast non-homogenous in time Markov type environment for
the system with transitions also depending on the value of the queue. Let us describe
the evolution of the system and the environment.

Calls enter the system one at a time. If at the time ¢ the total number of calls
in the system is ), and z,,(¢) = 1, then the instantaneous input rate is A(, ¢, @), the
instantaneous service rate for any busy server is (7, t, Q) and process x,, () may jump
from state 7 to state [ with rate na(i, [, ¢, Q). After completion of service the call leaves
the system. This means that process z,,(t) has asymptotically fast transitions and we
also assume that the states of x,,(¢) communicate at each ¢ and @ in the following
sense. Consider for each fixed (v, ¢) an auxiliary homogenous MP z(¢,v,q), t > 0,
with values in X given by the transition rates {a(i,l,v,q), i, € X, i # [}. Let
©(u, v, q) be its uniformly strong mixing coefficient in the interval [0, u]:

pluv,g) = max  [P{a(u,v.q) € Al2(0.v.9) = i1}

—P{z(u,v,q) € A | 2(0,v,q) =iz }|.
Suppose that there exists d, 0 < d < 1, and for any 7" > 0 there exists a value
7(T") > 0 such that for any v < 7" and any g > 0,
o(r(T),v,q) <d. (9.22)
This condition implies that given @), process z,,(t) is a quasi-ergodic process (see

section 3.3). Denote by {7 (i,v,q), i € X} the stationary distribution of the process
x(t,v,q),t > 0, and put

At q) =Y Aist,)m(ist,q), f(t.q) =Y pit,q)w(ist,q).  (9.23)

i€X i€ X
Also denote by @,,(t) the total number of calls in the system at the time ¢.

Let Mq,:/Mg.+/s/m be the approximating state-dependent queueing system with

the local input and service rates at time ¢, X(t, Q) and [i(t, @), respectively, given that
Q(t) = Q. Suppose that process Q(t) is regular.

STATEMENT 9.7. If Q,(0) == Qo, then with the assumption above, process Q. (t)
J-converges in each finite interval to the process Q(t) with Q(0) = Qo.
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This means that the queueing process in the initial system is approximated by the
queueing process in the system with input and service rates that are averaged by a
quasi-stationary distribution.

Proof. We consider a two-component MP (x,,(¢), Q,,(t)) and describe it as an SP. In
this case the component Q),,(+) plays the role of a slow environment, z,,(+) is a process
of Markov type with fast switching and it is quasi-ergodic at any fixed value of @Q,,(-).
Therefore, the proof follows directly from Theorem 9.1 under the natural modification
accounting for non-homogenity in time. [

9.5.2. System My; /Mg /s/m with fast switching — aggregation of states

Now we consider the previous system in the case when process z,(-) allows an
asymptotic aggregation of state space. Consider for transparency a homogenous case
and assume that the transition rates of the environment do not depend on the values of
the queue.

Let for each n > 0, z,,(t), t > 0, be a fast homogenous MP with state space
X ={1,2,...,r}, given by the family of transition rates {na, (i,1), i,l € X, i # {}.
Also let the family of non-negative values {\(i, q), u(Z,q), i € X, g > 0} be given.
Process x,,(-) forms a switching environment: if ,,(t) = ¢ and @, (¢) = Q, then the
instantaneous input rate is A(4, Q) and the instantaneous service rate for each busy
server is u(7, Q). We assume that x,, (¢) satisfies the conditions of asymptotic aggre-
gation of state space (8.18) and (8.19) in section 8.2.3 with ¢ = 1/n. Assume that
for any y € Y an MP 2 () (¢), defined by transition rates aq(i, j) in the region Xy is
irreducible. Denote by 7(¥) (i), i € X, its stationary distribution given by (8.20) and

put
Ujm = Z 79 (4) Z b, J#m.
iEXj leX,
Let y(t, yo) be an MP with values in Y, transition rates a;,, and initial state yj.

Denote by K (z,(t)) the aggregated process where K(-) is a map from X to Y:
K(i) =yifi e X,.Put

Adhg) = D AMi,q)w D (i), fli,q) = Y p(i,q)n? ().
i€X; i€ X;
Denote by Q.,(t) the total number of calls in the system at time ¢.
Let My;/Myr/s/m be the approximating queueing system switched by process

y(+):if y(t) = j and Q(t) = Q, then the input rate is :\\(j, @) and the service rate for
each busy server is 7i(j, Q). Suppose that process ()(t) is regular.

STATEMENT 9.8. Assume that z,,(0) € X,, and Q,(0) = Qo. Then under our
assumptions process (K (x,,(t)), Q(t)) J-converges in each finite interval to process

(y(t, 40), Q(1)) with Q(0) = Qo.



288  Switching Processes in Queueing Models

The proof uses the representation of the process (K (x,,(t)), Q,(t)) as an SP where
the switching times are the times of transitions between regions X ;. The approxima-
tion of the queueing process in each region by the queueing process with averaged
characteristics follows directly from Theorem 9.1 (see also Statement 9.7). Conver-
gence of the aggregated process K (z,,(t)) to an MP y(t, yo) follows from Theorem
8.8, and finally the convergence of a two-component process (K (z,(t)), Qn(t)) to
(y(t,y0), Q(t)) follows from Theorem 8.3.

Note that in this case the limiting queueing system is operating in the Markov
environment with aggregated space state and averaging of local characteristics is made
in each asymptotically connected region.

9.6. Numerical examples

Consider a system M/M/s/m with unreliable servers investigated in section
9.43. Put m = s = 2. This system has 9 states (k,i), k,i = 0,1,2. In the two
tables below the reader can see the results of exact and approximate calculations of
stationary probabilities and macro-state probabilities (for the component Q(-)) for two
different cases:

1) the ratio A/xk = 200 (V,, = 200);

2) the ratio A/k = 50 (V;, = 50).

Column “E” shows the exact values of stationary probabilities; “A” - shows approx-
imate results using the method suggested above in this section; “C” - shows approx-
imate results using the method suggested in [COU 77]; (E,A) and £(C,A) show the
differences between column “E” and columns “A” and “C”, respectively.

The tables show that in the first case (V,, = 200) the error of approximation is
much less, and also column “A” provides in general better results comparatively to
column “C”. This illustrates the effectiveness of the proposed approach compared to
the well-known Courtois method.

State E A C s(E,A) | EC)
0,00 | 0.1791 | 0.1795 | 0.1801 | -0.0004 | -0.001
(2,0) | 00627 | 0.0623 | 0.0615 | 0.0004 | 0.0012
(0) | 03917 | 0.3913 | 0.3893 | 0.0004 | 0.0024
(1,1) | 0.1675 | 0.1677 | 0.1662 | -0.0002 | 0.0013
(2,1) | 0.1398 | 0.1397 | 0.1362 | 0.0001 | 0.0035
(1) | 05080 | 0.5086 | 0.5079 | -0.0006 | -0.0001
(2,2) | 00984 | 0.1006 | 0.095 | -0.0022 | 0.0034
(2) | 0.1004 | 0.1006 | 0.1028 | -0.0002 | -0.0024

Table 9.1. A =200, u =240,k =v =1
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State E A C e(E,A) e(E,C)
(0,00 | 0.1780 | 0.1795 | 0.1801 | -0.0015 | -0.0001
(2,00 | 0.0641 | 0.0623 | 0.0615 | 0.0018 0.0026
0) 0.3931 | 0.3913 | 0.3893 | 0.0018 0.0038
(1,1) | 0.1671 | 0.1677 | 0.1662 | -0.0006 | 0.0009
(2,1) | 0.1400 | 0.1397 | 0.1362 | 0.0003 0.0038
a1 0.5070 | 0.5086 | 0.5079 | -0.0016 | -0.0009
(2,2) | 0.0924 | 0.1006 | 0.095 -0.0082 | 0.0026
2) 0.0999 | 0.1006 | 0.1028 | -0.0007 | -0.0029

Table 9.2. A =50, 4 =60, k =v =1
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Chapter 10

Aggregation in Markov Models with Fast
Semi-Markov Switching

This chapter extends in some sense the results of Chapter 9 (see also [ANI 02])
to semi-Markov models. We study in a triangular scheme the convergence in a finite
interval (transient behavior) of a piece-wise MP (, (-) with local rates depending on
a fast SMP x,,(-) (fast semi-Markov switching). First, we suppose that x,,(-) satis-
fies the asymptotic mixing property. Then (,,(-) in each finite interval weakly con-
verges in Skorokhod space (J-converges) to an MP with transition rates averaged
by the stationary measure of x,(-). The convergence of a stationary distribution for
(xn(+), Ca(+)) is studied as well. Note that these results differ from the results of Chap-
ters 4 and 5 as we do not normalize processes ¢, () and @, () and understand aver-
aging principle in the sense of the convergence to the limiting process with average
transition characteristics. Related in some sense results on averaging of dynamic sys-
tems with fast Markov switching using a martingale technique are considered in the
books [ETH 86, KUS 90, SKO 89]. Some results on averaging of dynamic systems
with fast semi-Markov switches using asymptotic methods for SP are obtained in
[ANI 92, ANI 95].

The next step in the investigation is when SMP z,,(-) satisfies the conditions of
the asymptotic aggregation (see section 8.4), so that the state space can be divided
in the disjoint domains with small transition probabilities between them. Consider
the aggregated process K (z,,(-)) defined on the domains. Then the conditions of the
convergence in Skorokhod space Dt of the pair (K (z,,(+)), ¢, (+)) to a two-component
MP (yo(+), Co(+)) with averaged transition rates are studied, where o (+) is the limiting
aggregated MP, and (y(-) is an MP switched by yo (). The method of investigation
in this chapter uses the results on the convergence of SPs developed in sections 8.3
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and 8.4.1 (see also [ANI 77, ANI 78]). Note that the aggregation models for queueing
systems in light and heavy traffic conditions are studied also in [ANI 98, ANI 00].

The results obtained show that under quite general assumptions an MP in a fast
semi-Markov environment can be approximated by an MP or an MP in a Markov
environment with the aggregated state space and the averaged transition rates. This
approach gives the possibility to reduce the dimension and the complexity of the initial
model. These results are illustrated on the example of a state dependent queueing
model Msar,g/Msnr,q/1/N with fast semi-Markov switching.

10.1. Markov processes with fast semi-Markov switches

In this section we study two types of limit theorems for Markov processes with
semi-Markov switching (MPSMS). Let characteristics of the process depend on a
scaling factor n, n — oo. Suppose that ,,(+) is an SMP with stands for the switching
environment. Assume that at given x,,(t) = x the process (i (-, x, 2) is a stepwise
MP and the sojourn times in states of an SMP x,,(-) are asymptotically small (fast
switching). First, we study the case when the embedded MP for x,,(-) satisfies an
asymptotically strong mixing condition. In this case all states of z,,(-) can be asymp-
totically averaged and the component ¢, (-) converges on each finite interval [0, T to
an MP with averaged rates. An approximation of a stationary distribution is studied as
well. In the second case the embedded MP satisfies the conditions of the asymptotic
aggregation of state space (state space can be divided in disjoint domains with small
transition probabilities between them). Then ¢, (-) converges to an MP switched by a
new MP, which is a weak limit of the aggregated process constructed on the domains
(limiting aggregated process).

10.1.1. Averaging of a semi-Markov environment

Let the families of non-negative functions {a,(z,4,7), i,j € Z, i # j, x € X},
an SMP z,(t), ¢ > 0, with values in X, the family of non-negative functions
{en(z,i,9), i,5 € Z, 1 # j, x € X}, and the initial value (x,,0,i,0) be given.
Assume that Z is a discrete set, Z = {0,1,...}. Let (,(-,n0), Cn(+,n0)), t > 0,
be an MPSMS constructed by the introduced families in the following way: x,, (0, Z,,0)
= Zn0os Cn(0,4n0) = ino-. In the interval where x,,(t) = x, process (, (-, in0) operates
as an MP with transition rates a, (x, 7, j). Furthermore, denote by t,x, k > 0, the
times of sequential jumps of z,,(-). If at time ¢,,5, ,, (tor — 0) = @, G (tnk — 0,4n0)
= i, then process (,(-,in0) can make a transition to state j with probability
cn(2,4,5)/Va, § € Z, j # i, or remain in state ¢ with probability 1 — ¢, (x,1)/V,,
where ¢, (2,4) = 37, 4; en(2,1, j), and Vj, — oo is a normalizing factor.

Introduce for convenience a family of random variables {7y, (x,7), z€ X, i€ Z},
such that P (i (z,9) =75 — i) = cn(2,4,5)/ Vo, 1€ Z, j # i, and P(ypi(x,i) =0)
= 1— ¢y(,i)/V,. By definition, we can say that if at time ¢, ©,(tnr — 0) = z,
Cn(tnk — 0,4n0) = 4, then process ¢, (-, in0) may have a jump of size v, (x, ).
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Put an(2,i) = > ez jui an(,4,J). Let Tpng, k > 0, be the embedded MP, and
0,,(x) be the sojourn time in state = for SMP z,, (-). Suppose that the variables 6,,(z)
are of the order O(1/V},). Denote 6, (z) = V,,0,,(z), = € X. Suppose that for any
n>0,i€ 2,

sup an(x,7) < C’i(l) < 00,

rzeX
(10.1)
sup 3 (2, Dan(z, 1) < O < oo,
zeX 1
sup ¢, (x,1) < C’i(?’) < 0. (10.2)
reX

First, we study AP for the switched component (,(-). Introduce as in previous
chapters a uniformly strong mixing coefficient for an MP z,,:

@n(k): sup ‘P{xnk 6A|‘rnO:x}
r,yeX, AeBx (103)

—P{xnk€A|xn0:y}, k> 0.

Let there exist a sequence 7, such that for some ¢, 0 < ¢ < 1,

on(rn) <q,n>0, and r,/V, — 0. (10.4)

Given condition (10.4), MP x,,; at each n > 0 has a stationary measure 7, (C),
C € Bx. Denote

M (z) = Bby (), p = / M (2) 7, (d2), (10.5)
X
80(is) = [ anli Dma(@m(de), @) = 3 (i)
X j€Z,j#i
(10.6)
En(i,j):/cn(x,i,j)wn(dx), G = Y i)
X J€Z, j#i

Suppose that as n — oo the following condition holds:

A) there exist values ag(i,7), ao(i), co(i,7), co(i), i,7 € Z, j # i, and a value
m > 0, such that m,, — m, and forany ¢,j € Z, i # j,

an(za‘j) - aO(iaj)a an(z) - aO(i)a /C\n(za]) - CO(iaj)a En(l) - CO(i),

ao(i) =y _ao(ij), cold) =Y coli.j).

J#i J#i



294 Switching Processes in Queueing Models

Denote (i) = m ™~ (ag(i) + co(i)), and let £(i) be a random variable such that
P(é-(l) :.7) = (GO(Z) +CO(i))_l(a0(i7j) + CO(iaj))> 7’7] € Z7 j 7& i.

Let (o(t,i0), t > 0, be an MP in Z with the exit rate A(7) in state {i}, the size
of a jump &(¢), and with the initial state o. This means, (o(-, o) has transition rates
A(i, j) = m™ao (i, §) + coli, 7)), j # i

THEOREM 10.1. Let (y(-,i0) be regular, conditions A), (10.1), (10.4) hold, i,,o = iy,
and

lim lim sup sup Ean(x)x(an(x) >L)=0. (10.7)

L—oco pooo T

Then for any x,o € X, T > 0, process (-, ino) J-converges in [0,T] to an MP
CO('7 ZO)

Proof. First let us represent process (Zn (-, Zno),Cn(,ino)) as an SP. To do this
we need to choose a sequence of switching times, a switching component and the
elementary processes (. (+, €, in0). For convenience we separate the jumps of ¢, ()
into two different processes: the jumps of (, (-) in the intervals between the times ¢,
of jumps of z,(-), and the jumps at times ¢,. Take k& = 1, denote for simplicity
(Zno,ino) = (x0,1p) and suppose that (z¢, ig) is non-random. Let &, (¢, 0, i) be an
MPSMS with the initial state i constructed on the trajectory of z,(-,xo) by rates
an(x,,7) without additional jumps at times t,,;. Denote by €, (o, %) the time of
the first jump of &, (-, zg,%0) and put Q,(xo,i0) = min{t,; : tn > Qn(xo,i0)}-
Thus, this is the time of the next jump of SMP z,(-) after time €, (¢, o). Let
{Z,(t,x0,70), ¢ > 0} be another process constructed on (-, o) as follows.
Put v, = min{tnl Dty > 0, an(xnlvio) 7é 0} Then En(t7$0,i0) = i,
0 <t < ty,,, and if at time ¢, ,,, T, = Yy, then X, (-, x0,%9) can make a
jump of the size j — ig with probability ¢, (y,i0,j)/cn(y,i0). After the jump it
operates in the same manner until the next time when the variable v, (zk, ) # O.
Denote 7,1(xg,i0) = min{fln(:co,ig),t",l,n}. It is clear that 7,1 (zo,ip) is a
Markov time for (x,,(-, Zo),n (-, %0)). Now we choose the interval [0, 7,1 (0, 7))
as the first switching interval for (x,(-,zo),(n(+,%0)). The elementary process
Cn1(t,i0) in [0, 71 (x0,40)) is constructed as follows: (n1(t,i0) = &n(t,xo,%0),
0<t< T (.’L‘o, io), given that ﬁn(.’ﬂo,io) < tn,un, and Cn1<t,i0) = En(t,.’[?o,io),
0 S t § Tnl(l‘(),io), given that Qn(l’o,io) 2 tn,yn.

The value (21,91) = (2n(Th1(20,0),20), Cn(Tn1 (X0, 90) + 0,40)) is a starting
point for the process (x,, (-, zg), ¢, (+,40)) in the next switching interval, and so on.
Then we can represent (z,,(t, xq), (. (t,i0)) as an SP (K, (1), (€n (¢, 20), Cu(t, i0)),
where the component £, (t) = (xo,40), 0 <t < Th1(z0,%0)), kn(t) = (z1,i1) on the
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next switching interval, and so on, and the variable (-) in the definition of an SP in
(1.3), section 1.2.1 has the form: 5,1 (20, i0) = (Xn(Tn1(T0,%0), Z0), Cn (Tn1 (0, 70) +
0,14p)) (the starting value in the next switching interval).

As asymptotically the states of x,(-) are averaging, we consider a map K:
K(z,i) =i,z € X, and use Theorem 8.3, section 8.3. According to this theorem we
need to prove the convergence of finite-dimensional distributions of ;1 (-, i,0) jointly
with the time of the first jump 7,1 (x0,i0) and the value K (53,1 (xo,i0)). Note that
the interval (Q,,(zq,i0), Qn(20,i0)) is asymptotically small, so with a probability
close to one there are no additional jumps of &, (¢, xo, i) in this interval. This means
that the starting point in the next switching interval is asymptotically determined
either by the first jump of &, (-, xo, 70) (according to transitions governed by the rates
an (o, 10, )), or by the first jump of ,, (-, 2o, io).

As for any t < 7,1(x0,170), Cn1(t, xo,70) = 4o, then actually we need to prove
only the convergence of the joint distribution of 7,1 (xo, i9) and K (8,1 (x0,%)). This
is the advantage of the use of Theorem 8.3. It is also possible to use the general results
of Ethier and Kurtz [ETH 86, pp. 225-238], on the convergence to MPs. However,
in our case the initial process is non-Markov, and in this way we will meet the same
difficulties as when proving the convergence of transition probabilities of (, (¢, 7o) in
any interval [s, u]. Therefore, it is easier to check the conditions of Theorem 8.3.

Given that x,,(0) = xg, denote A, (¢, x0,79) = fg an (x, (u),ig)du. Let P, (2, m,

u) be the probability that at fixed « an MP with transition rates a,,(z, 4, s) and the

initial state m will reach the state j at time w. For any 6 > 0, j # ip, we have a
representation:

Eexp { — 07,1 (20, 10) } X (K (81 (w0, %0)) = J)

n,k+1 k+1

_ ZE / exp { — Otn g1 — An(t,00,i0) } [] (1= n (a1, i) /Va)

tnk =0
X Z Ap, (xnka i07 m)Pn (xnkv m7j7 tn,k+l - t)dt

meZ

oo
+ Z E exp { — th7k+1 - An (tn,k+1a £, ZO) }
k=0

E

< T (1 = en(@niyio) /Va)en (@n k1,00, 5) [V = (1) + S (2).
=1
(10.8)

Note that at m # 7,

—an(z,m)u

P, (x,m, j,u) < P(at least one jump exists in [0,u]) < 1 —e
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Correspondingly, 1 —P,, (z, j, j, u) < 1—e~ (@) Ag tnk+1—tnk = On(Tng) =
0 (1) / Vi, then, using the inequality 1 — e~ < « as a > 0, it is not difficult to
prove that for any a > 0, L > 0,

On () B al? 1~ ~
E/o (1—e*)du < Y + WEHn(x)x(ﬁn(x) > L). (10.9)

Using (10.1), (10.2), (10.9) and the relations above, we obtain that for any =z,

tn,l\:+1
E/ Z a,»,L(.I‘,i(),m) |Pn(x7m7.ja tn,k-‘rl - t) - an(xai()).j) | dt
tnk meZz

O () ‘
§ E/ (an(:ﬂviOaj) (1 — eia"(z’])u)
0

(10.10)
+ Z an(x,io,m)Pn(x,m,j, 0, (x) — u))du
m#j
C(Q)LQ C(l) ~
<%t E6,,(2)x (6n () > L)
Denote
. oo tn,k+1
$.(1) = ZE/ exp { — 0t — Ay (t,20,i0) Yan (2u i0, )t
k=0 Yink
. (10.11)
X H (1 —Cn (xnhi())/‘/n)-
1=0

Using relations (10.9), (10.10), we obtain after some algebra that for any fixed
0 >0,

‘En(l) - En(l)|

C\L* Cy = S
< (5o + 77 W Bl (@)x(0u(@) > L) ) " Bexp { - bt}
n T k=0

n

(10.12)

where C, Cy are some constants. Let 0,,;(z), [ > 0, be jointly independent variables
having the same distribution as 0,,(x). Then ¢,,;, = Zf;ol 01 (1), and

[eS) e} k
—ot,, B
kZ:OEe . gkzo(gnea))((Eexp{ Gen(x)}>

(10.13)
-1
= <1—£Cnea)}(<Eexp{—99n(x)}> :O(Vn)7
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as for any © € X, Eexp{—00,( )} =1- HV Ym(z) + o(V,1). Relations (10.7),
(10.12), (10.13) imply £, (1) — 3, (1) —

To find the limits of values 3, (1) and %,,(2) we prove first an auxiliary lemma.

LEMMA 10.1. If (10.4), (10.7) hold, then for any bounded measurable function f(x),
z e X,

/t F@n(w))du — tfo /iy =0, >0, (10.14)
0
where f, = I flz)my(z)m, (dz).

Proof. Denote v, (t) = min{k : k > 0, ¢, p+1 > t}. Let {gnk(q,% re X} k>1,
be the jointly independent in k families such that 6,,; () has the same distribution as
0,.(x). Then

Vn (t)

. ~ _
/o fan(w))du — tf )i, = V7t Z (k) = fon /1) O () (10.15)

+ (f(®nwnt)) — fn/ﬁ%n) (t—tnw, (1)

where 2(1) = 0. First we prove that the 1st term in the right-hand side of (10.15) tends
in probability to 0. Put

J J
Snj =V, ! Z xnk fn/mn) nk (xnk) hnj = Vn71 Z O (xnk)

=1 k=1

Consider the auxiliary processes: s,(u) = $pj, hp(u) = hyj, as V7 lj < u <
V.71(j + 1). Denote pu,(t) = inf{u : u > 0, hy(u) > t} By the construction,

pn(t) = V.71 (v, () + 1). First, let us prove that p,, (t) — tm™ Lo Using (10.7)
we obtain:

[Vnu]
Ee— () _ g H E[efevn‘lénk(znk) | @]
k=0
[Vnu]
=E H (1= Omp (@0k) / Vi + 00k (1/V3)) (10.16)
k=0
[Vnu]
~ Eexp { —ov, ! Z My, (l’nk) }
k=0

Here [a] means the integer value of a, and V,, maxj, <[y |0k (1/V,)] — 0.
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According to properties of ¢, (-) (for instance see [BIL 68, ANI 88]), we have:
|P(z,, € A) — 7, (A)| < @n(k), and (10.4) implies that ¢, (k) < ¢[*/7]. Using the
known inequality: for any probability measures P(A), Q(A)

/Xf(ac) (dx) /f Q(dz)

we obtain the following inequalities, where C,, = sup,, my(z). For k < j,
[Em, (2nk) — Emp (205) | < 20000 (i — k);
|Emn (znk) — fﬁn’ < 2C,pn(k),
|E(ma (2nk) — in) (M (T05) — in) | < 8C0n(j — k) + ACE o (k) (5).

< 2sup|f |Stj1p|P(A) - Q(A)],

Relation (10.7) implies that sup,, m,,(x) < C' < co. Thus, (10.4) implies:

(V i“ mn xnk ))

[Vau]
< 8V,2 Z M (Tnr) — i) + 4C? S g/ Valglrval
1<k<j<[Vpu]

<8C(1—q) 'V, ?[Vaulr, + 4C?V, 2 — 0.

This means that for any v > 0, hy(u) L mu. As hy,(uw) monotonically
increases, then h,, (u) converges in probability to mu uniformly in any finite interval,

and pi,,(t) converges in probability to ¢/m. In particular, Vv, (t) £, t/m, and
V.o (v (t) + 1) == t/m. This implies that V20, . ) 41(Zn.0 (17+1) —— 0, and

also V, H(t — v (t)) L, 0. Now from (10.15) we see that the asymptotic behavior
of the left-hand side of (10.14) and of the 1st term in the right-hand side of (10.15)
is the same. In a similar way we prove that s,,(u) £, 0, uniformly in any interval
[0, T]. Using the results on the convergence of a superposition of random functions

[BIL 68], we obtain that s, (1, (t)) .o Finally this implies (10.14) and proves
Lemma 10.1. ]

Now we return to the proof of Theorem 10.1. It follows from Lemma 10.1 that
Ay (t, 00,5 0n0) — tan (ino)m, ! .o Taking into account that the function e~ % is
continuous and bounded in the domain {z > 0} and ¢, (+) satisfy condition (10.1), we

obtain:
[Viu] [Viu]
E H (1 - Cn(l'nkyino)/vn) ~ EeXP{ Vo Z Cn InkJnO }
k=1

~ exXp { - U/C\n (ZnO) }7
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vn (t)

E H (1= cn(2nksino)/ Vi)  Eexp { — V! Z Cn (Tnksino) }

tnkgt k=1
~ exp { - ’LL/C\n (ZnO)mr_Ll}v

where @, (i) are defined in (10.6). Consider %, (1) in (10.11). First we note that
Sn(1) = £,(3)(1 + O(C® /V3,)), where

Y.(3) = E/ exp{ —0t— A, (t,xno, ino)}an (:cn(t),ino,j)
0

% H (1 = cn(®nk,ino) / Vi) dt.

tnr<t
As 6 > 0, the integral in the domain ¢t > L using (10.1) can be estimated uni-
formly in n by Ce~%% /0. This value is small at large enough L > 0. According to the

convergence of A, (t, xg, o) the integral in the domain 0 < ¢ < L after some algebra
is asymptotically equivalent to the value

L
/ exp { — 0 — (@ (in0) + B (in) ) €} Bt (0 (€), o ) dt
0
L
~ i (im0, ) / exp { — 01 — (@ (in0) + B (ino) )0 1} .
0

Finally, according to condition A), 3,,(3) converges to the expression

ao (i, j)m~" / exp { — 0 — (ao(io) + colio))m~"t}dt
0

— ag(io, j)m ™ (0 + (a0 (io) + co(io))ym ™) ",

Now consider X,,(2). Divide it on two sums, as j < [V, L], and j > [V, L].
The second sum is no greater than E exp{—60t,, v, 1]}. According to Lemma 10.1,
tn,[v, 1] = Lin,. Thus, the second sum is small at 6 > 0 and large L. The first sum
can be approximated by the expression:

(Vn L]
j=1
Using condition A), we can finally find the limit of ¥,,(2) in the form:

/000 exp { - (9m + ag (io) + ¢ (io))t}co (i07j) d+

— coi0, j)ym= (0 + (a0 (io) + co(io))m~1) .
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Combining together limiting expressions for %,,(3) and X,,(2), we find that
Tn1(Zno, ino) and Bn1(xno,in0) are asymptotically independent, 7,1(%n0,%n0)
weakly converges to the exponential variable with rate A(ig), and B,1(2n0,n0)
weakly converges to £(ip). This implies the weak convergence of finite dimensional
distributions. As the limiting process is a stepwise process and the intervals between
sequential jumps of (,(-) do not tend to zero, the weak convergence implies
J-convergence. O

NOTE 10.1. If the state space for x,; in the limit forms one irreducible aperiodic
class, then condition (10.4) is satisfied and r,, = r (some constant). Note that (10.4) is
also satisfied for more general cases, when in limit the state space can be reducible and
forms so-called V;,-s-set (all states in the time interval [0, V,,] asymptotically commu-
nicate, see section 7.3, and [ANI 00]).

10.1.2. Asymptotic aggregation of a semi-Markov environment

Now consider the case, when the embedded MP z,,;, is asymptotically reducible
and allows an asymptotic aggregation of its state space. This means that the state space
can be divided in the domains with asymptotically connected states with small tran-
sition probabilities between domains. To avoid complicated assumptions, suppose for
simplicity that X and Z are discrete sets (X ={x1,z2,...}, Z={0,1,...}), and com-
ponent (,, (-) has no additional jumps at times ¢,,5.. Let SMP 2, (-) be given by sojourn
times {0, (z), * € X}, transition probabilities {p, (z1,22), z1,22 € X} of the
embedded MP x,,;, and the initial state x,,0. Then MPSMS (z,, (¢, ©0), Cn (£, 900)) 18
constructed as above using transition rates {a, (z,4,7), © € X, i,j € Z, i # j}, and
the initial state (2,0, in0). This means that if at time ¢, x,,(t) = x and {,, (¢, i,0) = 1,
then the instantaneous transition rate for ¢, (¢,4,0) from state i to j is a,(z,%,J),
Jj #i.Let P, = ||pn(x1, 22) ey ,20€ x - Assume that

X = UyGYva Xy1 N Xy2 = ®7 Y1 7é Y2,
(10.17)
Pn _ Y(L(]) + ‘/7;1Bn’

where P7§,0): HpsLO)(xl, 29) ||y o€ X 18 @ stochastic matrix, B, = ||b,, (21, 22)|| 2, a0 x>

and p%o)(xl, xz9) =0aszy € Xy, 22 € Xy,, Y1 # yo. This means that X is divided
in disjoint domains with transition rates of the order O(1/V,,) between them.

Foreach y € Y denote by :17533 k > 0, an auxiliary MP with the state space X, and
the matrix of transition probabilities P, (y) = [|p'> (z1, 22) ||z 20ex, - Let oW (),

k > 0, be the uniformly strong mixing coefficient for chbyk) (see (10.3)). Suppose that

)

foranyy € Y, gogl (k) satisfies condition (10.4) with the same sequence r,, and the

value ¢ < 1. Let m(f/ )(x), x € X,, be the stationary distribution of xggg Denote as

above gn (x) = V,,0,(2). In each domain X, we average transition rates of ¢, (-) by
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the corresponding stationary measure similar to (10.5), (10.6) as follows:

M (2) = Ebp(2), MY = > my(2)r) (@), (10.18)
reX,
an(yviaj) - Z an(x,i,j)mn(x)ﬂﬁly)(x),
TEXy
(10.19)
Un(y,1) =Y an(y,i, j).
JFi

Introduce the averaged transition rates between domains. Denote

Ralyr ) = (m@) ™ 3" 2 (@)bn (2, X,y,),  y1 # b2, (10.20)
meXy1

where b, (2, A) = > 7, c4bu(z,71), A € X. Put An(y) = >ty A (y,y2). Sup-
pose that the following conditions hold:

AD @Y — m® > o, y € Y, and there exist values ao(y,1,J), ao(y,?), y € Y,
i, =0,1,...,4 # j, such that forany y € Y,

an(y7iaj)*>a0(y7i7j)7 aﬂ(yvz)ﬁao(zﬁl)? 'l:,j:O,l,..., 7’7&]7

and ag(y, i) = Zj;éi ao(y, i, j)-
B) for any n > 0, sup,, 4 |by(x, A)| < C' < oo, and there exist values Ag(y1, y2).
Ao(y1), y1,y2 € Y, y1 # ya, such that

An(yiye) — Ao(yr,2), Anlyl) — Ao(y1), y1,y2 €Y, y1 # v,
and Ao(y1) =>_,, 2, No(y1, y2).

Denote by yo(t,y0), t > 0, an MP with values in Y given by transition rates

{Ao(y1,92), y1 # y2} and the initial state yo. Let (yo(t, o), Co(t,40)), t > 0, be a
two-component MP with the initial state (yo, o), where (o(¢, i) is an MP switched
by yo(t, %) in the following way: if at time ¢, yo(t, yo) = v, then the local transition
rates of (o(t,ig) are ag(y,4,5)/m®).

Denote by K (-) a map from X to Y such that K(z) = y forallz € X,,y € Y.
Consider the aggregated process K (z,(+, ¥x0)). Note that in general this process is
not Markov.

THEOREM 10.2. Suppose that the process (yo(+,%0),Co(-,40)) is regular, for any
y ey, w%y)(k) satisfies condition (10.4), conditions (10.1), (10.7), Al), B) hold and
(K (2no),in0) = (Yo, i0)-

Then in any interval [0,T] process (K(x,(t,2n0)),Ca(t,ino)) J-converges to
(yo(t, 90), Co(t, i0))-
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Proof. We again use Theorem 8.3. Let us represent (K (zp,(t,2n0)), Cn(t,9n0))
as an SP. Denote by 0 = T, < 715,17 < --- the sequential times of transitions
between domains X, for SMP x,,(-). They are constructed as follows: denote y,,; =
K(2n(Thk, Tno)), k > 0. Then recursively

T,1 = inf {t t>0, zn(t fEno) & ynU}
Topr1 =inf {t 1t > Top, @ (t,T00) & Yy}, k> 0.
We represent T, as the times of jumps of sums of indicators constructed on an
auxiliary MP. For each y € Y denote by x(y)( 0), k > 0, an MP with the state

space X, the initial state o € X, and the matrix of transition probabilities ﬁn(y) =
Hﬁn(xla x2)||117$2€Xy’ where

P21, 22) =pn<$1>$2)pn($17Xy)_l7 pn(z1,Xy) = Z pn(21,2).
reXy

Let forany y € Y, {x%(z), z € X,}, {8%(x), z € X,}, and {6, (),
x € X}, k > 0, be the jointly independent families of random variables such that

P(X;yk)( ) - 1) =1 _P(st/k)( ) = 0) =1 _pn(x7Xy)a

(ﬂ(y)( )fxl) P (z zl)(l—pn(x,Xy))fl, 1 € Xy,
)

and P(0,,(x) < z) = P(0,(z) < 2), 2z > 0. Consider for any y € Y the auxiliary
stepwise processes

U)mxo ZX )
(y)mxo Zan xo € Xy, m > 0.

Denote
pn (yw0) = min {m :m >0, x{¥) (m,zo) > 0},

(v)

Tn(Xys 20) =y (10 (45 20), 20), w0 € X,

Also let igly)(t x0), t > 0, be an auxiliary SMP with values in X, and the ini-

tial state xo, which is constructed by the embedded MP x(y)(xo) and sojourn times
ank( )

We define an SP x,,(t), t >0, as follows. If 2,,(0) =z € X,,, we set £, (0) =0,
and in the interval [0, 7, (X0, 20))s fin (£) = F2) (£, 20). IE T (10 (X o » 20) — 0, 20)
= Fo. then P (ki (10 (Xyy,20)) = a1) = P(ﬁ“ﬂ))(mo) = 21), where 21 ¢ X,,.

nl
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Furthermore, if beylo)(fo) = z1 € X,,, then in the next interval [7,,(X,,,Z0o),

Tn(Xyo, 20) + T (Xy,, 1)), kn(t) = Eﬁi‘“)(u x1), and so on. It is not hard to check
that the finite dimensional distributions of ., (¢) coincide with the corresponding
distributions of the initial SMP x,, (¢, x¢).

Now we construct the process En(t, in0) With the initial state i,,0 on the trajectory
of k,(t) as a locally MP with transition rates a,(z,7,7) in state k,(t) = =x.
Then the process (fin(-),Cn(-,ino)) has the same finite dimensional distributions
as (zn(,2no),Cn(yino)). Correspondingly, the aggregated process (K (kn(-)),
(-1 in0)) is equivalent to (K (2 (- o)) Cn (-1 in0))-

The advantage of this construction is that (i, (+), Cn (-, ino ) ) is represented as an SP
which is constructed by more simple processes defined in the domains X,. Switching
times here correspond to the times 7}, of transitions between domains X, and are
represented as the times of jumps of sums of indicators constructed on the auxiliary
MPs defined in each domain. To study the limiting behavior of the initial complicated
process we need to study the limiting behavior of the elementary processes in each
domain.

Let us check first the asymptotic mixing property of MP %553 (x0). Consider a fixed
domain X, and denote:

PO, B) = > p(x,u), Pu(z,B)= pulz,u), z€X, BCX,
u€eB ueB

Condition sup,, 4 |b, (2, A)| < C (see B)) implies that at large n,

sup |P7$O)(I7B) — ﬁn(x,B)} < C1/Vy,
x,B

where C' < Cy < oo. Then for any £ > 1 we obtain for k-step transition probabilities:

sup | P\ (2, k, B) — P, (x,k, B)| < kC1/V,
x,B

(see [ANI 88]). Denote by @, (k), k > 0, and ﬁf”(k), k > 0, the uniformly strong
mixing coefficients for %Elyk) and for an MP with values in X, and transition proba-
bilities Péo) (z, B), respectively (see (10.3)). Then, according to the relations above,
On () < <p$?> (rn) + 2r,Cy/V,,. So that, if cp%o)(k) satisfies condition (10.4), then
for some ¢1, ¢ < ¢1 < 1 at large enough n, ¢, (r,) < ¢1. This means that we

can apply Lemma 10.1 to an MP E%(mo), as well. If P(z,,0 € X,) = 1, then
according to Lemma 10.1 and condition A1) uniformly in « in each interval [0, T,
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y,(ly ) ([Vau], 2n0) L m®uy. Furthermore, according to condition B)

[Vnu]
Ee—0x (Vaulzno) — R H E[e—ex7f>(w7f,j(x,Lo)) |g(y)( 0)]

[Vnu]
=E [] (1 -pa(@% (wn0). X,) (1 =)
k=0
[Viu]
NEexp{ - — Z bn (y) ano X )(1—69)}
k=0
zEexp{—qu (1 )}

Writing the same relations for increments, we find that xy, )([V ul, Tpo) weakly
converges to a Poisson process with parameter Ag(y). Correspondingly, i, (y, Zn0)
weakly converges to the exponential random variable 7(Ag(y)) with parameter
Ao(y), and 7,,(Xy, zno), as a superposition of random functions, weakly converges

to (Ao (y))m®).

This result shows that the time spent by x,(-) in the domain X, is asymptotically
exponential with parameter Ag(y)/m®). Using Lemma 10.1 we can also prove that
the probability of a jump from X, directly to X,, tends to Ao(y,y1)Ao(y)~". This
means that the aggregated process K (x,,(-)) weakly converges to an MP yo(+, y0). As
the transition rates are bounded, then yo(+, o) has no simultaneous jumps a.s., which
also implies J-convergence.

Finally, according to Lemma 10.1 and condition Al), process Ey(ly)(~,in0), con-

structed on the trajectory of Y (v, Tno) using transition rates a,, (x, 7, j), J-converges

to an MP with averaged transition rates ag(y,,5)/m(¥). Using the representation
of (K(2n(-,2n0)),Cn (" ino)) as an SP and Theorem 8.3, we finally prove Theorem
10.2. =

Similar results can be proved if we have additional jumps at times ¢,,5.

Consider an example related to the convergence of the aggregated process. Let
V., = n and matrix P,, in (10.17) has the form:

1—-3/n" 1/n® 2/n®
P, = 2/n* 1—2/n%—1/nf 1/n ,
3/n® 2/nP 1—3/n* —2/nP

where « > 0, 8 > 0. If & < 1, then r, = O(n®) and all states can be asymptoti-
cally averaged in the interval [0, n] (we can use Theorem 10.1). If « = 1, we are in
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the conditions of Theorem 10.2. If 5 < 1, then there are two domains: X; = {1},
X, = {2,3}, and for domain Xy, r,, = O(n?). If 3 = 1, there are three domains:
X, = {1}, X, = {2}, X; = {3}.

Consider as an example, the case « = 1, § < 1. Then in the first domain X,
m(Ll)(l) = 1, and in X, w%z)(Q) ~ 2/3, 7T§L2)(3) ~ 1/3. Consider a map: K (1) = y1,
K (2) = K(3) = ya. Suppose that m.,(x) — m(x), z = 1,2, 3. In this case it is easy
to calculate that m() = m(1), m® = (2m(2) + m(3))/3, and using (10.20) we
obtain: Ag(y1,y2) = 3/m(1), Ao(y2,y1) = 7/(2m(2) + m(3)).

If for example z,,(0) € {2,3}, then K(x,(-)) J-converges to an MP y,(-) with
two states {y1, y» }, transition rates A (y;,y;) and the initial state ys.

Note that the results of sections 10.1.1, 10.1.2 can be extended to non-homogenous
in time models (functions a,,(-) and process () may depend on time also).

10.1.3. Approximation of a stationary distribution

Results of section 10.1.1 deal with the approximation in the finite interval [0, 7.
We study now the approximation of a stationary distribution. Consider process (2, (t),
Cn(t)), t > 0, introduced in section 10.1.1. To avoid complicated assumptions, sup-
pose that x,(t) = xo(V,t), where xo(t), ¢ > 0, is a right-continuous SMP with
values in finite space X = {z1,..., %}, V5 — o0, and we do not have additional
jumps of ¢, (+) at times ¢, of jumps of z,,(-), so that ¢, (z,,7) = 0, 7 # j. Process
Cn(+) is constructed as before on the trajectory x,,(-) as a local MP using the family of
transition rates {a, (x,,7), 4,j € Z, i £ j, x € X }.

Denote by 6(x) a sojourn time of z((-) in state x € X. Suppose that Ef(z) =
m(x) < oo, x € X, the embedded MP for z(-) is irreducible and at least one of
the variables 6(z) is non-lattice. Then x((+) is ergodic. Denote by p(x), z € X, its
stationary distribution. Put

Anling) = D anlz,ij)p@), An(i) =D Aalis ).

reX VE)
Suppose that for any i, j € Z, i # j,

An(in) = Ao(ir ), Anli) — Xo(i),  Ao(i) =D Xo(i,j).  (1021)
JF#i
Let (o(t), t > 0, be a regular MP given by transition rates \o(i,7),4,j € Z,1 # j.

The following result follows from Theorem 10.1.

STATEMENT 10.1. Suppose that values a,(x,t) satisfy (10.1), (10.21) holds and
Ca(0) == (o(0). Then in any interval [0, T), process C,(-) J-converges to (o(-).
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Now we consider the approximation of a stationary distribution. Denote by
{pn(x,1), © € X, i € Z} a stationary distribution of (x,(-),(,(:)) Gf it exists).
Suppose first that Z is finite.

THEOREM 10.3. Let values a,,(x,1) satisfy (10.1), relation (10.21) hold, there exist
values ¢; > 0, i € Z, such that for any i, mingcx liminf, . an(z,7) > ¢,
m(z) > 0, z € X, and MP (y(-) be ergodic with stationary distribution TI(3),
i € Z. Then at large n, (x,(-),(u(+)) is also ergodic and for any x € X, i € Z,
pul 1) — p(a)TI(E).

Proof. Consider the process (z,(+),(,(+)). Suppose that the initial value (zg, i) is
given. We construct the following recurrent sequences. Let t,x, £ > 1, and ,,,
m > 1, be the times of sequential jumps of x,(-) and (,(-), respectively. Denote
Tt = Q1o Ty = min{tpk ¢tk > Torbs Tpomgr = min{ Qi © Qe > T -
Toms1 = min{tur : toe > Thmard m > 1 Let Xpm = 20(Tom)s Znm =
Cn(fnm +0), m > 1. Then (X, Znm), m > 1, is the embedded MP for (z,,(+),
Cn(+)). Forany x1, 22 € X, 4,7 € Z, denote

pa((@1:4), (22.)) = P((Xnm+1, Znns1) = (@2,5) | (Xom, Zum) = (21,4))-

Take m = 1. According to homogenity in time, we can put for simplicity in cal-
culations 7},; = 0. Then, by analogy to (10.8), given that (X1, Z,1) = (z,4) we can
write the following representation:

0o tn,
ET,, = Eztn,kﬂ / o exp { — A, (u,z, i)}an (9cn(u)7 i)du, (10.22)
k=0 tnk

ET, = E/OO uexp{ — A, (u, z, i)}an (xn(u)7 i)du. (10.23)
0

According to conditions of Theorem 10.3, the tail of the 2nd integral in the domain
{u > L} ate < ¢; and large enough n can be approximated by the value

(3

/Loouexp{ (e} (@t 2)du= T e { (e )L},

which is small at large L. According to Theorem 10.1, the integral in the domain
{u < L} converges to fOL wexp{—XAo(i)u}Ao(7)du, so that the right-hand side in
(10.23) converges to \o(7) 1. Denote O,k =tp k11 —tn ks k>0, 0,(L)=C1L?/V? +

(Ca/Vy) sup, Ef, () x (0, () > L). Then, given that (X1, Z,1) = (z, ), we obtain,
following the same steps as at the proof of (10.12), (10.13) and using an inequality
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similar to (10.9), that

. e tn k41
E(Tn2 — Tng) =E Z/ (tn)k;_i'_]_ — u) exp { — A, (u,x, i)}an (Jcn(u)7 i)du
k=0

tnk

S E Z enkefAn (t-,,,k,z,i) (1 _ efan(:rnk,i)ank)
k=0

< 6,(L) ZEexp{ — citnk}
k=0

<4,(L) i (Ixnezg}((Eexp{ - ciVn_IH(x)})k — 0.

Finally, according to Theorem 10.1, we have proved that for any z € X the dis-
tribution of the variable T, yp 41 — T, given that (X, Zpm) = (x,1), weakly
converges to the exponential distribution with rate Ay (¢) and its expectation converges
tol / Ao (Z)

Now consider the behavior of p,, ((x1,4), (x2,j)). For any ¢t >0, P(z, (¢, z0) =)

— p(z), x € X. As according to Lemma 10.1, A, (¢, zo,0) £, Ao(i0)t, then, by
adding and subtracting the term Ee 00! Ey (x,(t, 29) = ), we obtain:

‘EeiA"(t’mo’iO)X(a:n (t,mo) = x) — eiAO(iO)tEx(a:n (t,mo) = .13)| — 0. (10.24)

Combining (10.24) with the result of Theorem 10.1 we obtain that for any
€T, T2 S X7 7’7] € 27

pu((21,7), (z2,7)) — po((z1,1), (z2,5)) = p(@2) Ao(i,5)/Xo(i).  (10.25)

Denote by A, (z,4) the total time spent by (,(-) in state {i} in the interval
[Ty1,Th.2) given that (X1, Zn1) = (2, ). By definition, T}, 5 — Tpy < A, (z,) <
T2 — Tpy. Then EA, (z,i) — 1/Xo(i). Let {m,(z,i), © € X, i € Z} be the
stationary distribution of an MP with transition probabilities p,,((x1,1%), (z2,7)).
At large n it exists because transition probabilities p, (-, -) are close to po(-,-) (see
(10.25)), and a two-component MP constructed by po(-, ) is irreducible, as (o(-) is
ergodic. Let I1,,(i), ¢« € Z, be the stationary distribution of the component (,(-).
According to the ergodic theorem for semi-Markov renewal processes, for any ¢ € Z,

-1
Hn(i)an(:p,i)EAn(m,i)< > w,,,(x,j)EAn(x,j)> ., (10.26)

z€X T€X, jEZ
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and as n — oo,

—1

I, (i) — To(i) Ao (i) " (Z%o(j))\o(j)l> , 1€ 7, (10.27)
Jj€z

where 7o (i) = Y .y mo(x,7), and mo(x, %) is the stationary distribution of a two-

component MP with transition probabilities p(a2)Ag(Z,7)/Ao(7) from state (x1,4) to

('r27 ])

Now consider an auxiliary MP (1(t), (o(t)), t > 0, with values in X x Z and
transition rates p(xz2)Ao(,j) from state (z1,4) to (x2, 7). Its embedded MP has tran-
sition probabilities p(z2)Ao(7,7)/No(7), and the sojourn time in state (x,7) has the
expectation 1/X\g(%). It is easy to check that the right-hand side in (10.27) is equal
to the stationary distribution of MP (o(-). As (o(+) is equivalent to Co(-), this implies
together with (10.24) the result of Theorem 10.3. ]

Note that the multiplicative form of a limiting stationary distribution in Theorem
10.3 is in agreement with the results on the aggregation of a finite MP [COU 77].

If Z is infinite, we restrict our study to the case when z((-) is an MP, so that
6(x) has an exponential distribution with a rate g(x), 0 < g(z) < oo, x € X.In
this case we obtain conditions which can be verified in particular applications. Let us
keep the notation of Theorem 10.3. In this case we define switching times as the times
of sequential jumps of ¢, (-). Put (Xpm, Znm) = (n(Qam + 0), Go(Qpm + 0)),
m > 1. This MP is simpler than (X, Znm) constructed in Theorem 10.3. Given
that ()N(nl, an) = (g, i0), denote by v, (xg, o) a return time to domain (X, i) for

THEOREM 10.4. Suppose that values a,,(x,1) satisfy (10.1), (10.21) holds, x(-) is
ergodic with stationary distribution p(x), v € X, there exist values ¢ > 0, N > 0,
such that minge x, iz an(x,1) > ¢, and for some (z¢,i0), Evy(wo,i0)? < C < o
asn > N.

Then Co(-) is ergodic and for any x € X, i € Z, pp(x,i) — p(x)IL(), where
I1(3), @ € Z, is the stationary distribution of (o(-).

Proof. 1f Ev,(xq,i0)? < C, then (X,m, Znm), m > 1, is positive recurrent. Accord-
ing to our conditions, the expectation of a return time to state (xg, ig) for (2, (-), (,(+))
is also finite, and the component (,,(-) is ergodic with stationary distribution II,,(4)
(see (10.26)), where A,,(z,1) should be replaced by the value ,, 5 — §2,,; given that
(X1, Zn1) = (i, ). According to Theorem 10.3, for each state (x, 7) transition prob-
abilities and the expectation of a sojourn time converges to po((z,1), ) (see (10.25))
and 1/ (2), respectively. As v, (g, io) is uniformly integrable, then Ev, (2, i) con-
verge to the expectation of a return time to state ¢ for the process (o (-) with the initial



Aggregation in Semi-Markov Models 309

state 7o (as we have the convergence of the expectation of a sum of occupation times
for any finite sequence of states of (X, Znm)). This means that IT,, (i) — TI(7),
1 € Z. Together with (10.24) this proves the result of Theorem 10.4. O

Note that the condition Ev,(z¢,i9)2 < C can be verified for some classes of
queueing models.

10.2. Averaging and aggregation in Markov queueing systems with semi-Markov
switching

We illustrate the results of the previous section on the example of a state depen-
dent system Mg, /Msar,o/1/o0 introduced in section 2.2.2 with fast semi-Markov
switching.

10.2.1. Averaging of states of the environment

Suppose that zo(t), ¢ > 0, is an ergodic SMP with values in a finite space
X = {z1,...,2,} and a sojourn time 6(z) in state {«}. Denote by p(x), z € X,
its stationary distribution and by 7(z), x € X, the stationary distribution of the
embedded MP. Let {\(z,i), u(x, 1), aa(z,i), as(z,i), « € X, i > 0} be the
families of non-negative functions and V,, — oo. We define a fast semi-Markov
environment as x,,(t) = z¢(V,,t). Let us denote by ¢,, k > 0, the sequential times of
jumps of x,(t). Consider a queueing process Q,,(t), t > 0, with switching governed
by x,(t) in the following way: if (2, (t), @n(t)) = (x,1), then the local arrival rate
is A(z, 1) and the local service rate is p(z,4). In addition, at any time ¢,,; of jump of
x,,(t) either an additional call may enter the system with probability V, ta4(x, ), or
a call on service may complete service with probability V, g (z, ). Denote

m= Z m(z)m(x),

p(i) = > plx,i)m(z)mr(z),
reX
aai) = Z ap(z,i)m(x), (1028)
rzeX
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Note that p(z) = m(z)n(z)/m, x € X.Let Mg /Mg /1/o0 be the approximating
state-dependent queueing system operating in the following way: as Q(t) = i, the
local arrival rate is A(7) and the service rate is I'(), where Q(t) is a number of calls
in the system at time ¢. The following result is a consequence of Theorem 10.1.

STATEMENT 10.2. Suppose that process Q(-) is regular and Q,(0) == Q. Then
process Qn(t) J-converges in each finite interval [0, T to Q(t) with Q(0) = Q.

10.2.2. Asymptotic aggregation of states of the environment

Consider the system Mgnr,q/Msa,q/1/0c0 investigated in the previous section
in the case when the process x,(-) admits an asymptotic aggregation of the state
space. Let z,,(t), t > 0, be an SMP with state space X = {1,2,...,r}, given by
the sojourn time 0(x)/V,, in state {«} and the transition probability matrix P,, =
lpr (21, 22) |2y 5. x of the embedded MP x,,. Assume that the conditions of asymp-

totic aggregation (10.17) hold, where for simplicity Pf,,o) = P (does not depend on
n), so that

pﬁlo) ($1,902) Zpo(xhl“z), x1, 22 € X,
and also

by (21, 32) — bo (w1, 22), 1,22 € X.

For each y € Y denote by z,gy ), k > 0, an MP with the state space X, and

transition probabilities po(z1, x2), x1,z2 € X,,. Letforanyy € Y, a:,(fy) be irreducible

with stationary distribution ) (), z € X,,. Put m(x) = Ef(z) and denote

mw) — Z m(z)m W (z),

TEXy

Ay i) = > Aa,iym(z)r® (),

r€Xy

//J'(yaz) = Z ,u(a:,i)m(x)ﬂ'(y)(x),

TEXy

aaly,i) = Y aal,i)m¥ (),

reX,

as(y,i) = Z as(:(;,i)ﬂ'(y)(x),

reX,

A(y,i) = Ay, i) /m® + aaly,i)/m®, >0,
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D(y,i) = fi(y,i)/m¥ + as(y,i)/m¥, i>1, (T(y,0)=0),

A(y,z):(fr\L(y))_1 Z 7 (1) Z bo(z1,22), y# 2.

T1€Xy T2€X,

Let y(¢), ¢ > 0, be an MP with values in Y and transition rates {A(y, z),
y # z}. Consider a state-dependent Markov system with Markov switching
Mnr,o/Mug/1/oc0, which is described by a two-component MP (y(t), Q(t)),
t > 0, in the following way: if (y(¢),Q(t)) = (y,1), then the local arrival rate is
A(y, 1) and the local service rate is I'(y, 7). This system stands for the approximating
queueing system for the initial system with fast semi-Markov switching. As we
see, the approximating system is a Markov one and has a simpler structure as it
is governed by a Markov process with the aggregated state space. Let K(-) be a
map from X to Y such that K(z) = y, z € X,, y € Y. The following result is a
consequence of Theorem 10.2.

STATEMENT 10.3. Suppose that the conditions above are satisfied and as n — oo,
(K (2,(0)),Q,(0)) == (y0, Qo). Then in any interval [0, T] the process (K (x,,(-)),
@n(+)) J-converges to (y(-), Q(-)) where (y(0), Q(0)) = (yo, Qo).

10.2.3. The approximation of a stationary distribution

Now we study the approximation of a stationary distribution. First, we investigate
the finite system Mgar,o/Msn,q/1/N with losses and fast semi-Markov switching
considered in section 10.2.1. We keep the notation in (10.28) and put A(xz, N + 1) =
0, x € X. Consider process (z,(t),Q.(t)) and denote by p,(x,i), z € X, i =
0,..., N, its stationary distribution. Let I1(:), ¢ = 0,..., N + 1, be the stationary dis-
tribution of the approximating queueing system Mg /Mq/1/N with rates A(4), I'(7)
(see (10.28)). The following result is a consequence of Theorem 10.3.

STATEMENT 10.4. Suppose that A(i) > 0,T'(z) > 0, m(x) > 0, AM(«, i)+ u(x,i) > 0,
x€X,i=0,...,N + 1. Then at large n, p,(x,1) exists and p,(x,i) — p(x)II(7),
zeX,1=0,...,N.

When a system is infinite (N = 00), we restrict our investigation to the case when
2o(+) is an ergodic MP with the purpose of obtaining more transparent conditions.
Denote by p(x) a stationary distribution of z((-). Suppose for simplicity that we do
not have additional jumps at times &, i.e. aa(z,i) = 0, ag(z,i) = 0. Consider a
system M o/Mp,q/1/00 with fast switching by an MP x,,(¢) = x¢(V,,t). Denote
by pn(x,i), z € X, i =0,..., the stationary distribution of (z,,(-), Q,(+)). Let TI(7),
i =0,..., be the stationary distribution of the approximating system M¢ /M¢/1/00
with rates \(i), 7i(i) (see (10.28)).

STATEMENT 10.5. Suppose that there exist constants 0 < ¢ < C' < oo such that for
any x € X, i > 0, ¢ < Ma,4) + p(x,i) < C, and for some 6 > 0 and L > 0,
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7i(i) — (i) > 8 asi > L. Then at large n, py (i) exists and py(x,i) — p(x)II(i),
reX,1=0,....

Proof. Let Qp,m, m > 1, be the times of sequential jumps of Q,,(t). Put )Z'nm =
Zn(Qm)s Znm = Qn(Qnm + 0), m > 1. Then (X, Znim ) is an MP. Denote

Po((#1,7), (#2,7)) = P(Xnms1, Znmt1) = (22,7) | (Xnms Zum) = (21,1))

As functions A(-), u4(+) are uniformly bounded, using Theorem 10.1 we can prove
that uniformly in x € X, i > 1, p,,((x1,4), (2, 7)) — po(i, (z2,7)), where

po(is (z2,7)) =0, asli—j|>1,
po(i, (z2,i+ 1)) p(xg)//{(z)(:\\(z) + ﬂ(i))_l,
po(i, (22,0 — 1)) = p(a2) A6 (NG + i)

and
Then uniformly inz € X, > 1,

E[Zn7m+1 - an | (Xnmyznm) = (CL‘,Z)]
N N . (10.29)
— (M) — 3D) (A6 + at0) .
Thus, for some ng, ()?nm, an) is irreducible as n > ng. As for some L > 0,
(i) — X(z) > ¢ at ¢ > L, this condition implies that for some ¢ > 0 the left-
hand side in (10.29) is no greater than —¢ as ¢ > L. Then, according to the classic
Foster criterion, at n > N process (X,m, Znm) is positive recurrent. Consider a
finite domain D = X x {0,..., L} and denote by v,,(z,L + 1, D) a return time
to D for (Xpm, Znm) given that (Xn0s Zno) = (2, L + 1). In the same way as
was done in Theorem 4.1 [ANI01], we can prove that for some ¢, 0 < ¢ < 1,
P(vy(z,L+1,D) > k) < ¢*, k > 1,as n > N. This implies uniformly in n > N
the existence of the 2nd moment for v, (x, L+ 1, D) and for the return time to domain
(X, 0), respectively, and our result follows from Theorem 10.4. O

As a conclusion, note that queueing models in a Markov and moreover in a semi-
Markov environment are very difficult for analytic study (for example, see [NEU 89]).
The results of this chapter provide us with an effective approach to the approximate
analytic analysis and simulation of queueing models in a random environment given
the assumption that the transitions of the environment are much faster than the transi-
tions of the queueing process.
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Chapter 11

Other Applications of Switching Processes

In this chapter we consider the applications of AP and DA for SP to several other
problems such as self-organization in multicomponent interacting Markov models,
and dynamic systems and random movements with fast Markov switching.

11.1. Self-organization in multicomponent interacting Markov systems

Consider the phenomena of self-organization that appear at the asymptotic analysis
of some interactive multi-component Markov systems and at the analysis of migration
models [WEI 88, WEI 91]. The presentation follows [ANI 95b]. First let us specify in
which sense we understand the phenomenon of self-organization. Consider the differ-
ential equation (4.22) for the limiting function s(-) in AP for SP, Chapter 4, which has
the form

ds(t) = b(s(t))dt, s(0) = so, (11.1)
where b(s) = b(s)/m(s). Let s, be a stability point such that
b(s.) =0, (11.2)
and there exists a domain D(s*) such that if so € D(s,) then s(t) — s, ast — oco.

This means that s, is a stability point for equation (11.1) and relation (4.19) implies
for any € > 0:

lim limsup P{|S, (nt)/n — s.| > e} =0. (11.3)

=00 oo
This relation describes the phenomenon of self-organization in switching system.

Now we study this phenomenon in a model of asymptotically large number of
interactive Markov systems with mutual influence between individual systems and
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the whole super-system. Consider n interacting Markov systems developing in the
following way. The systems are identical with finite set of states {1,2,...,r}. The
family of non-negative functions \;;(q), i,j = 1,7, i # j, 4 = (q1,---,4), ¢ > 0,
>i_1 ¢ = lis given. Let 1, (4, ) be the total number of systems which are in state i
in moment ¢. Denote by

To(t) = (11/n(i,t), i= m)

n

the vector of proportions of the number of systems in particular states. If at time ¢,
Uy, (t) = g and a system is in state ¢, then this system in a small interval [t, ¢ + h] inde-
pendently of the other systems may pass to state j with probability n = ;;(q)h+o(h),
j # 4. Let us introduce a column-vector

b(7) = ( — M@ + Y e (@), = U“), (11.4)
ki
where \;(q) = D" ; Aix(@), and put \(@) = -1, ¢iNi(Q)-

THEOREM 11.1. Suppose that v,,(0) = 5, and functions \;;(q) satisfy local Lipschitz
conditions. Then

sup |7, (nt) —5(t)] Lo, (11.5)
t<T
where
ds(t) = b(5(t))dt, 5(0) = 3o, (11.6)

and T is any positive value such that y(+o00) > T, where

Proof. In our case 7, (t) is a homogenous Markov process and it is easy to see that
it can be described as a simple RPSM where 7,,1 (ng) has the exponential distribution
with parameter \(g) and

1 . . .
fnl(nﬁ) = {eij with probability qM,Aﬁ)A(Q)—L 1,)] = ].,7", ? 7& J (117)
n

where €;; is a column-vector for which the th component is equal to —1, the jth com-
ponent is equal to 1 and other components are equal to 0. Thus, E7,,1(ng) = A\(g) %,
E&,1(ng) = n~b(@)A() ", and our statement follows directly from AP for RPSM
in Theorem 4.3, section 4.3. O
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Therefore, for analyzing self-organization phenomena we have to analyze the
points of stability of equation (11.6). These results can be used for analyzing the
problems of self-organization for multi-component Markov models of the society
suggested by W. Weidlich and W. Weidlich and G. Haag in [WEI 88, WEI 91] and
provide us with a new approach in the investigation of “synergetic” phenomena in
these models.

Now let us formulate the theorem on the DA. Denote by symbol T (@) a matrix of
partial derivatives of the vector-function f(a):

—/

lim 1! (F(@ + 1z) — (@) = F @)z,

Introduce a matrix B*(q) = |b;;(q)||, i, j = 1,7, where

bij (@) = —aiXi; (@) — 4;2i(@), i # ], (11.8)
bii(@) = iXi(@) + > ax i (7). (11.9)
k#i

THEOREM 11.2. Let the conditions of Theorem 11.1 be satisfied, a continuous function
Q(q) = V' (q) exists and \/n(7,,(0) — so) == 7.

Then the sequence of processes 7, (t) = /n(v,(nt) — 5(t)) J-converges in the
interval [0, T to the diffusion process (t) satisfying the following stochastic differ-
ential equation:

d7(t) = Q(5(1))7(1)dt + B(5(t))dw(t), 7(0) =T,

where W(t) is a standard Wiener process in R".

Proof. Let us use DA for RPSM in Theorem 4.4, section 4.3. As 7,,1(+) has an expo-
nential distribution, according to Corollary 4.1, the matrix function D2 (c) in Theo-
rem 4.4 has the form D2 («) = E&,1(na)&,1(na)* and by the definition of &,1 (na)
(11.7) it is easy to calculate that in our case

B (@)pn ()" = B (n0)6n (n0)° = 5 B*@A@) ",

where p,,(q) = &n1(nq) — E&u1(ng) — %En(q)(ml(nq) — XM@)™1). Therefore our
statement directly follows from Theorem 4.4 and Corollary 4.1, section 4.3. O

Note that if G, is a stability point and Sy € D(q,), then the finite dimensional
distributions of process 7(t) at large ¢ are close to the distributions of the stationary
diffusion process (t) satisfying the following stochastic differential equation:

d3(t) = Q(7.)7(t) + B(q.)dw(t), F(0) =7, (11.10)

where @, is a stationary point of equation (11.6).



318  Switching Processes in Queueing Models

Let us consider some examples.

EXAMPLE 11.1. Let r = 2, /\12~(q) = @, A21(q) = B. Then A\1(q) = o, X2(q) = 0
and system (11.2) with function b(g) defined by relation (11.4) has the form:

_ =0
e+ 420 (11.11)
—@f+qa=0
with condition q; 4+ g2 = 1. From (11.11) we obtain:
g =Bla+p)t ¢ =ala+p) (11.12)

_ Itcanbe verified that this solution is the point of stability of system (11.11). Denote
b(q) = (b1(7), b2(q))- Then in our example according to (11.4)

b1(7) = —qra+ @B =0~ (a+B)q, b2(q) =—b1(q)

Then system (11.6) is reduced to one equation
dsi(t) = (8 — (a + B)s1(2))dt, s1(0) = sV, (11.13)

where sy’ is the 1st component of vector sg. The solution of (11.13) has the form
s1(t) = gt + (qF — s§”)e= (@B where ¢f = B(a+ ). Correspondingly, 3(t) =
a + (¢ — 582))e’(a+ﬁ)t, where ¢5 = a(a+ 3)71, and s(t) — ¢* = (¢}, ¢3).

(1)
0

EXAMPLE 11.2. Now consider the case of a more general system but without feed-
back. Suppose that for any 4,5, ¢ # j, Aij(§) = Aij. This means that there is no
influence between the individual systems and a super-system. Consider an MP y(-)
with state space {1,...,r} and transition rates \;;, ¢ # j, and assume that this pro-
cess is irreducible. Then the solution of system (11.2) where function 5((}) is defined
by relation (11.4), is a stationary probability distribution 7 for y(-). Correspondingly,
s(t) is a vector of transition probabilities for y(-) in interval [0, ¢] with initial distribu-
tion sg. Therefore, s(t) — 7* as t — oc.

EXAMPLE 11.3. Let us consider the case of linear influence between different sub-
systems. Assume that \;;(q) = ¢;\ij. i,j = 1,7, # j. In that case system (11.2) has
the form:

Ng; =Y aideg, i=T, (11.14)

where \; = 37, ; Aix. It can easily be verified that if an MP y(-) defined above in
Example 11.2 is irreducible, then the solution of (11.14) is unique and has a form
qf = \/m, 1 = 1,7, where 7* = (my,...,m,) is a stationary distribution for y(-).

Similar results can be obtained for the systems in discrete time.
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11.2. Averaging principle and diffusion approximation for dynamic systems with
stochastic perturbations

In the theory of storage processes, in various models describing physical and bio-
logical processes, etc. different processes are developing as the solutions of deter-
ministic differential equations with stochastic perturbations. In this part we consider
two cases. The first case deals with the perturbations at the times of a recurrent flow,
and the second one deals with the semi-Markov perturbations. The presentation fol-
lows [ANI 95b].

11.2.1. Recurrent perturbations

Assume that f(«), « € R", is a given deterministic function with values in R”,
and the trajectories of a dynamic system (,(t) with stochastic perturbations for any
n > 0 are described in the following way: (,(0) = (o,

an(t) = f(Cn(t)) dt aste (tnkatnk+1)v
. (11.15)
Cn (tnkJrl + 0) - Cn (tnk+1 - 0) + 5616 (Cn (tnk+l - 0)),

where {t,, k > 0} is a recurrent flow such that ¢, 11 — tpi = %Tk, {Te, k> 0}isa
sequence of iidrv and {d;(a), « € R"}, k > 0, are independent of {7;,1 > 0} jointly
independent in index k families of random variables with distributions not depending
on index k.

THEOREM 11.3. Suppose that ET¢ < oo, for any L > 0,

sup E‘él(a)|2 < 00, (11.16)
o <L

Sunctions f(«) and g(«) = Edy1(«) are continuously differentiable and the solution
of the equation

ds(t) = (f(s(t)) +m 'g(s(t)))dt, s(0) = (o, (11.17)

where m = Ery, exists and is unique in an interval [0, T). Then
sup | ¢ (t) — s(1)| == 0. (11.18)
t<T

THEOREM 11.4. Let the conditions of Theorem 11.3 hold where \/n((,(0) — (o)
= . Assume that for any L > 0,

lim sup E’él(a)‘2x(|61(a)| > N) =0,
NHOO'OL‘SL
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and the function o*(a) = E(6(a) — g())(6(a) — g())* satisfies the local Lipschitz
condition.

Then the sequence of processes kp,(t) = /n(Cu(t) — s(t)) J-converges in the
space D to a diffusion process satisfying the following stochastic differential equa-
tion: (0) = 7o, and

dr(t) = (f'(s(t)) +m~ g (s(t)))s(t)dt + m~2D(s(t)) dw(t),  (11.19)
where D?(a) = m=2b%g(a)g(a)* + o%(), b* = Varry.

Proof. Denote by v(t,«), t > 0, a solution of the equation
do(t,e) = f(v(t,@))dt, v(0,0) = a,

and put &) = v(me/n,a) — a + Op(v(Tg/n,a))/n, k& > 0. The family
{(&nr(a), e/n), a € R"}, k > 0, defines an RPSM S,,(¢), ¢ > 0, according to
relations (4.13) where in our case variables 7,,; do not depend on argument . Firstly,
we suppose that

sup‘f(a)| <C < .

Then |v(u, o) — o] < Cu. According to Theorem 4.8, section 4.6, to prove that in
our case

Sup |Ga (£) — Su(t)] = 0, (11.20)
t<T
it is sufficient to show that
nP{r >ne} — 0, nsupP{|é1(a)| >ne} — 0. (11.21)

However, relations (11.21) follow from conditions (11.16) and E7? < oo in the
same way as it was shown in the proof of Theorem 4.4 (see the lines following relation
(4.45), section 4.4, or relations (4.85), (4.86), section 4.4).

Now we have to verify the conditions of Theorems 4.3 and 4.4. In our case
mp(a) = n~tm, and it is easy to check that b, (o) = n~1(f(a)m+g(a))+0(n=2),
and

tn(a, 2) — f'(a) + m™ g (a),  n*Epy(a)pn(e)” — D(a)”.

Since the solution of equation (11.17) is bounded in the interval [0, T7, it is suf-
ficient to check all conditions in each bounded region |a] < N. This observation
together with the results of Theorems 4.3 and 4.4 completes the proof of Theorems
11.3 and 11.4. O
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11.2.2. Semi-Markov perturbations

Let us now consider a more general model. Suppose that x,,(¢) at each n > 0
is a fast SMP in the space X which is defined by the families of transition prob-
abilities p(m A), x € X, A € Bx and hitting times {7,(x), z € X}, where
To(x) = n=tr(z). Also let {6x(z, ), * € X, a € R"}, k > 0, be the jointly inde-
pendent families of random variables with values in R" and distributions not depend-
ing on k.

Denote by 0 = t,,0 < t,,1 < --- the sequential times of jumps of process x,, (¢) and
put 5 = &y (tnx +0). Then process ¢, (t), t > 0, which stands for a dynamic system
with semi-Markov perturbations, is determined in the following way: ¢, (0) = (o,

d(n(t) = f('rnka Cn(t)) dt aste (tnka tnk-‘rl)v
1
Cn (t7Lk:+1 =+ O) = Cn (tnk-+1 - 0) + Eak (Inka Cn (tnk+1 - 0))
THEOREM 11.5. Suppose that sup, ET2(z) < oo, for any L > 0,

sup supE|51(x,o<)|2 < 00,
jo|<L @

and in any region |a| < L functions f(x,«) and g(x,a) = Edy(x, o) are bounded
and continuously differentiable in o uniformly in x € X. Assume that an MP with

transition probabilities p(x, A) is uniformly ergodic with stationary measure mw(A),
A € By, and the solution of the equation

ds(t) =m™ ' (f(s(t)) +g(s(t))dt, s(0) = o (11.22)

exists and is unique in an interval [0, T], where
m = / m(x m(x) = E7(x),
/ m(z )r(dx), gla) = /X g(x, a)m(da).

Then relation (11.18) is true.

Proof. Let {7i(z), = € X }, k > 0, be the jointly independent families of random
variables with the same distribution as the generic variable 7(x). Denote by v (¢, x, @),
t > 0, a solution of the equation

do(t,z,«) = f(x,v(t,a:,a)) dt, v(0,z,a) = a.
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As was noted in the proof of Theorem 11.3, without loss of generality we may assume
that

sup | f(z, )| < C. (11.23)

e

Put
bur(z, ) = v(m(2)/n, 2, @) — a + 6k (2, v(i(2) /m, 2, ) ) /m,

Tk (2, @) = T () /.

The families {(&,x(z, &), Thi(z, @), o € R"}, k > 0, define RPSM S, (1),
t > 0. Using Theorem 4.3, section 4.3 and Theorem 4.8, section 4.6 we see that
our conditions imply relation (11.20). Denote now

Ennlz, Q) = %Tk(m)f(%a) + %5k(x,a). (11.24)

According to relation (11.23) and local Lipschitz conditions for functions f(x, «)
and g(z, «) (that follow from the continuously differentiability in «) we can prove
that

n|E(&ui(z, a) — gnk(m,a))‘ < %C,
n2|E(£nk(x»0¢)§nk($,a)* — gnk(x,a)gnk(gc’a)*” < %C.

N Thus, it is sufficient to check the conditions of Theorem 11.5 for the variables
Enk(z, ) and 7, (2, o) = T () /n. After some algebra we obtain that

b(z, ) =m(z)f(z,a) + g(z,a), bla)= f(a)+g(a),
m(a) =m, g(a) = m ™~ 'b(a),

and the results of our theorem follow from Theorem 4.5, section 4.4. O

Let us prove the diffusion approximation. Denote

= (f(z,a) = b(a))((z) — m(z)) + & (z,a) — g(z,a),

= E(él(x, a) — g(x, a)) (51(3,’,@) —g(x, oz))*,
= (f(z,0) =b(@)) (f(z, @) = b(e)) (@) + 0° (2, ),



Other Applications of Switching Processes 323

V(@ 0) = g(w,a) —m™ m(z)g(a) + m(z)(f(@,0) —m™" f(a)),

B3(a) = /X o, )y (, 0) m(da),

B3(a) =Y Ey(wo,a)y(ar, )",
k>1

where P{zg € A} = w(A), A € Bx, x, k > 0, is an MP in X with one-step
transition probabilities p(z, A), and put B%(a) = Bi(a) + B2(«a) + B3 (a)*.

THEOREM 11.6. Let the conditions of Theorem 11.5 hold and

Llim sup E7(z)*x(7(z) > L) = 0.

Assume that for any N > 0 the following conditions hold:

lim sup sup {E|51($,a)|2x(‘51($70‘)| > L)} =0,
LHOO|04\§N T

and for all x € X as max(|a1], |az|) < N,

‘D2(a?,a1) — D2($7a2)| < CN‘ozl — 062‘

and \/ﬁ(Cn (0) - CO) :W> Ro-

Then the sequence of processes kn(t) = /n(Cu(t) — s(t)) J-converges in the
space DI, to the diffusion process k(t) satisfying the following stochastic differential
equation:

dr(t) = m_l(f’(s(t)) + g’(s(t)))ﬁ(t)dt
+m V2(D2(s(8)) + B2(s(1))) Pdw(t),  #(0) = ko,

Proof. 1t can be verified that under the assumptions of Theorem 11.6,

Vsup [Ga () = Sa(t)| = 0.
t<T

Furthermore, similar to the proof of Theorem 11.5 we can see that the/\behavior of
process Ky, (t) is asymptotically equivalent to the behavior of process v/n(.S,, (t)—s(t))
where RPSM S, (t) is constructed by the families {&i(z, @), n '7(z)} (see
(11.24)). Thus, our result follows from Theorem 4.6, section 4.4. ]

Note that the dynamical systems with fast Markov switching were independently
studied using another technique in [TSA 93a, TSA 93b, KOR 05].
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11.3. Random movements

Let us study AP and DA for a random movement with semi-Markov switching.
A simple case is described in section 1.3.2, Chapter 1. Consider a more general case
when the velocity of movement may depend on the current value of the trajectory.
Some results in this direction are published in [ANI 99].

Let {v(i,a), « € R"},i=1,2,...,d, be a family of continuous, with respect to
«, vector-valued functions in R", and x,,(t), t > 0, be an SMP with a finite number
of states X = {1,2,...,d}. We put {(¢,4,«) = tv(i,a), t > 0,4 = 1,d. Denote
by 0 = t,0 < tp1 < ... the times of sequential jumps for x,,(¢) and introduce the
embedded MP x,,;, = (L, +0), k > 0. Let us define a random movement in R” with
semi-Markov switching as a PSMS (z,(¢), (. (t)), t > 0, constructed by the family
of processes {x(t,i,c), t > 0, 1,r} and switching times ¢,, in the following way.
Denote v, (t) = max{k : k > 0, t,x < t},

CnO - Cn(o)v Cn,kJrl - an + (tn,kJrl - tnk)v(xnkv an); k 2 0.

Then a position of movement ¢, (¢) at time ¢ can be represented as:

vp (t)—1

Cn(t) = Cn(o) + Z (tn,k—&-l - tnk)v(xnk; an) + (t - tn,u(t))v(xn,v(t)v Cn,v(t))'
k=0

Assume that SMP z,, () has fast switching with a sojourn time in state i of the form
7n (i) = 7(i)/n and study two cases: the embedded MP is irreducible, or it admits an
asymptotic aggregation of the state space.

11.3.1. Ergodic case

Suppose that the embedded MP z,,,, = xj does not depend on index n and is
irreducible with stationary distribution 7;, 7 € X. Assume that the 2nd moments of
sojourn times exist and denote E7(i) = m(i), Var (i) = 02(i), i = 1,d. Put

d

m = Zm(z)m >0, bla)= Zv(i,a)m(i)m,
Bi(a) = Z Em (zo)m(zk) (v(wo, ) — m™b(a)) (v(2k, o) — milb(a))*,
E>1
d

B*(a) :Zm—mQ(i) (v(i, @) — m™b(a)) (v(i, @) — mflb(a))*+B§(a)+B§(a)*,

=1

d
D*(a) = Zm (v(i, ) = m™"b(a)) (v(i, ) — m_lb(a))*o2(i),
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where it is assumed that in the calculations of B3 (), process xy, is in the stationary
regime, i.e., P(zg = 1) = m;, 4 = 1,d.

STATEMENT 11.1. Let the functions v(i,«), i € X, be locally Lipschitz with respect

to a, have no more than linear growth and ¢, (0) L, so- Then for any T > 0

P
sup ’Cn(t) — s(t)| — 0,
0<t<T

where ds(t) = m~1b(s(t)) dt, s(0) = sq.
If, in addition, /n((,(0) — so) == "o, then the sequence \/n((,(t) — s(t))

J-converges to the diffusion process satisfying the following stochastic differential
equation: v(0) = 7o,

dy(t) = m™ ' (s(t))v(t) + mo2 (Dz(s(t)) + B2 (s(t))) %dw(t), (11.25)

where w(t) is a standard Wiener process in R", and the solution of (11.25) exists and
is unique.

The proof follows straightforwardly from Theorems 4.5, 4.6, section 4.4.

11.3.2. Case of the asymptotic aggregation of state space
Suppose that the embedded MP also depends on parameter n in such a way that

conditions (8.27), (8.28) hold. For simplicity assume that each region X, forms in a

limit one essential class. Let xéy) be an auxiliary MP in X, with limiting transition
probabilities P¥) = ||py (i, j)|, i, € X,. Denote by 7(¥)(i), i € X, its stationary
distribution. Put

Ays = Z W(y)(z) Z bij7 Y,s € Yv7 y# S.

i€X, jEXs

For any y € Y denote

m(y) = > mi)rW (i), by,a)= Y v(i,a)m(@)r(i). (11.26)

ieX, i€X,

Let y(t,yo) be an MP with values in Y, transition rates A,s/m(y), y,s € Y,
y # s, and the initial state yo. Denote also by z(t,yo, So) a differential equation
solution switched by process y(, yo): 2(0, o, So) = So,

dz(t,y0,50) = m(y(t,y0)) _1B(y(t, o), 2(t, Yo, 50) )dt.
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STATEMENT 11.2. Let the functions v(i,«), i € X, be locally Lipschitz with

respect to «, have no more than linear growth and ¢, (0) £, so. Let in addition,
P(z,(0) € X,,) = lasn — oo, m(y) > 0, y € Y, the functions b(y, o) be
locally Lipschitz and have no more than linear growth with respect to «. Then
the sequence (K (x,(t)),(n(t)) J-converges in any interval [0,T] to the process

(y(t, y0), 2(, Yo, 50))-
The proof follows from Statement 11.1 and Theorem 8.3, section 8.3.
Now consider the case when in (11.26) B(y, «) = 0. In this case we can prove

a DA. Note that as in this case the trajectory of ¢, () converges to zero, we need to
calculate the limiting expressions only in point o = 0. For any region X, denote

D*(y) =" v(i,00v(i, 0)*c2(i)n™ (i),

i€X,
Bi(y) =Y m*(i)v(i,0)v(,0) =¥ (i),
i€X,
ZEm m[()y) y)) (méy),O)v(m,gy),O)*,
k>1

where it is assumed that in calculations of EQ( ) process xéy) is in stationary condi-

tions, i.c., P(z{?) = i) = 7(¥)(i),i € X, Put
C2(y) = D*(y) + Bi(y) + B3(y) + B3 (y)".

STATEMENT 11.3. If the conditions of Statement 11.2 hold, then the sequence
(K (00 (1)), V/7Ga (1)) J-converges to process (y(t, yo), (¢, yo, s0)), where

s = [ (0 (t00) 0 o(t.0)) due)

This is a Wiener process with Markov switching.
The proof follows from Theorem 8.3, section 8.3 on the convergence of SP with

rare switching and DA for RPSM in an asymptotically aggregated environment, The-
orem 8.15, section 8.8.
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Chapter 12

Simulation Examples

In this chapter we illustrate some theoretical results of the book using simulations
in language R. R is a very convenient programming language and is freely distributed.
The recurrent structure of SP is convenient for writing simulation codes. Simulation
can be used for the illustration of asymptotic results and also for testing the models
and providing other research experiments. R-codes are provided for all examples and
can be used after corresponding modifications for simulation of similar models.

12.1. Simulation of recurrent sequences

Let us illustrate the results of section 4.2 for the averaging principle for switching
recurrent sequences defined by (4.1). Consider the interval [to, t;], take a small step

h = 1/n, consider a grid xpy: pr = to+kh, k = 0,...,[(t1 —to)/h], and represent
(4.1) in the following form: &£y, = Yo,
Enir1 = Enk + a(Thk, Enk) b+ Bre,  k=0,..., [(t1 — to) /h], (12.1)

where a(z,y) is a given function. Consider an example: a(t,y) = fi1(t)y + f2(t),
where f1(t) = a/t, f2(t) = b/t%, and a + g # 1. Then a solution of the equation

dy(t) = a(t,y(t))dt, y(to) =yo, (12.2)

has the form

t\*“ bt® e
y(t)ZZJo() (¢TI — 7).

to Ca+ g—1
Letus take a = —0.5; b = 1.5; g = 2; tg = 1; t1 = 10; yo = 1. Assume that the
random sequence [y in (12.1) has the form: B = h(Ux(0,1)—0.5), where U (0, 1)

is the sequence of iidrv with uniform (0, 1) distribution. In this case ES}; = 0 and as
h — 0, relation (4.4) is satisfied for any 7" > 0 with n = [1/h].
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In Figure 12.1 a solid line denotes a solution y(t) of equation (12.2), a dashed-
dotted line is a sample path of a simulated trajectory of &, for h = 0.02 and a dashed
line is a sample path for h = 0.001. Clearly for much smaller A the trajectory is much
closer to y(¢) and this plot illustrates AP.

13

12

11

10

T T T T T
2 4 6 8 10

Figure 12.1. Graph of the solution of the differential equation and two simulated trajectories
of a recurrent sequence for h = 0.02 and h = 0.001

R-code for simulation can be written as follows:

a=-0.5; b=1.5; g=2

f1 = function(x) a/x
f2 = function(x) b/x"g
f3 = function(x,y) fl(x)*y + f2(x) # function a(x,y)

# exact formula for the solution y(x)
ff4=function(x) {

vO0x (x/t0)%a -(b/(a+g-1))*x"a*(x"(l-a-g)-t0"(l-a-g))
}

# Graph of the solution y(x) in interval [t_0,t_1]
hh=0.01

xx=seq(t0,tl,hh)

plot (xx, £f4 (xx), type="1", col="blue",

lty=1, 1lwd=2, xlab=NA, ylab=NA, ylim=c(0.9,1.4))

# Simulation of the recurrent sequence
hh2=0.02;

xx2=seq(t0,tl,hh2)

kk2=1length (xx2)

# Simulation of the random variables beta_k
ranxi=runif (kk2)-0.5

zz=numeric (kk2)

zz[1]=y0

for(i in 1:(kk2-1)){

z[i+1]=zz[i]+hh2+f3 (xx2[1],zz[1])+hh2*ranxi[i]
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# Graph of the trajectory
lines (xx2, zz, type="1", lty=4, lwd=2, col="red")

The last part can be run for different hh2 in order to obtain different sample paths.
If the solution of (12.2) cannot be found in the closed form, then we can calculate it
numerically using the first order recurrent Runge-Kutta procedure:

Ynk+1 = Ynk + ha(znk,ynk), k=0,...,[(t1 —to)/B], who=wo, (12.3)

and defining the approximate solution as yp,(t) = ynk as the < t < tp 4. Itis
well-known that the accuracy of approximation is O(h), i.e.

sup |y(t) — yn(t)| = O(h).
te[to,t1]
12.2. Simulation of recurrent point processes
Consider a simulation of a recurrent point process of the form
try1 = g +T(tk), k>0,

where t is given. Denote by X (¢) the number of events in interval [0, ¢] starting from
t1. Consider the case where 7(t) has an exponential distribution with rate A(t) =
1+ av/t, t > 0. Two simulated sample paths of X (¢) are shown in Figure 12.2.

< T T T T T T
o 2 4 6 8 10
Figure 12.2. Tivo sample trajectories of X (t) in the interval [0, 10] for a = 0.5
R-code for simulation can be written as follows:
lla = function(x,a) l+a*sqgrt(x) ## rate function

# function for simulation of a sequence t_k, k \ge 1
frec2 = function(T,a) {
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tt=numeric ()

tt[l] = rexp(l,1la(0,a))

k=1

while (tt[k] <= T) {
tt[k+1] = ttlk] + rexp(l,lla(ttlk],a))
k =k +1

}
return(tt)

}

# simulation of a sequence t_k, k \ge 0
T=10; a=0.5

pttl=c(0, frecl(T,a))

llenl=length(pttl)

kkl=seq(0,1llenl-1,1)

# graph of X(t)

plot (pttl,kkl, type="s", col="blue",

lty=1, lwd=2, xlab=NA, ylab=NA, xlim=c(0,T))

# second sample path

ptt2=c(0, frecl(T,a))

llen2=1length (ptt2)

kk2=seq(0,1llen2-1,1)

lines (ptt2,kk2, type="s", col="red", lty=1, lwd=2)

12.3. Simulation of RPSM

Consider a simulation of RPSM (simple case) defined in section 1.2.2. According
to (1.8), (1.9) we introduce the following recurrent sequences:

to=0, thir1 =thk +h7k(Shk)s  Shit1 = Sk + &k (Shr), k>0,

where the distributions of the family {(7%(s),&k(s))} do not depend on index k, Sy
is given and h is a scaling coefficient which stands for 1/n. Set Sy (t) = Shi as
thi <t <tprt1,t > 0.Consider as an example the case where 7(s) has an exponen-
tial distribution with rate A(s) = (1+s)~!, s > 0, and £(s) has a uniform distribution
in interval (c(s) — 2, ¢(s) + 2) where ¢(s) = (1 + s)~!. These specific functions are
chosen with the purpose of obtaining a closed-form expression of the limiting function
s(t) in (4.20). A sample path of process S(t) is shown in Figure 12.3.

Let us illustrate the averaging principle and diffusion approximation for Sy, () at
small h using Theorems 4.3, 4.4, section 4.3. In this case m(s) = 1 + s, b(s) =

(14 s)"' and as b — 0, sup;<p |Sh(t) — s(t)] £, 0, where the function s(t)
satisfies the equation (4.20) in the form

ds(t) = (1+s(t))2dt, s(0) = So,

with a solution s(t) = ¢/3(t + Q) — 1, where Q = (1 + Sp)*/3.
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Figure 12.3. Graph of a simulated trajectory of S(t) in the interval [0,10] for h = 1

Figure 12.4 illustrates AP and shows that at small & the trajectory of S, (t) is quite
close to function s(t) uniformly in the whole interval.
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Figure 12.4. Graphs of the simulated trajectory of Sy, (t) and the function s(t), shown by the
dashed line, in the interval [0, 10] for h = 0.01 and Sp = 1

To illustrate DA we use Theorem 4.4 and find that Q(s) = —2(1+s)73, g(s) = 0,
and D?(s) = E€%(s) = 4/3 + (1 + s) 2. Thus, equation (4.36) has the form:

dy(t) = —2(1 + s(£)) y(t)dt + D(s(t)) (1 + s(t)) " *dw(t), ~(0) =0,

and therefore ~y(¢) is a non-homogenous Ornstein-Uhlenbeck process. The graph in
Figure 12.5 illustrates the behavior of the normalized difference (S}, (t) — s(t))/vVh
which looks like a trajectory of a Brownian motion.
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Figure 12.5. Graph of the difference (Si(t) — s(t)) /N h. Hlustration of DA for RPSM

12.4. Simulation of state-dependent queueing models

Consider a queueing system M¢ /Mg /1/0o with input rate A(¢) and service rate
1(q) investigated in section 5.2.2. A general code for simulation can be written as
below where h is a scaling factor which stands for 1/n and the functions A\(q) and
1(q) should be defined. In order to be definite we take A(s) = A, u(s) = ps, this
corresponds to the system M /M /oco. Then equation (5.16) implies: s(t) = \/up +
(so — N p)e H,t > 0.

funla = function(x, lam) lam ## input rate

funmu = function(x, mu) muxx ## service rate

# probability of a jump up

ppx=function(x,lam,mu) funla(x,lam)/ (funla(x,lam)+funmu (x,mu))

## Function for simulation of the queueing process Q(t)
funqueue <- function(T,lam,mu,Q0,h) {

tt=numeric() ## sequence of jumps t_k

zz=numeric () ## sequence Q_k

tt[1] =0

zz[1]1=Q0

k=1

while (tt[k] <= T) {

tt[k+1] = tt[k] + h*rexp(l,funla(zz[k],lam)+funmu(zz[k], mu))
zz [k+1]=zz[k]+h* (2*rbinom(1l,1,ppx(zz[k],lam,mu))-1)

k =k +1

}
return(c(tt,zz))
}
## Simulation of the queueing process Q(t)
Q0=5; T=10; h=1; la=1; mu=0.5
outque=funqueue (T, lam,mu, Q0, h)
lenl=length (outque)
tt=outquell: (lenl/2)]
zz=outque[ (lenl/2+1) :1lenl]
# Graph of Q(t)
plot(tt,zz,type="s",col="blue", lty=1, lwd=2,xlab=NA,ylab=NA,xlim=c(0,T))
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Figure 12.6. Sample path of the process Q(t) ath =1, Qo =5 A=1,4=10.5
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Figure 12.7. Twvo sample paths of Q(t) at Qo = 5, A = 1, u = 0.5. Step-wise line
corresponds to h = 0.2, wavy line — to h = 0.01. Graph of s(t) is shown
by a straight solid line

A sample trajectory of the queueing process Q(¢) is shown in Figure 12.6. Fig-
ure 12.7 illustrates AP and DA for process @, (t). At h = 0.2 we see quite a large

deviation between Sy, () and s(t), the deviation is much less at b = 0.01. R-code for
simulation can be written as follows.

Q0=0; T=10; h=0.01; mu=0.5

## Simulation of the trajectory of Q(t)
outque=funqueue (T, lam, mu, Q0,h)
lenl=1length (outque)

tt=outquell: (lenl/2)]

zz=outque|[ (lenl/2+1) :1lenl]

# graph of Q(t)
plot(tt,zz,type="s",col="blue", lty=1, lwd=2,xlab=NA,ylab=NA,xlim=c(0,T))
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Figure 12.8. Graph of ¢ (t) = (Qu(t) — s(t))/v'h at h = 0.01. llustration of a DA

# function s(t)

funst =function(u,lam,mu) lam/mu+ (Q0-lam/mu)*exp (-mu*u)
lines(tt, funst(tt,lam,mu), type="1", col="red", 1lty=2, 1lwd=2)
# graph of s(t)

lines(tt, funst(tt,lam,mu), type="1", col="red", lty=1, 1lwd=2)

DA is illustrated in Figure 12.8. In this case a limiting process for ¢, (¢) is described
as a solution of a stochastic differential equation

1/2
dC(t) = —uC()dt + (A + ps()) 2dw(t),  ¢(0) =0, (12.4)
which is an Ornstein-Uhlenbeck type process. R-code is given below.

plot(tt, (zz-funst(tt,lam,mu))/sqgrt(0.01), type="s", col="blue",
lty=1, 1lwd=2, xlab=NA, ylab=NA, xlim=c(0,T))
abline (h=0)

We can also simulate a solution of equation (12.4) directly using the fact that at
small h a solution is approximated by a stochastic recurrent sequence:

Chob41 = Crk — HChrh 4+ (A + Ms(kh))l/ka\/E Cho = 0,

where wy, is a sequence of iidrv with normal A/(0, 1) distribution. R-code for the sim-
ulation of the solution in the interval [to, T'| can be written as below and Figure 12.9
shows one simulated sample path which looks similar to the graph in Figure 12.8.

T=10; lam=1; mu=1l; zet0=0; t0=0
hh=0.01; K=round(T/hh)

# calculation of grid t_k
tt=numeric (K)

tt[0]=t0

for(k in 1:(K-1)){
tt[k+1]=t0+k+hh

}



Simulation Examples 337

- | | |
- - Y Wl
L.
T T T T T T
o 2 4 6 8 10
Figure 12.9. A sample path of process (t) (see (12.4))
vnorm=rnorm (K) ## simulation of a sequence w_k, k=1,..,K

# calculation of a sequence \zeta_{hk}

zet=numeric (K)

zet[0]=zet0

for(k in 1:(K-1)){

zet[k+1l]=zet[k]-mu*zet[k] *hh+

(lam+muxfunst (tt[k],lam,mu) )" (1/2) *vnorm[k] *sgrt (hh)

}

# graph of \zeta(t)
plot(tt,zet,type="1",col="blue",lty=1,1lwd=2,xlab=NA,ylab=NA,xlim=c(0,T))
abline (h=0)

12.5. Simulation of the exit time from a subset of states of a Markov chain

Consider the simulation method of Markov models and let us illustrate the asymp-
totic exponentiality of the exit time from a subset of states proved in section 6.2
on the example of a Markov chain Y (¢) with 4 states {1,2,3,4}. Consider a subset
Xo ={1,2, 3} with matrix of transition rates \;;:

01 2 ¢
A=11 0 1 2e
1 3 0 3¢

where transition rates \;4 to state 4 are small (\;4 = €i, i = 1,2, 3). Let Q. (2) be the
exit time from X starting from state xo € X. Denote by p;, ¢ € X, a stationary dis-
tribution of an MP with transition rates \;;, %, j € Xo, ¢ # j. Itis easy to calculate that
in this case the stationary distributionis {1/4,1/2,1/4}. Let 8. = >, x pidia = 2
be the stationary exit rate. Then, according to Corollary 6.3, section 6.2, at small ¢ the
variable 3. Q. (z0) is approximated by an exponential distribution with rate 1. To illus-
trate this statement we first provide R-code for simulation of the exit time ().
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eps=0.01

matLa = matrix(nrow = 3, ncol=4) ## rate matrix \Lambda
matLal[l,]=c(0,1,2,eps)

matLal[2,]=c(l, 0, 1, 2xeps)

matLal[3,]1=c(1,3,0, 3*eps)

# matrix of transition probabilities of the embedded MP
matP = matrix(nrow = 3, ncol=4)

for (i in 1:3){

matP[i, ]=matLal[i,]/sum(matLali,])

}

# vector of the exit rates from the states 1,2,3
vecLa=numeric (3)

for(i in 1:3){

vecLal[i]=sum(matLali,])

}

# Function for simulation of exit time starting from state x_0
# xx[k] is the embedded MP, tt[k] is a sequence of jumps of Y(t)
x0=1

funMarkov <- function(x0) {

tt=numeric ()

xx=numeric ()

xx[1] =x0 ## initial state

tt[11=0

k=1

while (xx[k] < 4) {

tt[k+1] = tt[k] + rexp(l,vecLalxx[k]])

xx[k+1]1=c(1,2,3,4) %*% rmultinom(l,size=1,prob=matP[xx[k],])
k =k +1
}
return(c(length(xx),tt[length(xx)]))
}
# length(xx) is the number of jumps in the subset X_0 before exit
# tt[length(xx)] - exit time

For the illustration of the asymptotic exponentiality of (. = B-Q.(z¢) we need to
carry out many simulation runs of the exit time and use some statistical tests. Figure
12.10 shows a histogram of 10° simulation runs of the variable (.. The continuous line
shows a graph of the function exp{—x}, the probability density function of the expo-
nential distribution with rate 1. As we see, the latter curve practically coincides with
histogram. This result confirms the statement of Corollary 6.3, section 6.2. Similar
results can be shown for the number of jumps before the exit.

R-code for simulation and statistical testing:

M=1075 # number of simulation runs

matSim <- matrix(nrow = M, ncol=2) ## output of simulation
for (i in 1:M){
matSim[i, ]=funMarkov (x0)

}
# first column - simulated values of the number of jumps
# second column - simulated values of the exit time
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Figure 12.10. Comparison of the histogram of the exit time and exponential probability
density function with rate 1

rhl=1/4; rh2=1/2; rh3=1/4; ## stationary distribution
vecrho=c (rhl, rh2,rh3)
statrate=vecrho %$*% matLal[,4] ## stationary exit rate

# Histogram of 1075 simulated exit times normalized by

# a stationary exit rate

hist (matSim[,2]*statrate,main=NA,xlab=NA,ylab=NA,
br=c(seqg(0,5,0.125) ,max (matSim[,2] xstatrate)+1) ,prob=TRUE,
x1lim=c(0,5),col="1lightblue", border="pink")

# graph of the exponential probability density function, rate=1
xxx=seq(0,5,0.01)

lines (xxx, exp(-xxx), type="1l", col="red", lty=1, lwd=2)

Let us illustrate the so-called quasi-ergodic properties of S-sets. As e — 0, a subset
X forms an S-set and therefore as small e, ;(x0)/Q(x0) = pi, i = 1,2, 3, where
Q;(z0) is the total time spent in state ¢ up to the exit from Xj. This result can easily
be verified by simulation. Let us take ¢ = 0.0001 and use the following function for
simulation of sequences xj, and t;, up to the first exit time:

x0=1

funMarkov2 <- function(x0) {
tt=numeric ()

xx=numeric ()

xx[1] =x0

tt[11=0

k=1

while (xx[k] < 4) {

tt[k+1] = tt[k] + rexp(l,vecLal[xx[k]])

xx[k+1]=c(1,2,3,4)%*% rmultinom(1l,size=1,prob=matP[xx[k],])
k =k +1
}
Item=matrix (nrow = 2, ncol=length (xx))
Ttem[1l, ]=xx
Item[2,]=tt
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return (Item)

}

## Simulation of the ratios \Omega_i (x_0)/\Omega (x_0)

Matoutl=funMarkov2 (x0) ## simulation of sequences x_k, t_k
xxx=Matoutl[1, ] ## sequence x_k

ttt=Matoutl[2, ] ## sequence t_k

leng=length (xxx) ## number of jumps before the exit

## sequence \tau_k of occupation times in states x_k
times=numeric (leng-1)

for (i in 1:(leng-1)){

times[i]=ttt[i+1]-ttt[1]

}

statdis=numeric(3) ## ratios of \Om_1i(x_0)/\Om(x_0)
for (i in 1:3)¢{

statdis[i]=sum(times[i <= xxx & xxxX <i+1])/ttt[leng]

}

For a particular simulation run, the length of vector xxx is 19041 and statdis =
(0.248,0.509, 0.243) which is very close to the exact values (0.25,0.5,0.25). The
same illustration can be performed for a stationary distribution of the embedded MP.

12.6. Aggregation of states in Markov models

Let us illustrate the results of Chapters 8 and 9 on the asymptotic aggregation
of state space of Markov processes. Consider a Markov chain Y (¢) with 4 states
{1,2, 3,4} and matrix of transition rates

0 1 0.5 ¢
0.5 0 2e
A= 0.5e ¢ 0.5

e
0
15 2¢ 0.5 0

As we see, there are two subsets of states X1 = {1,2} and X5 = {3, 4} with small
transition rates between subsets. Y. (¢) spends an asymptotically exponential time in
each region (which was illustrated in the previous example) and then jumps to another
region. This behavior is shown in Figure 12.11. R-code for simulation is given below.

eps=0.005

matLa <- matrix(nrow = 4, ncol=4)
matLall,]1=c(0, 1 0.5+xeps, eps)
matLal2, 0, eps, 2xeps)

1=
I=c(0
matLal3,] c(O 5*eps eps,0, 0.5)
matLal4,]l=c(eps,2*eps,0.5, 0)

# matrix of transition probabilities of the embedded MP
matP <- matrix(nrow = 4, ncol=4)

for (i in 1:4){

matP[i, ]=matLa[i,]/sum(matLali,])

}
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Figure 12.11. One sample path of process Y= (t) for £ = 0.005. The upper stepwise line shows
the trajectory of the aggregated process K (Yz(t)). This line can be considered as
a sample path of an MP with two states { X1, X2} and aggregated transition rates:
)‘X17X2 = 56/2, )\X2,X1 = 96/4

vecLa=numeric (4)

for(i in 1:4){

vecLa[i]l=sum(matLali,])

}

# Function for simulation of a MP in interval (0,T)
funMarkovAg <- function(T) {

tt=numeric ()

xx=numeric ()

xx[1] =x0

tt[11=0

k=1

while (tt[k] < T) {

tt[k+1] = tt[k] + rexp(l,vecLalxx[k]])

xx[k+1]1=c(1,2,3,4)%+% rmultinom(l,size=1,prob=matP[xx[k],])
k =k +1

}

Item=matrix (nrow = 2, ncol=length (xx))

Item[1l, ]=xx

Item[2,]=tt

return (Item)

}

## Simulation of the trajectory of Y _\e(t) in interval (0,500)
Matoutl=funMarkovAg (500)

plot (Matoutl[2,],Matoutl[1l,],type="s",col="blue",lty=1, lwd=1,
xlab=NA, ylab=NA,xlim=c(0,500),ylim=c(1,5.5),axes=FALSE)
axis(1l, at=seq(0,500,by=50))

axis (2, at=seq(l,4,by=1), 1lwd=3, col="blue")

abline(v=0, lwd=1)

funK= function(j) ifelse(j <=2, 4.5,5.5) ## aggregation function
## adding trajectory of the aggregated process K(Y_\e(t))
lines(Matoutl([2,], funK (Matoutl[1l,]), type="s",
col="red",lty=1, lwd=3)
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